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� ���� �!#"%$&��'�(	 �)�)+*���(+�-,�./(+0213 4$&5�6�73 46�08 �9	:8� XA ��02.	�;�;��6&.<5�=	:8:202>@?A 46�08 �9	:2�CBD02$E(+��6GFA6&HI5�:8J�)&KL 4"	6&>
)�!#"	��02.	:80M!#"	1���0�$ Pr (XA = 1) = Pr (A) 0M)N$�OAPQ5�BD02$R1S �.	.TBR �.T(+08�UF-6&��02J�.	08)�)&�V 4:M)W��08.	��.

PQXY��Z�08 �:�H[ �:2:\(	��6^]Y=	H[ 4:8:8)&73 46�08 �9	:2��.R_`.<a�Bb:80M!#"U �:8) 0 > 1 >@K���6&$&08J��c]d=+H[ 4:8:8)&73 46�08 �9	:8��.R_`9Y�e$�6� �!#"�$���.\O
fGgihNf jlk+monpk+q	rtsvu;w�mox\k+qTrystz|{}nEk/~�nCsv�
�  3$�BR 4.���02.<�R]Y=	H[ 4:8:8)&73 46�08 �9	:2� X : Ω → S Bb02$�(+��B��;08:M(+9/��6&��08!#" S = X(Ω) '\)N5VKi02:8:CBR 4.
(+08���o 4"<6�)�!#"	��08.	:808!#"<1���02$&��. Pr (X ∈ R) HI�	6U7���6�)�!#"	08��(+��.	���G��02:8BD��.	J���. R ⊆ S 9Y��)N$&08BDBD��.� 5Q(	��6iZ�=<Bb08.<(+��)�$t �9<)�!#"<a3$�Z���.Y��O+�v:M)i�v=<)&J� �.	J�)&X	=	.<1�$i9Y�e$�6� �!#"�$��e$LBR 4.l(	 4Z�=VZ�K;��0�.%=<Bb��6&0M)�!#"	�� "< �6� �1%$&��6�0M)�$�021���.�(+��6y]Y=+H[ �:2:M)N73 �6&0M 49	:8� X _�08"	6���.���FA6�K� �6N$�=	.	J%)NK���6&$��c=	./(V08"	6����N?A �6&0M 4.<Z��QO�U�%�E�E�I���[�Y�-�

� ��6^�����-�4���¡ +¢Q£3¤��-¥���� E(X) 7�5�. X : Ω → S 0M)N$t(+�e¦<.<02��6N$v(+=	6#!#"
E(X) =

∑

ω∈Ω

X(ω) · Pr (ω) .

� ON"\O�Ki026-B§=	:2$&08X	:802Z�02��6&��.`(+02�i����6&$&��'�(+08� X  4.	.<��"	BD��.D13 4.<.\'�BD02$;(+��.D��.�$#)NX<6&��!#"	��.<(	��.D�� �"	6&>
)�!#"	��08.	:808!#"<1���02$&��.\'%=	.<(U)N=	BDBD08��6���.V(	02�c�G��6&BD�c 4=+H�O � ��6LFA6�KL 46&$&=	.	J%)NK���6&$-0M)�$v �:8)&5§��02.l��7���6# 4:8:2>
J���BD��08.	��6&$&��6 � =	6#!#"<)�!#"	.	02$N$#)NK���6&$��QO
����5�9< �!#"%$��e$§BR 4.G'E(	 �)&)b(+08�V¨���.	J���. X−1(a) Bb02$ a ∈ S ��08.	�U(+08)[*�=	.	1%$���]Y��6&:8��J�=	.	J�(	��)

�o 4"	6#)�!#"	��08.	:808!#"	1���02$�)&6� �=	BD��) Ω 9	08:8(	��.U=	.<(
Pr (X = a) =

∑

ω∈X−1(a)

Pr (ω)

J�02:2$�'<)&5D��6�"<a4:2$iBR 4.U��08.	��a�©%=	087S �:2��.%$&� � ��¦<.	02$&085�.l7�5�. E(X) ª
E(X) =

∑

a∈S

a · Pr (X = a) .

,�B«PQXY��Z�08 �:�H[ �:2:¬'+K���.	.U(+��6��}��6N$���9Y��6���0M!#" S = {a1, . . . , an} ��.<(+:808!#"V08)N$L=	.<( X *���(+��.V����6&$ ai

BD02$LJ�:2��08!#"<��6-�o 4"<6�)�!#"	��08.	:808!#"<1���02$ 1/n  4.<.	02BDB§$�'Q08)N$ E(X) ��08.+H[ �!#"V(	 �); �6&02$&"	BD��$&0M)&!#"	�^¨�02$N$&��:
E(X) =

a1 + · · ·+ an

n
.

¨� �.V13 �.	.U(	��.UFA6&KL 46&$&=<.	J�)&K;��6N$L 4=<!#"U6���08.VBD��!#"/ 4.	0M)&!#"V02.%$���6�X	6&��$&08��6���.\OQ����.	.lKi086 n y9	>
*���1�$��tBD02$i®^��Ki08!#"%$&��. pi = Pr (X = ai)  �=+HG(+��6 x >��i!#"<)&�v08.V(+��6;¯p5�)&02$&085�.	��. ai (i = 1, . . . , n)
 �9	:2��J���.\'	(	 4.<.VKi086�(U(+��6tP+!#"QK;��6&X	=<.	1%$LJ���.< �=U �.U(	��6tP%$���:8:2� E(X) )N��02. � )&08��"	����08:8(}°�±	O2°S��O²  4:8:8);(+02��]Y=+H[ �:2:M)N73 �6&0M 49	:8�� +¢Y¥�¢Y³+´�µ[¶�·�7Q08��:8�v�}��6N$�� a1, a2, . . .  4.	.	��"	BD��.`13 �.	.\'�(< 4.	.`0M)N$;(+��6
FA6�KL 46&$&=	.	J%)NK���6&$� �:8)

E(X) := lim
n→∞

n∑

i=1

ai Pr (X = ai) =
∞∑

i=1

ai Pr (X = ai)

(+��¦<.	08��6&$�O	,�B|�v:8:8J���BD��02.	��.lB§=<)�)v(+08��)&��6t®^6���.	Z�K;��6N$i.	0M!#"%$v�e¸+0M)�$�02��6&��.\O	,�)N$t 49Y��6 (ai) ��08.	��BD5�>
.	5�$&5�.¹H[ 4:8:2��.<(+�oºv=	:8:2HI5�:8J���'i(	 �.	.»��¸Q0M)N$&08��6&$l(+��6l®^6���.<Z�K���6&$V.< �!#"¼(+��B � 086&0M!#"	:8�e$N>�½c6�0�$���6�02=	B� P+ 3$�Z�¾	O¿±�À4�e'+(	 R(+08�^¯C �6N$�08 �:8)&=	BDBD��. ∑n

i=1 Pr (X = ai) ≤ 1 9Y��)�!#"	6�a�.	1%$L)&08.<(�O
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� ����	V�#������� � ���C�e�����%�������p�&�����������������p�&���%�%�������

�b�Q�! �"E�¡��#%$'&)(+* � �-,. 0/21\��(43y������56 �798)5�:<;=3>,.56,<? �'@\�Y�)A
PQ��0 X ��02.<�o]Y=+H[ �:2:M)&7S �6&0M 49<:2��BD02$U(+��6V?C��6N$���08:2=<.	J Pr

(
X = 2k

)
= 1/2k HI�	6� �:2:8� k =

1,2, . . . O �  �)L0M)�$v��02.	�c:8��J% 4:8�^�o 4"<6�)�!#"	��08.	:808!#"<1���02$�)&7���6N$���08:2=<.	J<'Q(	 
∞∑

k=1

1

2k
=

∞∑

k=0

1

2k
− 1 =

1

1− (1/2)
− 1 = 1

J�08:2$�O � 08�l]Y=+H[ �:2:M)&7S �6&0M 49<:2� X 9/��)&!#"<6&��029+$WZ�=	B ����0M)NX	08��:;(+��.T®^��Ki02.	. 08. (+��B HI5�:2J���.<(+��.
½� �)&08.	5�)&X	08��:¬ªC�¹026`K���6&HI��. ��08.	�lH[ �026�� 0 > 1 ¨��<.	Z���9	0M)D��6#)N$&BR 4:M)D��08.	��FA08.<)`6# 4=/)N1�5�BDB�$�B
1�5�BDB�$W(+08��F-02.<)W08.T(+��6 k >¬$&��.DCv=	.<(+��'E)&5���6�"< �:�$���. Ki086 2k F-=	6&5} 4=<)&J���Z� 4"<:�$§=<.<( (	 �)
PQX	08��:i0M)N$DZ�= F-.<(+��O � ��6�®^��Ki02.<. 6�08!#"%$��e$R)N0M!#"  �:8)&5}./ �!#" (	��6R�v.	Z� 4"	:v(	��6R¨��	.	Z�Ki�	6&HI�
08.<)NJ���)� 4B§$�OQ�� �6i��)L.Q=	6i��02.	��6�'	(< 4.	.l��6�"<a�:�$i(+��6tP+X	02��:2��6 2 FA=	6�5<O	����0�Z�K;��0��¹�	6&HI��. �  �:8)&5
ºv=<:2:¬'+(	 4.	.�FA02./)��-��6�"<a4:2$;��6 4 FA=	6�5<'%9/��0�(+6&��0/�¹�<6NHI��. 8 FA=	6�5<'Q9Y��0Y7Q02��6;�¹�	6&HI��. 16 FA=<6&5
=	.<(U9Y��0+*���(+��B K;��0�$���6���.U�}=<6NHp7���6�(+5�X	XY��:2$i)&0M!#"U(+��6v���e$&6# 4J/O
ºt 4$&�	6�:808!#"�7���6&:M 4.	J�$�(	 �)�½� �)N08.	5U7�5�6�"	��6^��02.<��. �G��02:8.< �"	BD��9Y�e$&6# 4J B =	./(}"<5�EY$�' (< �)�)

(+08�WF-02.<)cBD02$���08.	��6^J�6�5�F���.��o 4"	6#)&!#"<��08.	:20M!#"	1���02$y7Q02��:EHI6&�	"<��6� 4:M)t08. k ≤ log2B Ci=	.<(+��.
1�5�BDB�$�B%(	 4.<.`13 �)�)N08��6&$A��)�(+08�v7���6&9	:8��089Y��.<(+��. B− 2k FA=	6�5<O%�}��:8!#"	��.�®^��:M(+9Y�e$&6# 4J§Ki�	6�(	�
BR 4.UHI�	6v(+08��� ��08:2.< �"	BD�� 4.l(+02��)N��B PQX<02��:\9/��Z� �"	:2��.VK�5�:8:8��.HG
¨� �.W1�5�BDB�$pJ���.< 4=D(	 4.<.WZ�=	B k >¬$&��.W��=	6&H�'4K;��.	.bBD �.WBR �.W7�5�6�"	��6 (k−1) >¬BR �: 0 J��e>

K�5�6&HI��.�"< 4$�O4�t:8)&5y0M)N$p(+08���� �"	6�)�!#"	��02.	:80M!#"	1���0�$�'�(	 �)&)p(	 �)G��6�)N$&�L¨� �:%9Y��08B k >¬$&��.W¨��	.<Z�Ki=	6&H
1 H[a4:8:2$�'	J�:2��08!#" (

1
2

)k
= 2−k O<ºy �!#" � ¾<O ±��-BD02$ x = 1/2 9Y�e$&6#a4J�$v(+02����6&KL 46&$&��$&��PQX	08��:M(	 �=	��6

.Q=	6
∞∑

k=1

k2−k =

∞∑

k=1

kxk =
x

(1− x)2 =
1/2

(1− 1/2)2
= 2

Ci=	./(+��.\O��¹08��7Q02��:�13 4.<.�BR 4.�08B � =	6#!#"<)&!#"<.	0�$&$G��6�KL 46&$&��.cZ�=�J���Ki08.	.	��.HG;¨�0�$E�� �"	6#)&!#"	��02.	>
:808!#"	1���02$ 1/2 08)N$§(+��6§®^��Ki08.	. 2 FA=<6&5/'\BD0�$��o 4"	6#)�!#"	��08.	:808!#"	1���02$ 1/4 08)N$���6 4 FA=	6�5<'�BD02$
�o 4"	6#)&!#"<��08.	:20M!#"	1���02$ 1/8 0M)N$v��6 8 FA=	6�5<'	=<)&K�O � ��6vFA6�KL 46&$&=	.	J%)NK���6&$;0M)N$t(	 4"	��6

E(X) =

∞∑

k=1

2−k · 2k =

∞∑

k=1

1 =∞ ,

 4:M)&5v=	.	��.<(+:808!#"JISPQ5�:8:2$&�-BR �.�(+02�;FA.%$�)�!#"	��0M(+=	.<Jv.< �!#"�(+��B FA6&KL 46&$&=<.	J�)&K;��6N$d$�6&�KEY��.\'�1�L�.	.	>
$&�cBR 4.U(	 4"<��6E*���(+�^9Y��:802��9	02J��^� ��08:8.< 4"	BD��J���9<�	"	6i 41QZ���X+$&08��6���.GO � 02��)LKi08(	��6#)NX	6�0M!#"�$�.< 3$��	6&>
:808!#"���08.	��6^$# 3$�)�a�!#"<:20M!#"	��.}FA.%$�)�!#"	��0M(+=	.<J<'d=	.<(�)&!#"<��08.�$� �=<!#"�086&6# 3$�025�.< 4:EZ�=o)&��08.\'\(	 VBD �.
08. (+��6MCi��J���:;.Q=	6b��08.	08J���F-=	6&5�J���Ki02.<.�$�O � 08��)&��)W¯p �6� �(+5S¸+5�. "< 4$ �  4.	08��:i����6�.	5�=	:2:80�02BN  4"	6��`°SÀ�O�PD��.�$#(+��!#1%$�O/?C��6�)&=<!#"	��'/(+08��)&��)t¯p �6� �(+5S¸U �=+HIZ�=<:+L%)N��.\'/"/ 49Y��.�Z�=�7���6�)�!#"	08��(+��.	��.
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� ���+�#�����c�#������� � ��	���� ������
 �&���������%�#� 	��#���v��������������������� �
�v���������������%� �N��� K N E(X)

100 e 6 7 e �������#�/���������	�����#���'	����
100 
 �����������%�#� e 26 27 e �������#� �����������
100 
 ���������e� 	��#� e 36 37 e � ���%���%��� �-�#���%�#��M���#� � �%�#�����Y����	��#�

�L"	��5�6�02��.V08.�(+��6��y1�5�.	5�Bb08�^J��eHI�<"	6N$�O � 08��6v9Y�e$�6� �!#"%$&��.VKi026y(+02�c��02.+H[ �!#"<)N$&�����)L�)&=	.	J��QO�  �)��v.<6&�� 4:808)N$&0M)&!#"<�U �. (+��B ¯C 46# �(+5S¸ 0M)N$�'A(	 �)&)R(	 �)RPQX	08��:� +¢d¥e¢d³Q´�µ[¶#· :M 4.	J��V:M 4=+HI��.
13 4.	. =	.<( (+08�o®^��Ki02.	.<�}=	.<��.<(+:80M!#"¼"	5+!#"¼K���6#(+��.»1�L�.	.	��.GO�,�. (+��6U¯A6# 3¸+0M)V0M)N$U9Y��0M(+��)
*���(	5Q!#" .	0M!#"%$RBML�J�:808!#"GO � ��6UPQX	08��:8��6R13 4.	. .	0M!#"%$`=	.	��./(+:20M!#" :8 �.	J��l��08.	��¨��	.<Z���K���6&HI��.� 1Q:M 46��E=	.<(R(	 �)A½� �)&08.	5c1S �.	.R.	0M!#"%$A=	.	��./(+:20M!#"D"	5�"<�t®^��Ki08.	.	�t �=<)NJ���9Y��.\'�(	 �(	 �)-½� 4X	02$� �:
K (	��)E½� �)&02.	5%)�9Y��)�!#"	6�a�.	1%$G0M)�$�O �  4"<��6G13 �.	.§(	 �) ½� �)N08.	5v.Q=	6 N = blog2Kc Ci=	.<(+��.W(+��.®^��Ki08.	.V7���6#(+5�X	X/��:2.Gª��¹086�(V(	 �)iPQX<02��:Y:Ma4.<J���6� 4:M) N Ci=	.<(	��.V(< 4=	��6&.\'Q)&5§Ki086�(�*���(+��.+H[ 4:8:8)
.Q=	6 2N = K e  4=/)NJ���Z� �"	:2$�O � ��6yFA6&KL 46&$&=<.	J�)&K;��6N$i��02.	��)t)&5�:M!#"	��.�PQX<02��:8)t9/��6&��!#"	.	�e$^)N0M!#"
Ki08�cHI5�:8J4$�ª

E(X) =

N∑

k=1

2−k2k + 2N
∞∑

k=N+1

2−k = N + 2N
( ∞∑

k=1

2−k −
N∑

k=1

2−k
)

= N + 2N
(
1−

(
1− 2−N

))
= N + 1 .

�»a4"<6&��.<(¹(	 �)�½� 4X	02$� �: K = 2N (+��)V½� �)&02.<5�)D�e¸+XY5�.	��.%$&08��:8:t��6�".L�"�$VKi026#(�'-)N$&��02J�$V(+��6
��6�KL 46&$&�e$��L®^��Ki02.<.b.Q=	6C:808.	�� �6�O4¨� �.WBW�<)�)�$��L �:8)&5^��08.b��.	5�6�B J�6&5�F���)E½� 4X<0�$# 4:	(+��)C½� �)&02.	5%)
 4.<.	��"	BD��.\'�=	B  4=	HQ"<5�"	�-®^��Ki02.	.<��6�K� �6N$�=	.	J���.yZ�=�1�5�BbBD��. � )&02��"	�A�  �9/��:2:8�v°S±+O8°���O��¹�	6�(	�
 4:M)&5R��08.�½� �)&02.<5bBD��"	6y �:8) 30 e  �:8)t�G��02:8.< 4"<Bb��9/��$&6# 4JR7���6�:8 �.	J���.\'<(	 �.	.�)N5�:2:2$&��.lKi026^ 4B
9Y��)N$&��.l��02.� 4./(+��6���)L½� �)&08.	5b �=+H[)&=<!#"	��.GO

� 02�i �:2:8��6�Ki08!#"%$�02J%)�$��-FA08J���.<)&!#"/ 3H$C(+��)pFA6�KL 46&$&=	.	J%)NK���6&$&��)\�	9Y��6�"< �=	X+$p08)N$A)N��02.	���pµ¢d¥#�3��µ���3�¬O � 08�e>
)&��FA08J���.<)&!#"/ 3H$t0M)�$^)N��"	6t6�5�9	=/)�$�ª/PQ08�§J�08:2$vHI�	6���¥�´�µ[¥��eµ�£%¥ � .<08!#"%$y.Q=	6vHI�	6y=<.< 49	"/a4.	J�02J����v]Y=+H[ �:2:M)N>
73 46�0M 49	:8��.JI
1),+��� $ &)(! \� "-�[�E�', 53�I��#+� ? �' %$ 5�& , 5S��8E� :  �&W��5S���� 

PQ��02��. X,Y ]Y=+H[ �:2:M)N73 �6&0M 49	:8��.V=	.<( a, b 9/��:208��9	08J��c6�����:2:8�§]d 4"	:8��.GO �  �.	.lJ�08:�$
E(aX + bY ) = aE(X) + bE(Y ) .

�  X =	.<( Y ��¥�´�µ[¥��eµ�£%¥o]Y=+H[ 4:8:M)N73 46�0M 49	:8��.T)&08.<(�'C13 4.	. BR 4. (+02��)N�UFA08J���.<)&!#"/ 3H$bHI�	6RBD��"	6���6��
]Y=	H[ 4:8:8)&73 46�08 �9	:2��. X1, . . . , Xn ��6�K;��0�$���6�.\ª

E(a1X1 + a2X2 + · · ·+ anXn) = a1 E(X1) + a2 E(X2) + · · ·+ an E(Xn) .
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�b� &§�Q�! ��

E(aX + bY ) =
∑

ω∈Ω

(aX(ω) + bY (ω)) Pr (ω)

= a
∑

ω∈Ω

X(ω) Pr (ω) + b
∑

ω∈Ω

Y (ω) Pr (ω) = aE(X) + bE(Y ) .

�

� ,�)N$ f(x) ��08.	��¢/µ[¶�·+�§:802.<�� 46�� ² =	.	1%$&085�.G'p)&5�J�02:2$ E(f(X)) = f(E(X)) 08B �v:8:8J���BD��02.	��.
.<08!#"%$�I �  �)yZ�=���9Y��"< �=	X+$���.<�R0M)N$^��02.�)&��"<6y"<a�=+¦<J���6 ² ��"	:8��6�Od,�)�$^Z�=	B ����08)&X	08��: f(x) = x2

=	./( X ��08.	�v,�.<(+0813 3$�5�6�7S �6&0M 49<:2�iBD02$ Pr (X = 1) = 1/2 '�(	 4.	.R"/ 49Y��.`Ki086 E(f(X)) = E(X) =
1/2 =<.<( f(E(X)) = (1/2)2 = 1/4 O
�b�Q�! �"E�¡��#%$'&)(��G� � 8�� #.#!#¡�!:Y���;�Q�!#
	 �Q� :Y�Q�

PQ��0 N ��08.	�§��.<(+:808!#"	�b¨���.<J��§BD02$ |N | = n FA:8��BD��.%$&��.\Od�¹026^K�5�:8:2��.���08.	�§Z�=+H[a4:8:802J��W� ��08:�>
BD��.	J�� S ⊆ N ��6&Z���=	J���.\'AZ�=¹(+��6§*���(+��)RFA:8��BD��.%$ x ∈ N BD02$��o 4"	6#)&!#"<��08.	:20M!#"	1���02$ p
J���".L�6&$�O �  �Z�=�.<��"	BD��.�Ki026y��08.	�W¨��<.	Z���'/9Y��0p(+��6^(+08�§�o 4"	6#)&!#"<��08.	:20M!#"	1���02$iHI�	6^(	��.��t=<)�>
J� �.	JV�&�o 4X	XY��.<�`J�:8��0M!#" p 0M)�$�O/�¹086^K;��6NHI��.�HI�	6;*���(+��)tXY54$���.	Z�02��:2:8�WF-:2��Bb��.%$ x ∈ N (+02��)N�
¨��	.<Z��b=	.<(�.<��"	BD��.�(	 �)yFA:8��BD��.%$ x 02.�(+02�D¨���.	J�� S  4=	H�'YK���.<.�(	 �)^FA6�J���9	.	0M)^�&�o 4X+>
XY��.<�R0M)N$�O\PQ5�BD02$yJ�02:2$ Pr (x ∈ S) = p HI�	6;*���(+��) x ∈ N O � 08�§Z�=+H[a4:8:208J��W�� �"	:C(+��6^¨���.<J��
S ⊆ N ��.%$�)&X	6�08!#"%$A 4:M)&5^(+��6 n >¬BR �:208J���.W�¹08��(+��6&"<5�:8=	.	Jc��08.	��)C����6&.	5�=	:8:202>¬FA¸QXY��6�08Bb��.%$�)EBD0�$
(+��6vFA6&HI5�:8J�)&K� �"	6�)�!#"	��02.	:80M!#"	1���0�$ p =	.<( |S| 08)N$t(	 4.<.UJ���.< �=U(	02���t.	Z� �"	:G(+��6vFA6&HI5�:8J���O �tB
(+08�t��6&KL 46&$&��$&�y®^6=L�F��v(+��6L¨���.<J�� S Z�=`9Y��)N$&08BbBD��.\'%)&��0 Ix (+02�y,�.<(+0813 3$&5�6&73 �6&0M 49	:8�iHI�	6L(	 �)
FA6���08J�.	0M)v� x ∈ S �QO/ºt �!#"l(+��6��\08.	�� �6&02$�a4$i(	��)LFA6�K� �6N$�=	.	J%)NK���6&$&��)-J�02:2$v(	 4.	.

E(|S|) = E
( ∑

x∈N

Ix

)
=

∑

x∈N

E(Ix) =
∑

x∈N

Pr (x ∈ S) = pn .

,�)N$-.Q=	.R��08.	�t� ��08:2BD��.	J�� T ⊆ N J���J���9/��.\'4KL �)C13 �.	.RBR 4.R�	9Y��6�(+02�t��6�K� �6N$��e$&�t®^6=L�F��i(+��)
P+!#"	.<0�$&$�) S ∩ T )& �J���.HG � 02��)N� ² 6# 4J��b0M)N$�K;��J���.o(+��6 �\08.	�� �6&02$�a4$�(	��)�FA6�KL 46&$&=	.	J%)NK���6&$&��)
Ki08��(+��6&=	B«:2��08!#"%$vZ�=U9Y�� 4.%$�K�5�6&$&��.\ª

E(|S ∩ T |) = E
( ∑

x∈T

Ix

)
=

∑

x∈T

E(Ix) =
∑

x∈T

Pr (x ∈ S) = p|T | .

� 02� �G02.	�� 46�0�$#a3$i(+��)�FA6�KL 46&$&=	.	J%)NK���6&$&��)A13 4.<.�BR 4.�¢<µ[¶#·Q�;5�"	.	�^K���02$&��6���)L �=+HG=	.	��.<(+:808!#"U7Q02��:2��.
]Y=	H[ 4:8:8)&73 46�08 �9	:2��. X1, X2, . . . ��6&K���02$&��6&.GO �  4Z�=�B§=<)�)^(+02� Ci��02"	� ∑∞

i=0 E(|Xi|) 1�5�.Q7���6&J�02��6&��.\OF-)vJ�08:�$i.<a�Bb:80M!#"\ª
1),+��� $ &)(��\� V�E�Q� ? #[�
���E� ";�[�E��,.5S�[��#+� ?E�' �$>5 &�, 5S��8 � :H �&§��5S���' 

PQ��02��. X0, X1, . . . ]d=+H[ 4:8:8)&73 46�08 �9	:8��.\O+½y5�.Q7���6&J�02��6N$L(+02� Ci��02"<� ∑∞
i=0 E(|Xi|) '<)&5bJ�02:2$

E(X0 +X1 + · · · ) = E(X0) + E(X1) + · · · .
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�b�Q�! �"E�¡��#%$'&)(��G� � ,. ��¡� �
�¹086c)&X	08��:8��.}02.}��08.	��B ½� �)N08.	5`��02.oPQX	08��:pBD0�$�®^��Ki08.	.QK� �"	6#)&!#"	��02.<:20M!#"	1���0�$ p = 1/2 O/�¹086
K���6&HI��.TZ�=	B ����0M)&X	02��:L��08.	�UH[ 4086&� 0 > 1 ¨��	.<Z��U=	.<( Ki026DJ���Ki02.<.	��.\'EH[ �:2:M) 1 1�5�BDB�$�Op�¹026
1�L�.	.	��.���08.	��.�9Y��:808��9	08J���.����e$&6# 4JR��02./)N��$&Z���.\O�®^��"%$^(	 �)yPQX<02��: Z�=�=	.<)&��6���.�®^=	./)�$���.} �=<)�'
��6�"< �:�$���.¹Ki086�(+��.¹F-02.<)� 3$�Z�Z�=<6&�<!#1 =	.<( Z�=<)&a4$&Z�:20M!#"¹(+��.<)&��:89Y��.»���e$�6� �J  4=<)`(	��6V�L �.	1dO
FA.<(	�e$y(	 �)vPQX	08��:�=	.<J��	.<)N$&08J<'<7���6&H[a4:8:2$�=	./)N��6iFA02./)& 4$&Z�O
�¹086�9/��$&6# �!#"%$&��.�(+08�bHI5�:8J���.<(+�`P%$&6# 3$���J�02��ª�,�.�*���(+��B P+!#"	6�0�$&$��3¥��&³��
	�	<¥e´�¢ Ki086�=	.<)&��6���.

FA08.<)� 3$&Z§9	08)t��6#)�$�BR 4:M) 1 1�5�BDB�$�BY(	 4.<.�".L�6���.lKi086y 4=	H�O<�¹086tK�5�:8:2��.l(	��.���6&KL 46&$&��$&��.�®^�e>
Ki08.	.`(+08��)&��6;P%$�6� 4$&��J�08��9Y��)N$&08BDBD��.\O+PQ��0 K =	.<)&��6A��6�)N$&��6CFA02./)& 4$&Zv=	./(R)N��0 Xi (	 �)A02B i >¬$&��.
P+!#"	6�02$N$�J���K;5�.	.	��.	�b½� �X	02$� 4:¬O �  4.	.o0M)�$ Y =

∑∞
i=0Xi (	 �) �  4B FA./(+�`(+��)WPQX	08��:M)��^7�5�.

=	.<)vJ���K�5�.<.	��.	�c½� 4X<0�$# 4:¬O�  v08.i*���(+��B P+!#"	6�0�$&$E(+08��®^��Ki02.	./!#"< 4.<!�� p = 1/2 0M)�$�'�K���6#(+��.�Ki086E02B i >¡$���.WP	!#"	6&02$N$ Bb02$
J�:8��0M!#"	��6A�� �"	6#)&!#"	��02.<:20M!#"	1���0�$A��.%$�K;��(+��6 K ·2i−1 FA=	6�5�J���Ki02.<.	��.D5+(+��6�(+��./)N��:29Y��.`���e$�6� �J
7���6&:808��6���.\'C(�O&"\O-(+��6�®^��Ki08.	. 08B i >¬$&��. P+!#"<6&02$N$R0M)�$R��.%$�K���(+��6DX/5%)N02$&087 �

Xi = +K2i−1 �
5+(+��6t.	��J% 3$&087 � Xi = −K2i−1 ��O � ��)N"/ 4:89U0M)N$y(+��6t��6�K� �6N$��e$&��®^��Ki02.	. E(Xi) = 0 HI�<6t 4:8:2�
i = 1,2, . . . J�:8��0M!#"Uºt=	:8:�=	.<(UBR 4.�1�L�.	.%$��^(	 �6� �=<)i�S)&!#"<:208�KF���.<�Q'+(	 �)&)LKi086L1���08.	��.l®^��Ki02.	.
��6�KL 46&$&��.U)N5�:2:2$&��.\ª

E(Y ) = E
( ∞∑

i=1

Xi

)
(∗)
=

∞∑

i=1

E(Xi) =

∞∑

i=1

0 = 0 .

�v9Y��6;(+02�v®^��Ki02.	.QKL 4"	6#)�!#"	��08.	:808!#"	1���02$ 0M)�$C08.t*���(+��B P+!#"	6�0�$&$CX/5%)N02$&087d'4 4:M)N5^B§=<)�)C(+08�i¨��	.	Z��
BD0�$�PQ0M!#"	��6�"	��0�$^026�J���.<(+KL 4.	.� �=+H 1 :M 4.<(+��.\O � O�"\OYKi026c)N5�:2:2$&��.�BD0�$c�o 4"	6#)&!#"<��08.	:20M!#"	1���02$ 1
BD02./(+��)N$&��.<) K FA=<6&5�J���Ki08.	.	��.GO\�� �)�KL 46§(	 �.	.o"	08��6�H[ �:8)�!#"HG �t.<)&��6��`�v6�J�=	BD��.%$# 3$&085�.G'
(	 �)&) E(Xi) = 0 HI�<6L �:2:8� i J�08:2$�'%K� �6-6�08!#"%$&08J<O � ��6 ² ��"<:2��6�)N$&��!#1�$� 49Y��6�02.�(	��6i�4®^:2��08!#"Q=	.<J��
(∗) 'A(	 o(+08� Ci��08"	� ∑∞

i=1 E(|Xi|) .	0M!#"�$R1�5�.Q7���6&J���.%$§0M)�$�ªCF-)DJ�08:�$ |Xi| = K · 2i−1 BD0�$
�o 4"	6#)&!#"<��08.	:20M!#"	1���02$ 2−i =	.<(l(+��)N"/ 4:89VJ�02:2$t 4=<!#"Gª

∞∑

i=1

E(|Xi|) =

∞∑

i=1

= K · 2i−1 · 2−i =
1

2

∞∑

i=1

K =∞ .

�vB (+��. ��6�KL 46&$&�e$���. ®^��Ki02.<. E(Y ) (+5+!#" Z�= 9/��)�$�02BDBD��.\'A)�!#"< �=	��. Ki026`(	 �)b¯A6&5�9	:8��B
J���.< 4=<��6§ �.\O �v./)N��6��� �"	6#)&!#"	��02.<:20M!#"	1���0�$#)N6# 4=<B Ω 9Y��)N$&��"%$W �=<)� �:2:8��. 0 > 1 ?C��1%$&5�6&��. (+��6² 5�6&B

ω = 0k−11 =

k−1 mal︷ ︸︸ ︷
0 · · · 0 1

�
k − 1 ºt=	:8:2��.UJ��eHI5�:2J�$L7�5�.V��08.	��6iFA08.<)#� .

N ��(+��6§)N5�:8!#"<�b?C��1%$&5�6§��.%$�)&X	6�08!#"%$���08.	��B B L�J�:20M!#"	��.�?C��6�:M 4=+Hi(+��)WPQX	08��:M)�ª FA02.<�`FA08.<)���6�)N$
08B k >¡$���.lP+!#"	6�0�$&$�OQ�;��Z���08!#"	.<�e$;.Q=	. Xi (	 �)-08B i >¡$���.UP	!#"	6&02$N$�J���K;5�.	.	��.<�t½� 4X	02$� �:¡'Q)&5§J�08:2$
Xi(0

k−11) = K · 2k HI�	6 i = k '	=	./( Xi(0
k−11) = −K · 2i HI�	6 i < k BQHI�	6 i > k 1�L�.	.	��.

Ki086�5<ON�^O&(\O&��O Xi(0
k−11) = 0 )N��$&Z���. � (	 �)�PQX<02��:CK� �6y9Y��6���02$�)^HI6��	"	��6^9Y����.<(+��$#��O �  4"<��6

0M)�$t �=+H���¥#³�¥� FA:8��BD��.%$� �6&��6&��02J�.	0M) ω = 0k−11 (+��6i����6&$v7�5�. Y = X1 +X2 + · · · J�:2��08!#"

Y (ω) = K · 2k −K ·
k−1∑

i=1

2i = 2K J���5�BD�e$�6&0M)&!#"<� Ci��02"<�
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 ����������� �����

=	.<(l)&5�BD02$LBW=<)�)i 4=<!#"l(+��6iF-6&KL 46&$&=	.<J�)&K;��6N$L7�5�. Y J�:8��0M!#" 2K )&��08.\O
����.	.V(+02��]Y=+H[ �:2:M)&7S �6&0M 49<:2� X .Q=	6y¢Y�4���+��´�µ[¶#·	¥�]� 4"	:8��.� �:8)-�}��6N$��^ �.	.	08BDB�$�'%J�089+$���);��08.	�y �:�$���6&>
.< 4$&087�� � =<.<(U54H$vJ�����08J�.	��$&��6&�S�-�t6N$v=	./(V����0M)&�c(	��.lFA6�K� �6N$�=	.	J�)&K���6&$ E(X) Z�=l9/��)�$�02BDBD��.GO
1),+��� $ &J(��\� $>5 &�, 5S��8 � :H �&§��5S� ? �  ��253�%����5 � 8�� ,<#!#! 	�., 53�!,.7 #¡�%�

,�)N$ X : Ω → N ��02.	�W]d=+H[ 4:8:8)&73 46�08 �9	:8�yBD02$v��.<(+:80M!#"	��B F-6&KL 46�=	.	J%)NK���6&$�'+)&5WJ�02:2$

E(X) =

∞∑

k=0

Pr (X > k) .

�b� &§�Q�! ��
�  X .Q=	6iJ% 4.	Z���]d �"	:8��. 0,1,2, . . .  4:M)L�}��6N$��� 4.	.	08BDB�$�'	J�08:�$

Pr (X > k) = Pr (X = k + 1) + Pr (X = k + 2) + Pr (X = k + 3) + · · ·

=	.<(l(+��)N"/ 4:89VJ�02:2$t 4=<!#"
∞∑

k=0

Pr (X > k) = Pr (X > 0) + Pr (X > 1) + Pr (X > 2) + Pr (X > 3) + · · ·

= Pr (X = 1) + Pr (X = 2) + Pr (X = 3) + cldots︸ ︷︷ ︸
Pr(X>0)

+ Pr (X = 2) + Pr (X = 3) + · · ·︸ ︷︷ ︸
Pr(X>1)

+ Pr (X = 3) + · · ·︸ ︷︷ ︸
Pr(X>2)

= Pr (X = 1) + 2 · Pr (X = 2) + 3 · Pr (X = 3) + · · ·

=

∞∑

k=1

k · Pr (X = k) = E(X) .

�

�b�Q�! �"E�¡��#%$'&)(!$�
\�
�¹086y"< �9/��.���08.�½t5�BDB§=	.	0813 3$�025�.<)N.<�e$&Z�'	08.�(+��B 7Q02��:2�§¯p �1���$&��7���6#)&!#"	0M!#1%$iK;��6�(+��.�)N5�:2:8��.\O
�v.<J���.<5�BDBD��. (+��6§?C��6#)& �.<(���08.	��)�¯C �1��e$#)c13 4.	. )&08!#"o.Q=	6�BD02$§�� �"	6#)&!#"	��02.<:20M!#"	1���0�$ 1/k
=	B k 5+(+��6EBD��"	6-PQ��1Q=	./(+��.b7���6&Z�L�J���6&.GO �  �)E1Q:208.	J�$pJ�=+$�ª�F-)p08)N$C.Q=	6 1%

� "< �.<!e��'3(	 �)�)p(+��6
?C��6#)� 4.<(���08.	��)^¯C 41��e$�)y=	B 100 5+(+��6cBb��"	6�PQ��1Q=	./(+��.}7���6�ZKL�J���6N$tKi086#(�O\�v9Y��6cK���.	.}Ki026
(+08�DP+0�$�=< 3$�025�.�J���.< 4=	��6t9Y�e$�6� �!#"�$���.\'/08)N$�(	 �)^ºv��$&Z§J% 46y.	08!#"%$c)N5VJ�=+$�OY�E 3$#)&a�!#"	:20M!#"�0M)�$�(+08�
��6�KL 46&$&�e$��t?C��6&Z�L�J���6&=<.	J§��02.	��)L¯C 41���$�)�=	.	��.<(+:808!#")I+P+��0 X (+02�c?C��6&Z�L�J���6&=<.	J���08.	��)L¯p �1���$�)�O�  4.	.lJ�08:2$v.< �!#"lP+ 3$�ZR°�±+O ¾

E(X) =

∞∑

k=0

Pr (X > k) ≥
∞∑

k=0

1

k + 1
=

∞∑

k=1

1

k
=∞ "< 46�BD5�.	0M)�!#"	� Cv��08"	� .


