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f(x) < t
j%��Ki�~���U�
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Pr (f(x) ≥ t) = Pr (∅) = 0
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E(f) =
∑

x∈M

f(x) · Pr (f = x) <
∑
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t · Pr (f = x) = t ·
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Pr (f = x) = t .
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r(G)
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I�^

r
dTG6Y�S�L�G6GFSTJ�K#È4K[L_m�I
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Õ±MbJ�P#EUJ�G6J�O�dFS�L
G�Gµ¨�J�S�J�K}È4K[L_m�I
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M�I<r_O<v
EUv
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2 log2 n

ÉµO�Y_W�J�OxJ�O�W�I<L_^RW6J�O
o�e<G6G�d�L
^UG6Y

r(G) > 1
2 log2 n

v�ER^RW�s�t1EUO�JºO<L_W6��K�^UEUZ[I�Ju´�K[L_v
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c log2 n
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c > 0
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m�I�J�O«STYTZ[I�JclTEUG*W6EUJ�K�J�O!�

����� �"!�#�$&%('*)
�BL
o]G6J�qXn�È4K�L
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n ≥ 2
v
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GatºK6v�J�M�O�EHGBf6�	L
m�mbJ�O<g�EUG*W�s
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STJ�KpÈ4K6Ä�Å
J

k
e<O<S�G6J�E

AS
S�L�G=t1K�J�EUv
O<EUG4f

SEHG�WwJ�ERO<J¶Îu^REHÏXe�J­YTSTJ�K�J�ERO�J­e<O<L_M�INr_O�v�ERv�J«{|J�O�v�J�g:s1tºGQEUG*W
Pr (AS) = 2 · 2−(k

2),
STJ�O�O

J�OXW�PFJ�STJ�KwEHG�W
S
J�EUO�J�Îu^REHÏXe�J�e�ONS(L_^U^RJ (

k
2

) ÉpL
OXW6J�O(G6EUO<S ·
Y�K6INL_O<STJ�O¼Y:S�J�K
S
EUG*W}J�ERO<J

e�O<L
M�I<r
O�v
EUv
J#{­J�O�v
J#e�ONS]\
J�EUO�J=S�J�K (
k
2

) ÉpL
OXW6J�O]EHG�Wu·
Y
K�I<L
O<STJ�O!s~� ERKFG*EUO<S]·
Y�K1�B^U^RJ�o L
O
STJ�K3�±L_I<K�G�Z[I�J�EUO�^UEUZ[I<\
J�ERW

pk
EUOXW6J�K�J�G�G6ERJ�K*W�d�S�L�G6G3J�ERO�hbeTjkL_^U^HG*v�K�L
m�I

G
J�ERO<J#Îu^UEUÏXe�JaSTJ�K¤È4K�Ä
Å�J

k
YTSTJ�KBJ�ERO<Jpe�O<L_M<I<r_O�v�ERv�Jp{­J�O�v�JxSTJ�K=È4K�Ä
Å�J

k
MbJ�G6ERW6©cW�sN�4L]P#ERK=OXe<K (

n
k

)
k
n¥J�^UJ�o]J�OXW�ERv�J�O

{­J�O�v
J�O
S ⊆ V

I<L_MbJ�O�d¡v�ER^RW�O<L
Z[I�S�J�KQV:e�o]o]J�OTn�VTZ[I�K[L_O<\
JQj%�<K��±L_I<K�G�Z[I�J�EUO�^UEUZ[I<\
J�ERW6J�O
Â DFJ�I<L_e�m�W6e�O�v«Ò�Ò
s �XÃ�y

pk ≤
(
n

k

)
· 2 · 2−(k

2) <
nk

k!
· 2 · 2

k/2

2k2/2
.

� EUK1G*J�W6©�J�O
k = 2 log2 n

e�O<S�J�K�I<L_^RW6J�O
nk = (2k/2)k = 2k2/2 s_�4L4L
O<STJ�K6J�K�G6J�ERW�G 2 ·2k/2 <

k!
j%�<K

k ≥ 4
v�ER^RW�d�j%Y
^Uv_WiG6Y
o]E�W

pk < 1
j%��K

k ≥ 4
s!tºGxv�ERMTWiG6Y
o]ERW�È4K�L
m�I�J�O�d�STEUJ�\
J�EUO�J

Îu^UEUÏXe�J�O�YTSTJ�K#e�O<L
M�I<r_O<v
EUv
Jµ{­J�O�v�J�O«STJ�K=È4K�Ä
Å�J
2 log2 n

MNJ�G*ERW6©�J�O�s
�

V:J�E
Kn = (V,E)

J�ERO ·�Y
^U^UG*W�r
O<STEUv
J�K­e<O�v
J�K6EHZ[IXW6JcW�J�K|È4K[L_m�I o]E�W	STJ�K�ÉµO<Y_W6J�O�o]J�O�v�J
V =

{1, . . . , n} s��=J�K.È4K�L
m�I�MNJ�G*ERW6©�W=L_^HG*Y]L_^U^RJ |E| = (
n
2

) o]Ä
v�^REHZ[I�JµÉpL_OXW6J�O�sTt1EUO�Jw��� ���_���������}Ê3���kËc½<�
EHG�W4J�EUO�M�EUm<L
K*W�E�W�J�KpÈ4K�L
m�I|·
Y�O|STJ�Kµ´�Y�K6o

H = L × R o]ERW
L,R ⊆ V

e�O<S
L ∩ R = ∅ s Â �BEUJ�KG*W6J�I�WBf

L
gxM�©�Pps�f

R
gpj%��KBSTEUJxf�^REUO�\
J�gpM�©�Pps:j%��K#STERJxf�K�J�Z[IXW6J�giV:J�E�W�JµS�J�K=Îu^REHÏXe�J
s Ãu�.L�G � ��À¤�k�[�:�

J�ERO�J�KBG*Y�^UZ[I<J�O«Îu^UEHÏ�e<JpEUG*W=STEUJµ�=O�©�L
I�^
v(H) = |L|+ |R| ERI<K6J�KaÉµO<Y_W6J�O�s4BONG*J�K#hbEUJ�^NEUG*WFL
^R^UJ=ÉpL
O�W�J�O]·
Y�O

Kn
o]E�WaM�EUm<L_K6W6ERW6J�O}Îu^REHÏXe�J�O

Hi = Li×Ri
d
i = 1, . . . , t

G6Y
©�e��<MNJ�K�STJ�Z[\
J�O�d~S�L
G�G¤S�L
G1È4J�G6L
oxW�v
J�P#EHZ[IXW

v(H1)+ · · ·+v(Ht)
STJ�K1S�L_MbJ�E<MNJ�W6J�EU^UERv
W6J�OwÎu^UEUÏXe�J�O

o]Ä
v�^REHZ[I<G*WF\:^UJ�EUO«P#ERK[SAs
t1EUO�Jpr_I�^UEHZ[I�J.´<K�L
v
JBI<L
MNJ�OwP#EUKaMNJ�K6J�E�W[GºEUO}�=M<G6Z[I<O�E�W6W65<s Ô<sRÒ.MNJ�I<L_ONSTJ�^RW�sT�4LiPFY
^U^�W�J�OQP#EUK#STEUJ

ÉpL
O�W�J�O|·�Y
O
Kn

EUO�o]Ä
v�^REHZ[I<G*W4PFJ�O�EUv
J�O�STEHG%¨�e<O�\XW6J�O	M�EUm<L_K6W6ERW6J�O±Îu^UEUÏXe�J�O�©�J�K�^RJ�v
J�O!sb{­ERWx�BEU^�j%J
STJ�K�^UEUO�J�L
K6J�O��B^Uv
J�M<K�L­INL_MbJ�O�P#EUK�S<L|v
J�©�J�ERv
W�d¡S�L
G�Gxo�L_O S�L~j%��K�o]ERONSTJ�G*W6J�O<G

n − 1
Îu^UEUÏXe�J�O

MbJ�O�Ä
W6EUv_W�sXÇ=e�OwEUOXW6J�K�J�G�G6ERJ�K*Wºe<O<GºO<EUZ[IXWuSTEUJ87.�:¦����T��STJ�K#Îu^REHÏXe�J�O�d:G6Y
O<STJ�K6O�EUI�K#È4J�G�L_oiW6v
J�P#EUZ[IXW�s
�4L_MbJ�EN·
J�K�^HL_O�v�J�O�P#ERK1O<EUZ[IXWºo]J�I<K�d
S<L
G�G1STEUJ4Îu^REHÏXe�J�O�STEHGk¨�e�O�\XWFG6J�EUO]oi�<G�G*J�O:9�G*EUJB\
Ä�O�O�J�O]L
e<Z[I
v�J�o]J�EUO<G�L_o]J4ÉpL
OXW6J�O�I<L
MNJ�O�s
{|L
O(\~L_O�O(J�ERO<J<;BMbJ�K[STJ�Z[\Xe<O�v�·�Y
O

Kn
o]ERW�STJ�o È4J�G�L_oxW�v
J�P#EUZ[IXWQI�ÄTZ[I<G*W6J�O<G

2n log2 nj%Y�^Rv�J�O<STJ�K6o�L
Å
J�O�\
Y�O<G*W6K�e�ERJ�K6J�O�s~t1EUOTjkL
Z[I<I�J�ERW�G6I<L_^UMbJ�KuG6J�E
n = 2k J�ERO�JµhbPuJ�ERJ�K6mbY_W�J�O�©�sXhbe�ONr
Z[I<G*W

PFJ�EHG*J�O|P#EUKu¨�J�STJ�o ÉµO�Y_W�J�O
v ∈ V J�EUO�J�O¶J�ERO<S�J�eTW�ERv�J�O>=¤J�\XW6Y
K

v = (v1, . . . , vk) ∈ {0,1}k ©�ee�ONS}MbJcW�K�L�Z[IXW6J�O�STEUJµj%Y
^Uv
J�ONSTJ�O
2n

Îu^UEHÏ�e<J�O

Ha
i = {(u, v) : ui = a, vi = 1− a} (a = 0,1; i = 1, . . . , k) .
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�4LiG6EUZ[Iµ¨�J.©�PFJ�EÆ°®���[�����T�k�����c�z� =¤J�\XW6Y�K6J�O�EROwo�EUO<STJ�G�W�J�O<GuJ�EUO�J�KuSTJ�K
k
É.YXY�K�S�ERO<L_W6J�O�e�OXW�J�K[G6Z[I�J�E�n

STJ�O�d_^UERJ�v_Wz¨�J�S�JBÉpL_OXW6JF·
Y�O
Kn

ERO]o]EUO<STJ�G*W6J�O<G¤J�ERO�J�K1STEUJ�G6J�KuÎu^UEUÏXe�J�O�s_�.L4j%�<Kz¨�J�STJ�G
i = 1, . . . , kv�J�O<L
e�STEUJ]�.r_^Rj�W6J�STJ�K =¤J�\XW6Y
K�J�O�J�EUO�J]t1ERONG.M<©�PpsAJ�EUO�J]ÇBe�^U^¤EUO	STJ�K

i
n¯W6J�O�É.YXY�K�S�ERO<L_W6J�I<L_MbJ�O�d

J�O�W�I<r_^RWa¨�J�STJ}Îu^UEHÏ�e<J
Hi

v�J�O<L
e
v(Hi) = (n/2) + (n/2) = n

ÉµO�Y_W�J�O�s��4L
G�È4J�G�L_oxW�v
J�P#EUZ[IXW
STEUJ�G6J�K ;=MNJ�K�S�J�Z[\:e�O�v�EUG*W=L_^HG6Y

2nk = 2n log2 n
s

{­ERWFS�J�KFm�K6Y�M<L_M<ER^UEUG*W6EHG�Z[I�J�O�{­J�W6I�YTSTJ.©�J�EUv
J�OQP#EUKºO:e�O�d:S�L
G�G1J�Gº·:EUJ�^bMNJ�G6G6J�KFL_e<Z[IwO�EUZ[IXWºv�J�IXW�s
����� �"!�#�$&%�� )

Ð�J�STJ ;=MNJ�K�S�J�Z[\:e�O�vp·�Y
O
Kn

o]E�WFM�ERmNL_K6W6ERW6J�O}Îu^UEHÏ�e<J�O�oieNG6G1S<L
GuÈ4J�G6L
oxW�v
J�P#EHZ[IXW¤o�EUO<STJ�G�n
W6J�O<G

n log2 n
I<L
MNJ�O�s

+-,/.0,�132 )
V:J�E

Hi = Li × Ri
d
i = 1, . . . , t

J�ERO<J:;BMbJ�K[STJ�Z[\Xe<O�v}STJ�K4ÉpL
OXW6J�O�·
Y
O
Kn = (V,E)

o]E�W
V = {1, . . . , n} szV:J�E g =

∑n
i=1(|Li|+ |Ri|)

S�L
G4È4J�G�L_oxW�v
J�P#EUZ[IXWBSTEUJ�G6J�K�;=MNJ�K�S�J�Z[\:e�O�vNs
´3��Kx¨�J�STJ�O,ÉµO�Y_W�J�O

v ∈ V
G6J�E

mv = |{i : v ∈ Li ∪ Ri}|
STERJ¶�BO�©�L_I�^4STJ�K­Îu^REHÏXe�J�O�d

STEUJ|STEUJ�G6J�O¼ÉµO�Y_W�J�O�J�OXW6I<L
^�W�J�O�sº�4L
G]ÁºK6EUO�©�EUm¼STJ�KQSTY�m�mbJ�^RW6J�O¼�BM<©�r_I<^Re�O<v	J�K6v�ERM�W Â G*EUJ�I<J
�Be�j%v�L_MbJxÔ�sUÒ �:Ã

g =

t∑

i=1

(|Li|+ |Ri) =

n∑

v=1

mv .

tºGaK�J�EHZ[IXWaL
^UG6Y�S�ERJµ^UJcW6©�W6JxV:e�o]o]JpO<L�Z[Iwe�OXW6J�O�L
M�©�eNG6Z[I<r_W6©�J�O�s:�.L
©�e�PuJ�K*j%J�OwP#EUKaj%��K¡¨�J�S�J
Îu^UEUÏXe�J

Hi = Li × Ri
J�EUO�JijkL_EUK6J

0
n
1
{­�<O�©�J�sbÉ.Y
o]oxW

0
dNG6YQJ�O�W6j%J�K�O�J�O­P#EUK.L
^R^UJ�ÉµO<Y_W6J�O

Li
L_eNG

V �
G6Y
ONG�WFJ�OXW*j%J�K6O�J�OwP#EUKFL
^R^UJ.ÉµO<Y_W6J�O

Ri
s�V:J�E

X = X1 + · · ·+Xn
dXPFY
MbJ�E

Xv
STEUJ

²�O<STEU\~L~W�Y
K�·®L
K6EHL_M<^RJ.j%��K=S�L�Gat1K�J�EUv
O�EHGBfcÉµO�Y
W6J�O
v
��MbJ�K�^UJ�MTW�g�EHG*W�s

�4Lº¨�Ja©�PuJ�E�ÉµO�Y_W�J�OiEUO
Kn

STe<K�Z[I�J�EUO�J#ÉpL_OXW6JF·
J�K6M<e�O<STJ�O�G6ERO<S�e�O<S]STEUJ�G6JaÉpL_OXW6J#STe�K[Z[I
o]ERONSTJ�G*W6J�O<G!J�ERO<JFSTJ�K¡Îu^UEUÏXe�J�O

Hi
�<MNJ�K�STJ�Z[\XWÆP#EUK�SAd�\~L_O�O�L_o t1O<STJFI�ÄTZ[I<G*W6J�O<G�J�ERO�ÉµO�Y_W�J�O

��MbJ�K�^RJ�MNJ�O�sFVTY
o]E�W}v
EU^�W
E(X) ≤ 1

su�=O<STJ�K�J�K[G6J�ERW�G]P#EUK�S¶¨�J�S�J�KQJ�ERO�©�J�^UO�J�ÉµO�Y
W6J�O
v
o�ERW

�±L_I�K[G6Z[I<J�EUO�^REHZ[I�\�J�ERW
2−mv

��MNJ�K6^UJ�MbJ�O!yXtuGav
EUMTWFO:e�K
mv

j%��K#STJ�O�ÉµO�Y_W�J�O
v
f�v�Jcjkr
I�K6^UEHZ[I�J�g

VTZ[I�K�ERW*W6Jµe�ONS}EUO�¨�J�STJ�o STEUJ�G6J�KBVTZ[I�K�ERW*W6J�O}P#EUK[S}STJ�K#ÉµO�Y_W�J�O�o�ERWB�±L_I�K[G6Z[I<J�EUO�^REHZ[I�\�J�ERW
1/2��MbJ�K�^RJ�MNJ�O�s<Ç.L
Z[I«STJ�KBÌ!ERO�J�L_K�E�W[r~WBSTJ�Gat1K6PaL_K6W6e<O�v�G6PuJ�K*W�J�GuJ�K�I<L_^RW6J�O}P#EUK

n∑

v=1

2−mv =

n∑

v=1

Pr (v
��MbJ�K�^RJ�MTW

) =

n∑

v=1

E(Xv) = E(X) ≤ 1 .

� EUKºP#EHG6G6J�O�dXS�L
G�G1S�L�G1L_K�ERW6I�o]JcW�EUG�Z[I�JB{­ERW*W�J�^zSTJ�KahzL_I�^UJ�O
a1, . . . , an

o]ERONSTJ�G*W6J�O<GºG6Ypv
K�Y�G�G
P#EUJpERI�K#v�J�Y�o�J�W6K�EUG�Z[I�J�GF{|E�W6W6J�^!EUG*W Â �=eTj%v�L
MNJpÔ�sUÒ���Ã�y

1

n

n∑

v=1

av ≥
( n∏

v=1

av

)1/n

.

�BO<v
J�PaL_ONSwo]ERW
av = 2−mv

J�K6v�ERM�W#S�ERJ�G

1

n
≥ 1

n

n∑

v=1

2−mv ≥
( n∏

v=1

2−mv

)1/n

= 2−
1
n

Pn
v=1 mv ,

PFY
K[L_e<G
2

1
n

Pn
v=1 mv ≥ n e�O<S«G*Y�o]E�WBL_eNZ[I 1

n

∑n
v=1 mv ≥ log2 n

j%Y
^Uv_W�s
�


