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DFEHG*I�J�K1I<LMNJ�OQP#ERKFSTEUJ.VXW6YTZ[I<L�G�W�ER\]L_^HG1J�ERO<J=`aI�J�Y�K6EUJBMbJcW�K�L�Z[I�W�JcW�d�STEUJBe�O<GFf�K6J�J�^U^RJ�gihbeTjkL^R^HG*J�lTmNJ�n
K�ERo]J�O�W�JpL_O<L^RqTG6ERJ�K6J�OQ^Ur�G6G*W�sTtuG#vEUMTWBL_MbJ�KBLe<Z[IwJ�ERO�JxLO<STJ�K6JpV:J�ERW6JpSTJ�K=VXW6YTZ[I<L�G�W�ER\zy�{|LO}\~LO�O
o]ERW�EUI�K�J�K��=ER^Rj%J}�=e<G�G6LvJ�O�Le<Z[I�EUO�J�EUO�EUvJ�O�V:E�W�e<L~W�ERY�O�J�O�W6K�Jc�zJ�O�d3PuY	STJ�K�hbeTjkL^R^F��MbJ�K�I<L_e�m�W
\�J�EUO�Jp�#Y^U^RJpG6m�EUJ�^RW��
�.ERJ]�=Le�mTW�EUSTJ�J�S�J�KpG*Y�vJ�O<L_O�OXW�J�O��b����[��������H�����H���[�������������<������EHG�WpSTEUJij%Y�^Rv�J�O<STJ�yz� ER^U^¡o]LO

STEUJi¢¤£��H���¥���:¦�J�ERO<J�G=§.MT¨�J�\�W[GFo�ERWBMbJ�G*W6EUo�oiW6J�O}t1EUvJ�O<G�Z[I<L~j�W�J�O�©�J�EUvJ�O�dTG*Y]STJ�ª<O�EUJ�K6Wao�LO}J�ERO�J�O
J�O�W[G*m<K6J�Z[I�J�O<S�J�O«�	LI�K[G6Z[I�J�ERO<^REHZ[I�\J�E�W[G*K[L_e<o¬e�O<S©�J�EUv_W�dNS�L�G6G=J�EUO©�eTjkr^R^UERvwvJ�Par_I<^�W�J�G#t1^UJ�o]J�O�W
o]ERWBJ�EUO�J�KF�<�®�����¯��°®�����±L_I�K[G�Z[I�J�EUO�^UEUZ[I�\�J�ERWaS�ERJpv�J�P#��O<G�Z[IXW6J4t1EUvJ�ONG6Z[I<L_j�WBI<L~W�s
²�o³�B^U^Rv�J�o]J�EUO�J�O«EHG�WBJ�ERO<Jx{J�O�v�J

M
STJ�K.§.MT¨�J�\XW�JxG*Y~P#EUJ.J�ERO<Jx´�e�O�\XW�ERY�O

f : M → R
vJ�vJ�n

MbJ�O�sA´3��KµJ�EUO�J�O	VTZ[I:PFJ�^U^RJ�OXPFJ�K6W
t
P#EU^U^3o�LO�P#EHG6G6J�O�dbYM¶J�G.J�EUO±§.MT¨�J�\XW

x ∈ M o]E�W
f(x) ≥ tv�ERMTW�sb�4L_©�e|Par_I�^RW.o�L_O�J�EUO�JiJ�O�W[G*m<K6J�Z[I�J�O<S�Jp�	LI�K�G�Z[I�J�ERO�^UEHZ[I�\J�E�W[G*·�J�K6W6J�EU^Ue�O�v

Pr : M → [0,1]e�ONS]MNJ�W6K[LZ[IXW6J�WuSTJ�O�K�J�G6e�^RW6EUJ�K�J�O<S�J�O]�	LI�K[G6Z[I�J�ERO<^REHZ[I�\J�E�W[G*K[L_e<o
(M,Pr)

s²�OQSTEUJ�G6J�o¸�BL_e<o¹EHG�W
f
J�ERO<JQhzeTjkL_^U^UG6·~L_K�EULM�^UJsz{|L_O¶MNJ�K6J�Z[I�O�JcWpS�LO�O¶STJ�O¶tºK6PaL_K6W6e�O<v�G6PuJ�K*W

E(f)
S�ERJ�G*J�KxhzeTjkL_^U^UG6·~L~n

K�EULM�^UJBe�O<S]W�J�G*W6J�W�dXYM
E(f) ≥ t YTSTJ�K Pr (f(x) ≥ t) > 0

v�ER^RW�sX²�G�WFo]ERO<S�J�G*W6J�ONG1J�EUO�J�GºS�L®·�YO�STJ�K
´NL_^U^�d:G*Y�oie<G�GuJ�Guo�EUO<STJ�G�W�J�O<GuJ�EUOQt1^UJ�o]J�O�W

x0 ∈M
o]E�W

f(x0) ≥ t
vJ�MNJ�O�yX� ��K�S�J=J�GuO<ro�^UEHZ[I

f(x) < t
j%��Ki�~���U�

x ∈M vJ�^RW6J�O�d�G6Y�INr~W*W�J�O«P#EUK

Pr (f(x) ≥ t) = Pr (∅) = 0

e�ONS

E(f) =
∑

x∈M

f(x) · Pr (f = x) <
∑

x∈M

t · Pr (f = x) = t ·
∑

x∈M

Pr (f = x) = t .

�.ERJptºERv�J�O<G�Z[I<L~j�W

L_eNG
E(f) ≥ t j%Y^Uv_W f(x) ≥ t j%��K#o]EUO<STJ�G�W�J�O<G#J�ERO x ∈M

O�J�O�OXW�o�LO,L_eNZ[I,S�L�G¼»N�~½<�[���������T�R��¾��b�����T¦�� �¿��c�¢a��Àº�~���¯½T�X¾_�[Àº����������sat1EUO,Á1K�Y_W�Y_W�q:m,S�ERJ�G*J�K
Â ��MNJ�K6K[LG�Z[I�J�O<S�o]r�Z[IXW6EUvJ�ObÃ¡{JcW�I�YTSTJBEHG�WuS<LG¡j%Y�^Rv�J�O<STJ=f�{ERW*W6J�^�n��BK�ve<o�J�OXW�g:y²�G*WuSTJ�KuLK6ERW6I�o]J�n
W�EUG�Z[I�Jp{ERW*W6J�^

x1 + · · ·+ xn

n
STJ�KºhzL_I�^UJ�O

x1, . . . , xn ∈ R
vK�ÄÅ�J�KÆL^UG

a
d_G6Y.o�e<G6G3J�G¡o�EUO<STJ�G�W�J�O<G¡J�ERO

j
o]E�W

xj > a
v�J�MbJ�O�s_�.ERJ

Ç=�TW6©�^REHZ[I�\J�E�W=S�ERJ�G*J�G#�BK�ve�o]J�OXWB^UERJ�v_WBEUOSTJ�K=`3L~W[G6L�Z[I�Jd�S<LG�GaJ�GaY_j�W.·XEUJ�^!^RJ�EUZ[IXW6J�K#EUG*W�d<J�EUO�Jx�BMTn
G�Z[I<r~W�©�e�O<v.j%�<K1S�LG1{|E�W6W6J�^<©�e�ª<O<STJ�O�L_^HG¤J�EUO

j
o]E�W

xj > a
©�e�MbJ�G*W6EUo]o]J�O�s_� EUKºSTJ�o]YO<G*W6K�ERJ�K6J�O

STEUJpm�K�YM<LM�EU^REHG�W�EUG�Z[I�Jµ{JcW�I�YTSTJpL_O«J�EUO�m<LLKuW�q:m�EHG�Z[I�J�O«DFJ�EHG*m�EUJ�^UJ�O!s
V:J�E

G = (V,E)
J�EUO�e<O�vJ�K6EHZ[IXW6JcW�J�KBÈ4K[L_m�I�s<t1ERO<JxÉµO�Y_W�J�O�o]J�O<vJ

S ⊆ V
I�J�ERÅWQÊ3���kËc½<��d�jkL^R^HG

©�P#EUG�Z[I�J�O]¨�J�©�PFJ�E¡ÉµO�YW6J�O�ERO
S
J�EUO�J�ÉpLO�W�Ji^UERJ�v_W�sbÌ!ERJ�v_W.©�P#EUG�Z[I�J�O|\J�ERO�J�O©�PFJ�E¡ÉµO�Y_W�J�O|J�ERO<J

ÉpLO�W�Jd:G*Y�I�J�EUÅ_W
S
½T�z��[��Í~�:¾_��¾X�µ�����X¾X�cs<VTJ�E

r(G)
STERJ4\:^RJ�ERONG�W�JphzLI�^

r
dTG6Y�S�L�G6GFSTJ�K#È4K[L_m�I

GPFJ�STJ�K#J�EUO�JiÎu^REHÏXe�JpO�YTZ[I�J�EUO�Jµe�O<L_M<I<r_O�v�ERv�J4{|J�O�v�J4o]ERW
r
ÉµO<Y_W6J�O}MbJ�G6ERW6©cW�s

´<K�LO�\�Á1^Ue�o]mTW�YO?�BLo�G*J�q�I<L_WwERoÑÐXL_I�K�J±Ò�Ó�ÔÕ±MbJ�P#EUJ�G6J�O�dFS�LG�Gµ¨�J�S�J�K}È4K[L_m�I
G
o]E�W

nÉµO�YW6J�OxJ�OXW�PFJ�STJ�K!J�EUO�J#Îu^REHÏXe�JºYTSTJ�KÆJ�ERO�Jue�O<LM�I<r_O<vEUvJº{J�O�vJºo�ERW 1
2 log2 n

ÉµO�Y_W�J�OxJ�O�W�I<L_^RW6J�O
o�e<G6G�d�L^UG6Y

r(G) > 1
2 log2 n

v�ER^RW�s�t1EUO�JºO<L_W6��K�^UEUZ[I�Ju´�K[L_vJºEUG*W3S�LI�J�K�d�Y�MxJ�G3È4K�Lm�I�J�Opo�ERW
r(G) ≤

c log2 n
j%��KiJ�EUO�J�É=Y�O<G�W[L_OXW6J

c > 0
��MbJ�K�I<L_e<mTWpvEUMTW�s!V:Y�^UZ[I<J�È4K[L_m<I�J�O	O�J�O<O�Wpo�L_O�Ö=�_×i����Ø~Ù
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� �6�[�������<s:{ERWF�=ER^Rj%J=STJ�Kºm�K�YM<LM�EU^REHG�W�EUG�Z[I�J�O]{|JcW6I<Y:S�JBI<L~WuÁ¡Le�^<tºK�S��XG¤EUO|Ò�Ó����=MNJ�P#ERJ�G*J�O�d�S<LG�G
G6Y^HZ[I�JpÈ4K�Lm�I�J�O«STYTZ[I�JclTEUG*W6EUJ�K�J�O!�

����� �"!�#�$&%('*)
�BLo]G6J�qXn�È4K�Lm�I�J�Owo]E�WBMbJ�^UEUJ�M�EUv]·XEUJ�^UJ�O«ÉµO�YW6J�O�JclTEHG�W�ERJ�K6J�O�yT´3��KBL_^U^RJ

n ≥ 2
vEUMTW#J�GBÈ4K[L~n

m�I�J�O
G
LeTj

n
ÉµO�Y_W�J�O�o�ERW

r(G) ≤ 2 log2 n
s

+-,/.0,�132 )
4Bo STEUJpt¤lTEUG*W6J�O�©x·�YO«�BL_o�G6J�qXn�È4K[L_m<I�J�O}©�eMbJ�PFJ�EHG*J�O�dTMNJ�W6K[LZ[IXW6J�O«P#ERK4hzeTjkL_^U^UG6vK[L_m<I�J�O
��MbJ�K�STJ�KiÉµO<Y_W6J�O�o]J�O�v�J

V = {1, . . . , n} y�� EUKiPFJ�K6j%J�O	j%��KB¨�J�STJQmbY_W�J�O�©�ERJ�^R^UJQÉpL_OXW6J uvJ�EUO�JµjkLERK�Jp{��O�©�J4e<O<S«G*J�W6©�J�O�S�ERJxÉpLO�W�JµJ�EUO�d�PFJ�O�O«S�LGatºK6v�J�M�O�EHGBf6�	Lm�mbJ�O<g�EUG*W�s
� EUK=ª�lTEUJ�K�J�OJ�ERO�J�ÉµO�Y_W�J�O�o]J�O�vJ

S ⊆ V
STJ�KpÈ4K6Ä�ÅJ

k
e<O<S�G6J�E

AS
S�L�G=t1K�J�EUvO<EUG4f

SEHG�WwJ�ERO<J¶Îu^REHÏXe�JYTSTJ�K�J�ERO�Je<O<L_M�INr_O�v�ERv�J«{|J�O�v�J�g:s1tºGQEUG*W
Pr (AS) = 2 · 2−(k

2),
STJ�O�O

J�OXW�PFJ�STJ�KwEHG�W
S
J�EUO�J�Îu^REHÏXe�J�e�ONS(L_^U^RJ (

k
2

) ÉpLOXW6J�O(G6EUO<S ·Y�K6INL_O<STJ�O¼Y:S�J�K
S
EUG*W}J�ERO<J

e�O<LM�I<rO�vEUvJ#{J�O�vJ#e�ONS]\J�EUO�J=S�J�K (
k
2

) ÉpLOXW6J�O]EHG�Wu·YK�I<LO<STJ�O!s~� ERKFG*EUO<S]·Y�K1�B^U^RJ�o LO
STJ�K3�±L_I<K�G�Z[I�J�EUO�^UEUZ[I<\J�ERW

pk
EUOXW6J�K�J�G�G6ERJ�K*W�d�S�L�G6G3J�ERO�hbeTjkL_^U^HG*v�K�Lm�I

G
J�ERO<J#Îu^UEUÏXe�JaSTJ�K¤È4K�ÄÅ�J

k
YTSTJ�KBJ�ERO<Jpe�O<L_M<I<r_O�v�ERv�Jp{J�O�v�JxSTJ�K=È4K�ÄÅ�J

k
MbJ�G6ERW6©cW�sN�4L]P#ERK=OXe<K (

n
k

)
k
n¥J�^UJ�o]J�OXW�ERv�J�O

{J�O�vJ�O
S ⊆ V

I<L_MbJ�O�d¡v�ER^RW�O<LZ[I�S�J�KQV:e�o]o]J�OTn�VTZ[I�K[L_O<\JQj%�<K��±L_I<K�G�Z[I�J�EUO�^UEUZ[I<\J�ERW6J�O
Â DFJ�I<L_e�m�W6e�O�v«Ò�Òs �XÃ�y

pk ≤
(
n

k

)
· 2 · 2−(k

2) <
nk

k!
· 2 · 2

k/2

2k2/2
.

� EUK1G*J�W6©�J�O
k = 2 log2 n

e�O<S�J�K�I<L_^RW6J�O
nk = (2k/2)k = 2k2/2 s_�4L4LO<STJ�K6J�K�G6J�ERW�G 2 ·2k/2 <

k!
j%�<K

k ≥ 4
v�ER^RW�d�j%Y^Uv_WiG6Yo]E�W

pk < 1
j%��K

k ≥ 4
s!tºGxv�ERMTWiG6Yo]ERW�È4K�Lm�I�J�O�d�STEUJ�\J�EUO�J

Îu^UEUÏXe�J�O�YTSTJ�K#e�O<LM�I<r_O<vEUvJµ{J�O�v�J�O«STJ�K=È4K�ÄÅ�J
2 log2 n

MNJ�G*ERW6©�J�O�s
�

V:J�E
Kn = (V,E)

J�ERO ·�Y^U^UG*W�rO<STEUvJ�Ke<O�vJ�K6EHZ[IXW6JcW�J�K|È4K[L_m�I o]E�W	STJ�K�ÉµO<Y_W6J�O�o]J�O�v�J
V =

{1, . . . , n} s��=J�K.È4K�Lm�I�MNJ�G*ERW6©�W=L_^HG*Y]L_^U^RJ |E| = (
n
2

) o]Äv�^REHZ[I�JµÉpL_OXW6J�O�sTt1EUO�Jw��� ���_���������}Ê3���kËc½<�
EHG�W4J�EUO�M�EUm<LK*W�E�W�J�KpÈ4K�Lm�I|·Y�O|STJ�Kµ´�Y�K6o

H = L × R o]ERW
L,R ⊆ V

e�O<S
L ∩ R = ∅ s Â �BEUJ�KG*W6J�I�WBf

L
gxM�©�Pps�f

R
gpj%��KBSTEUJxf�^REUO�\J�gpM�©�Pps:j%��K#STERJxf�K�J�Z[IXW6J�giV:J�E�W�JµS�J�K=Îu^REHÏXe�Js Ãu�.L�G � ��À¤�k�[�:�

J�ERO�J�KBG*Y�^UZ[I<J�O«Îu^UEHÏ�e<JpEUG*W=STEUJµ�=O�©�LI�^
v(H) = |L|+ |R| ERI<K6J�KaÉµO<Y_W6J�O�s4BONG*J�K#hbEUJ�^NEUG*WFL^R^UJ=ÉpLO�W�J�O]·Y�O

Kn
o]E�WaM�EUm<L_K6W6ERW6J�O}Îu^REHÏXe�J�O

Hi = Li×Ri
d
i = 1, . . . , t

G6Y
©�e��<MNJ�K�STJ�Z[\J�O�d~S�LG�G¤S�LG1È4J�G6LoxW�vJ�P#EHZ[IXW

v(H1)+ · · ·+v(Ht)
STJ�K1S�L_MbJ�E<MNJ�W6J�EU^UERvW6J�OwÎu^UEUÏXe�J�O

o]Äv�^REHZ[I<G*WF\:^UJ�EUO«P#ERK[SAs
t1EUO�Jpr_I�^UEHZ[I�J.´<K�LvJBI<LMNJ�OwP#EUKaMNJ�K6J�E�W[GºEUO}�=M<G6Z[I<O�E�W6W65<s Ô<sRÒ.MNJ�I<L_ONSTJ�^RW�sT�4LiPFY^U^�W�J�OQP#EUK#STEUJ

ÉpLO�W�J�O|·�YO
Kn

EUO�o]Äv�^REHZ[I<G*W4PFJ�O�EUvJ�O�STEHG%¨�e<O�\XW6J�O	M�EUm<L_K6W6ERW6J�O±Îu^UEUÏXe�J�O�©�J�K�^RJ�vJ�O!sb{ERWx�BEU^�j%J
STJ�K�^UEUO�J�LK6J�O��B^UvJ�M<K�LINL_MbJ�O�P#EUK�S<L|vJ�©�J�ERvW�d¡S�LG�Gxo�L_O S�L~j%��K�o]ERONSTJ�G*W6J�O<G

n − 1
Îu^UEUÏXe�J�O

MbJ�O�ÄW6EUv_W�sXÇ=e�OwEUOXW6J�K�J�G�G6ERJ�K*Wºe<O<GºO<EUZ[IXWuSTEUJ87.�:¦����T��STJ�K#Îu^REHÏXe�J�O�d:G6YO<STJ�K6O�EUI�K#È4J�G�L_oiW6vJ�P#EUZ[IXW�s
�4L_MbJ�EN·J�K�^HL_O�v�J�O�P#ERK1O<EUZ[IXWºo]J�I<K�dS<LG�G1STEUJ4Îu^REHÏXe�J�O�STEHGk¨�e�O�\XWFG6J�EUO]oi�<G�G*J�O:9�G*EUJB\Ä�O�O�J�O]Le<Z[I
v�J�o]J�EUO<G�L_o]J4ÉpLOXW6J�O�I<LMNJ�O�s
{|LO(\~L_O�O(J�ERO<J<;BMbJ�K[STJ�Z[\Xe<O�v�·�YO

Kn
o]ERW�STJ�o È4J�G�L_oxW�vJ�P#EUZ[IXWQI�ÄTZ[I<G*W6J�O<G

2n log2 nj%Y�^Rv�J�O<STJ�K6o�LÅJ�O�\Y�O<G*W6K�e�ERJ�K6J�O�s~t1EUOTjkLZ[I<I�J�ERW�G6I<L_^UMbJ�KuG6J�E
n = 2k J�ERO�JµhbPuJ�ERJ�K6mbY_W�J�O�©�sXhbe�ONrZ[I<G*W

PFJ�EHG*J�O|P#EUKu¨�J�STJ�o ÉµO�Y_W�J�O
v ∈ V J�EUO�J�O¶J�ERO<S�J�eTW�ERv�J�O>=¤J�\XW6YK

v = (v1, . . . , vk) ∈ {0,1}k ©�ee�ONS}MbJcW�K�L�Z[IXW6J�O�STEUJµj%Y^UvJ�ONSTJ�O
2n

Îu^UEHÏ�e<J�O

Ha
i = {(u, v) : ui = a, vi = 1− a} (a = 0,1; i = 1, . . . , k) .
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�4LiG6EUZ[Iµ¨�J.©�PFJ�EÆ°®���[�����T�k�����c�z� =¤J�\XW6Y�K6J�O�EROwo�EUO<STJ�G�W�J�O<GuJ�EUO�J�KuSTJ�K
k
É.YXY�K�S�ERO<L_W6J�O�e�OXW�J�K[G6Z[I�J�E�n

STJ�O�d_^UERJ�v_Wz¨�J�S�JBÉpL_OXW6JF·Y�O
Kn

ERO]o]EUO<STJ�G*W6J�O<G¤J�ERO�J�K1STEUJ�G6J�KuÎu^UEUÏXe�J�O�s_�.L4j%�<Kz¨�J�STJ�G
i = 1, . . . , kv�J�O<Le�STEUJ]�.r_^Rj�W6J�STJ�K =¤J�\XW6YK�J�O�J�EUO�J]t1ERONG.M<©�PpsAJ�EUO�J]ÇBe�^U^¤EUO	STJ�K

i
n¯W6J�O�É.YXY�K�S�ERO<L_W6J�I<L_MbJ�O�d

J�O�W�I<r_^RWa¨�J�STJ}Îu^UEHÏ�e<J
Hi

v�J�O<Le
v(Hi) = (n/2) + (n/2) = n

ÉµO�Y_W�J�O�s��4LG�È4J�G�L_oxW�vJ�P#EUZ[IXW
STEUJ�G6J�K ;=MNJ�K�S�J�Z[\:e�O�v�EUG*W=L_^HG6Y

2nk = 2n log2 n
s

{ERWFS�J�KFm�K6Y�M<L_M<ER^UEUG*W6EHG�Z[I�J�O�{J�W6I�YTSTJ.©�J�EUvJ�OQP#EUKºO:e�O�d:S�LG�G1J�Gº·:EUJ�^bMNJ�G6G6J�KFL_e<Z[IwO�EUZ[IXWºv�J�IXW�s
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