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AN ANALYSIS OF THE GREEDY HEURISTIC FOR
INDEPENDENCE SYSTEMS

Bernhard KORTE and Dirk HAUSMANN

Institut fiir Okonometrie und Operations Research, Universitit Bonn, D—53 Bonn, W. Germany

The worst case behaviour of the greedy heuristic for independence systems is analyzed by
deriving lower bounds for the ratio of the greedy solution value to the optimal value. For two
special independence systems, this ratio can be bounded by 1/2, for two other independence
systems, it converges with increasing problem size to zero. The main theorem states that for every
independence system (E, &) the ratio is bounded by 1/k, k such that (E, F) can be represented as
the intersection of k matroids.

1. Introduction

Since Cook [2] and Karp [8] have shown that many notoriously hard problems in
combinatorial optimization are equivalent in the sense that either all or none of
them can be solved in polynomial time, the study and analysis of fast heuristic
algorithms has become more interesting again.

A great number of these heuristics are variants of the well-known greedy heuristic
for the problem of finding an independent set with maximum weight of a given
independence system.

Consider an independence system (E, %), E being an arbitrary finite set and ¥ a
system of subsets of E with the property:

FCGe¥% = FeE%

The elements of & are called F-independent sets or simply independent sets.
Moreover, consider a weight function ¢ : E = R* and the optimization problem

c(F)= Max!}

Fe %, M

where ¢(F)=2.crc(e). Let {e, e,,...,e.} be a numbering of E with
isj = clea)=c(e).

Let E; = {e,,...,e;} for 1 =i <n. A subset FC E is called greedy solution of (1)
if, for 1=<<i=<n, FNE; is a maximal independent subset of E.. It is easy to see by
induction that a greedy solution is just the set F yielded by the following greedy
heuristic :
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begin F = §;
for i=1ton do
begin
it FU{e,] €% then F = FU{e};
end;
end.

Recall that an independence system (E, #)is called a matroid iff, for any subset
S C E, all maximal independent subsets of S have the same cardinality. It is well
known that, for a matroid (E, %), every greedy solution F is an optimal solution of
(1). In this paper, we consider arbitrary independence systems (E, %) which are not
necessarily matroids. We want to characterize the quality of greedy solutions by
deriving lower bounds for the ratio ¢ (F, )/c (Fo) where F, is a greedy solution and F,
an optimal solution. A first step towards such a characterization is the following
basic theorem.

Several researchers have worked on this theorem. It was conveyed to us by
Edmonds [5]. To our knowledge it was first conjectured by Nemhauser; Jenkyns
attacked the theorem in his Ph.D. thesis [6]. Independently Baumgarten [1] found
some other proof.

Because of the great interest the theorem has received we will below give a very
short new proof of it. ,

Let (E, ) be an independence system and S C E an arbitrary subset; we define:

lower rank of S =Ir(S)=min{|F|: F a maximal independent subset of S}

upper rank of S =ur(S)=max{|F|:F a maximal independent subset of S}.

Obviously, (E, #) is a matroid iff Ir(S)=ur(S) for any S C E. Hence, the
so-called rank quotient

Ir(S)

SeF ur(S)

can be interpreted as a measure of how much (E, ¥) differs from being a matroid.

Theorem 1.1. Let (E, %) be an independence system, F, a greedy solution and F,
an optimum solution of (1). Then for any weight function ¢

c(F;) . 1r (S)
1= C(F()) = ‘glglg UI'(S)'

Proof. Setting c(e,..): = 0 one obtains through a suitable summation that

¢(F)= 3 IF NE|(c(e) - ce) @

n

c(Fo)= Z [Fo N Ei|(c(e) = c(e)). (3)

i=1

As F,NE, CF, € % we have |F,N E;|<sur(E).
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By the definition of a greedy solution, F, N E; is 2 maximal independent subset
of E, hence |F, N E,|=1r(E;) and thus:

Ir (E,) L I(S)
| F, ﬂE,-]?[FUﬂE,-lur(Ei)ZfF(,ﬂE,l min ur(S)’ @

From (2), (3), and (4) it follows that c¢(F,)= mingcelr(S)/ur(S) - c (Fo).

Corollary. The bound in Theorem 1.1 is sharp in the following sense: For every
independence system (E, F), there exists a weight function ¢ : E — R" and a greedy
solution F, with

c(FE!= . 1r(S)
c(F)_ Se2ur(sy

Proof. Let
lr!S()! = min lr!S!
ur(Sy) sce ur(S)
and
|F|= Ir(S,)
’Fu , = ur(S()).
Let
.= 1, e € So
c@:= {5 tes

Let (e, ez ..., €.) be a numbering of E such that
e.-EF,,e,ESo—F,,ek EE_SO $ l<]<k.

Obviously such a numbering satisfies (i <j => c(e;)=c(¢;))and F, is a greedy
solution of (1). Hence

C(F)_c(F) _[F|_ . I(S)
c(Fo) c¢(F.) |F.| scE ur(S)

Applying Theorem 1.1, the corollary follows.

Having Theorem 1.1 and its corollary, it is enough to inspect the rank quotient
because every sharp bound for the rank quotient is a sharp bound for ¢ (F;)/c (F,)
also. In Section 2, we calculate the rank quotient for four special independence
systems, the independence systems of the matching problem, the symmetrical
travelling salesman problem, the stable set problem, and the acyclic subgraph
problem. In Section 3, we show that every independence system can be represented
as the intersection of some matroids. The following main theorem states that, for an
intersection of k matroids, the rank quotient and hence the quotient ¢c(F,)/c(F,),
too, is bounded below by 1/k. We conclude the paper with some remarks about the
sharpness of this bound.
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2. The rank quotient for some special independence systems

Let G =(V, E) be a finite undirected graph without loops or multiple edges. A
subset F C E is called a matching of G, iff no two edges in F are adjacent, i.e. have
a vertex in common. Let & be the set of all matchings of G. Obviously, (E, ) is an
independence system. For the so defined %, (1) is called the matching problem.

Theorem 2.1. Let (E, ¥) be the independence system of the matching problem for
the graph G. In the trivial case where every connected component of G is a triangle
Ks, a path P,, a single edge K., or a single vertex K., we have

. 1rgs!=
Ser ur(S) I
Otherwise

- Ir(S) _1
SR ur(s) 2

Proof. We show first that

Ir(s) 1

rsncE ur(S) Z7 )
Let S C E be any subset and F,, F; maximal independent subsets of S. It is enough
to show that | F|/|F:|=1/2.

Let e €F, \ F,. Since F,U{e}C S and F, is maximal, the set F,; U{e} is not
independent, i.e. is not a matching of G. Hence there exists an edge ¢ (e) € F, that
is adjacent to e. Since F, is a matching, ¢(e) € F,\F.. Thus we have defined a
mapping ¢ : F;\F,— F,\F,. Obviously, for any edge in F\\F,, there are at most
two edges in F,\ F, adjacent to it. Hence, ¢ maps at most two edges of F>2\ F, onto
one edge of F\\F,. It follows:

lFl\lezl(b(FZ\Fl),B%JFZ\FII,
hence
|Fl’_ ’FI\F2’+'F1nF2' 2]F2\F1’+2]F1OF2' —z'Fz'

whence |F,|/|F>] = 1/2.

If every connected component of G is isomorphic to K, P», K,, or K, obviously
Ir(8)/ur(S)=1 for any S C E. Otherwise G contains a subgraph (V', §) isomor-
phic to Ps. Since clearly Ir(S§)=1, ur(§)=2, we have the upper bound

Ir(S)
o e s) <12

which together with the lower bound (5) proves the theorem.

Now let (V, E) be a complete undirected graph. Let & be the set of all subsets of
Hamiltonian cycles in (V, E). Since the Hamiltonian cycles are the feasible
solutions of the symmetrical travelling salesman problem (TSP), (E, %) is called the
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independence system of the symmetrical TSP. Obviously, a subset F C E belongs
to ¥ iff:

(i) every vertex v € V is incident to at most two edges of F and

(ii) the partial graph (V, F) contains no non-Hamiltonian cycle.

Theorem 2.2. Let (E, F) be the independence system of the symmetrical TSP for
the complete graph (V,E). Then

1_ . u(s)_1, 3
2SS S22V

Proof. The proof of the lower bound is analogous to that in the proof of Theorem
2.1. Again we construct a mapping ¢ : F,\ F,— F,\ F, which maps as few as possible
elements of F,\F, onto the same element of F,\ F,. Since the complete proof does
not contain new ideas but a rather complicated construction, we omit the details.

For the upper bound, we assume V = {v,, vs,...,v,} and define the following
three sets

Fl = {Uz,@lvzwl BESES [n ; 1]} U{Uzvl, U,.U,._l},

Fz = {v;ui+] : 1 = l s=n- 1} U{v,,v;},

S=F1UF2.

Obviously, F, and F, are maximal independent subsets of S, and

n+3]
2 b

lr(S)s[F,[=[ ur(S)=|F:|=n,

hence
min lrgSIQ < Ir(S) s-l-+i,
sceur(S’) ur(S) 2 2n
The next two theorems show that for some independence systems (E, %) the rank
quotient converges to 0 as the “‘problem size” | E | tends to infinity. Consequently,

for these independence systems, the greedy heuristic for large problems can be
arbitrarily bad.
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Let G = (V, E)be agraph. A subset F C V iscalled a stable set (or independent
set, vertex packing) if no two distinct vertices in F are adjacent. Let % be the
system of all stable sets of G. Since then (1) is the vertex packing problem, (V, F) is
called the independence system of the vertex packing problem in G.

Theorem 2.3. Let G = (V, E) be a graph containing an induced subgraph isomor-
phic to the star K, .. Let (V, %) be the independence system of the vertex packing
problem in G. Then

lim min Ir(S) =0.

k== scv ur(S)
Proof. Let S: ={v,0v,..., 0} be the set of vertices that induces the subgraph
isomorphic to K, and let

vy, € E, Isi<k but vy&E, 1sijsk.

F,={v} and F.={v,,..., 0} are maximal independent subsets of S and

. Ir(S) lr§S2=Jﬂ=l
M) ~wGs) "R kY

Theorem 2.4. Let G =(V, E) be a complete directed graph, i.e. E=V X V. Let ¥
be the system of (the edge sets of) all its acyclic subgraphs, i.e.
% ={F CE : F contains no directed cycle}.

For the independence system (E, %), we have

lim_min X5 _

e SEE ur(S)

Proof. Let n:=|V|=V]E|, V={v,...,v.} and
F={vv.,:l=<isn-1},
F={vy:1sj<isn},

S=F,UF,.

Clearly, F, and F, are maximal independent subsets of S and

min LG) KS) _|F|_n-1__2 .
sce ur(S) ur(S) |F: (n) VIE|]

2

3. The rank quotient for an arbitrary independence system

Having inspected the rank quotient for some special independence systems, we
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now turn to an arbitrary independence system. We start with the following easy
lemma:

Lemma 3.1. For any independence system (E, F), there exist k matroids (E, ¥'),
1=is<k, with

K
i=1

Proof. Let (E, #) be an independence system and C, ..., C« the minimal sets in
{F C E : F& %}, the so-called circuits of (E, ). It is easy to see that

=\ F where F:={FCE:CZF).
i=1

Clearly, any (E, #') is an independence system. Let SC E. If GZ S, S itself is
the only maximal independent subset of S. Otherwise, if C; C S, every maximal
independent subset of S consists of all elements of § except one element of C.
Hence all maximal independent subsets of S have the same cardinality, whence
(E, #') is a matroid.

By the proof of Lemma 3.1, the minimum number k = k(E, %), for which an
independence system (E, ) can be represented as the intersection of k matroids, is
bounded by the number of its circuits. Of course this bound is far from being sharp;
it is easy to see (cf. Edmonds [3]) that e.g. the independence system of ““bipartite
matchings” is an intersection of two matroids and the independence system of the
“‘asymmetric TSP” is an intersection of three matroids. The importance of this
minimum number k(E, %) lies in the following main theorem:

Theorem 3.2. Let (E,%'), 1<i=<k, be matroids and ¥ : = (\\_, F'. For the
independence system (E, %) we have

i Ir(S) o
TR ur (S)

Proof. Let S C E be any subset and F,, F, maximal independent subsets of S. It is
enough to show | Fi|/|F,|=1/k.

For i=1,...,k and j=1,2, let F; be a maximal &'-independent subset of
F, U F, containing F, If there were an element e € F,\ F, with ¢ € N, WF,,
then F U {e} C N, Fie %, a contradiction to the maximality of F,. Hence each
e € F,\F, can be an element of Fi\F, for at most k — 1 indices i. It follows

3 |Fl=k|F= 3 [FOE| < (k- DR < k- DIE.

By the definition of a matroid, we have

|Fi|=|Fi] forany i lsisk.
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Hence the above inequality implies

IEl< (3 Fi- kIl ) ¢

1l

k

> IF| = (k = D|F|
sk|F.

The theorem follows.

As for the question of sharpness of the bound in Theorem 3.2, we can state the
following easy theorem.

Theorem 3.3. For every integer k = 1, there exists an independence system (E, )
which is an intersection of k matroids but not an intersection of less than k matroids
and which has the property

o Ie(S) 1
Ter ur(S) k-’

Proof. Let G =(V, E) be a graph isomorphic to K, ., say

V={vuv,..., 0} E={vv:1si<k}

By the proof of Theorem 2.3, the independence system (V, &) of the stable sets
of G has the property
L Ir(S) _ 1
ey ur(S)sk' ©)
Obviously, the k edges {v,v}, 1<i=<k, are the circuits of (V,%). Setting
F . ={FCV:{v,v}ZF)}, it follows from the proof of Lemma 3.1 that (V, %)
is the intersection of the k matroids %', 1 < i < k. Hence, by Theorem 3.2 and (6),

I (S) 1
W urs) &

and (V, &) cannot be represented as the intersection of less than k matroids.

Theorem 3.3 says that, for every integer k, there exists an independence system
for which the bound in Theorem 3.2 is sharp. More interesting is the question if the
bound is sharp for every independence system. The next theorem gives a (negative)
answer to this question.

Theorem 3.4. Let (E, F) be the independence system of the symmetrical TSP for a
complete graph (V,E) with |V |=4.

Then there is no integer k such that (E, ¥) can be represented as the intersection of
k matroids and that
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I (S) _ 1
SPur(S) k-

Proof. Assume there is such an integer k. Then, by Theorem 2.2, k =2 and (E, %)
can be represented as the intersection of two matroids M' = (E, '), i = 1,2.
Let V={v,0vs...,0.}, n=4. Then F: ={vvs v:0s5,...,0.0:}EF, but
F U {v,v;} & F Obviously, every “circuit” of (E, %), (i.e. every minimal dependent
subset of E) contained in F U {v,v,} is also a circuit of M or of M?. Now it is well
known (cf. e.g. [10]) that, for a matroid, the union of an independent set and a
singleton contains at most one circuit. Hence F U {v,v;} contains at most two
circuits of (E, ). But in fact, F U{v,vs} contains even four circuits, namely:

Cl ={U|Uz, (AR %N Ulvn}, C2={U3vl, U3y, U3U4},
C3 = {U|Uz, U,V;, U}Ul}, Cn = {vlvj, V304, V405, .. ., D,.U]}.

We conclude the paper with some final remarks.

Remark 3.5. Theorem 3.3 and its proof say that there are families of indepen-
dence systems (E., %.), n=1,2,..., with |E,|=n and the property that the
minimum number k (E,, %,) for which (E,, %,) can be represented as the intersec-
tion of k matroids is at least a linear function of a. In particular, there is no general
constant k* with k(E, )< k"~ for all independence systems. We conjecture that
there are even families (E,, &%.) where k (E,, %.) is a super-linear — perhaps even
exponential — function of n. This conjecture cannot be proven by means of
Theorem 3.2 because for every independence system (E, %)

1 _ ur(S)
—u(s) () <IEl.

sce ur(S)

Remark 3.6. Up to now, we inspected the greedy heuristic for the maximum
problem (1) only. What about a greedy heuristic for a minimum problem? Let us
consider the problem

¢(F)= Min! }
F maximal in %

™

where (E, ) is an independence system and ¢ : E — R" is a weight function. The
greedy heuristic for (7) starts with the independent set F = @ and, in every step of
the algorithm, adds a new element e € E \ F to the current independent set F such
that the new set F U {e} is again independent and that, subject to this condition, e
has minimum weight c..

For the maximum problem (1), it follows from Lemma 3.1, Theorem 3.3, and
Theorem 1.1, that for any independence system (E, %) there exists a bound 1/k
such that
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c(F) 1
c(Fo)” k

for any greedy solution F, and optimal solution F, and for all weight functions c.
This is not true for the minimum problem (7). E.g. consider the independence
system (V, F) of the vertex packing problem in the graph K.

o—0—->0

T2 8

and the weight function

1, L=V
c(v)=1 2, V=10,

M>2, v=uv,.

The optimal solution of the corresponding minimum problem (7) is F, = {v.} and
the greedy solution is F, = {v,, vs}. The quotient ¢ (F,)/c (F,)=2/M converges to 0
as M tends to infinity.
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