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< ����	$�����=����� >=?�������A@B�	,*+ ()��*+�����"���$	$�-��/.0��1���2C�������
f = O(1) 1�DE��*87-�"�A7 f(n) ≤ c

f = Θ(ln n) �$DE�E����	�7���9%	$*+�-���*54F������*87���9 f(2n) ≈ f(n) + c

f = Θ(
√

n) 4F������*87���9G@5	$H3�	$
4I���������JK����1A7�	$DE� f(4n) ≈ 2 · f(n)

f = Θ(n) �$	,��������*L46�"�-��*87���9 f(2n) ≈ 2 · f(n)

f = Θ(n2) M ���E3��-��7�	$*+�����*N4F������*87���9 f(2n) ≈ 4 · f(n)

f = Θ(2n) �O=?#DE�����7�	$��$�$�*N4F������*87���9 f(n + 1) ≈ 2 · f(n)

f = Θ(n!) JP��1�7�D���	$��$�,�*)4F������*87���9 f(n + 1) ≈ n · f(n)

QSR�TUR=V�W�X�Y�Z�[�\�T�]^[`_�a�T�bE_BcdY�a�Te_-\�f�]g[K_-\Lf�h;ijb"_�b�h�\�VK[Ka�T^X�b�X=b"h;k�lmb"Z5n#b�]gcdY�a�Te_-\�f�]po=W�hrqBW=s
VKt�heW=]^b�hdf�henduvW=VKt�heW=]^[�b"V�VKb"_wcxY=a�Te_-\�fe]y[K_-\%f�h;i)bE_-b"h�\�VK[Ka�TzX=b�X�b�h;k�lvb�Z%n#b"]ycdY�a�Te_-\�f�]
o=W�h{qBW=\�b�he|�b�h}R
~H]�n#[Kb"_/|"f{lvb�ijb�[`_-b"hU��lvb"Y�a�T�\�b�hIi/[�Z/|"f�he��a�Te_�\E��n�Y=_�_/Y�fm_

f = o(g)
Y=fea�T

fk = o(gk)� k�Z���b"n#b���W=hm_�\�Y�h�\�b
k > 0

� W=VKX�\�����f � X�Y=lmb��"��R��=�CR5�L_�Z�b"[Ka�T�\�Y�V`_�W
lnx = o(xc)

fehen
x = o(edx)

� k�Z
c = a/B

fehen
d = (a ln 2)/B

|"f�|�b�[KX=b"hUR;Q�Y � k�ZLZ�b�[`a�T�\Lb"_jn#[Kb��/b�X�b�VKh�o=W�h
�jb�Z�h�W=feV�VK[$�;V�� �HW�_-ue[,\�Y�V0Y�h�|"f;i)b"hen#b�h}�

lim
x→∞

lnx

xc
= lim

x→∞

1
x

cxc−1
=

1

c
· lim

x→∞
1

xc
= 0 ;

lim
x→∞

x

edx
= lim

x→∞
1

dedx
=

1

d
· lim

x→∞
1

edx
= 0 .

�jb�[K]�cxY=a�Tm_�\�f�]�_-o�b�Z�TeY�V�\�b"hzo�W=h���f�he��\�[�W�h�b�h}�Ui/[�b�|�f�]��)b"[K_�u�[Kb�VL ¡Y�f � |"b�[�\�b"hdo�W=h��HVKX=W�Z�[�\�T�s
]^b�h}�=TeY=lmb"h�_-[`a�T�n#[�b�[�h�¢£Y�lvb�VKV�b��"��R��wY�h�X�b�X�b�lvb�h�b"h�¤#u�Z�bEa�T;i)b"[K_�b�hSb�[Kh�X=b"l�k�Z�X=b�Z�\"R�¤;W%lmbEn#b�f�\�bC\
|"f�]��jb"[K_�u�[Kb�V

f = Θ(
√
n)
�£neY=_�_

f(n)
feh�X=b � ��T�Z�Y=f � n�Y=_Sn#W=ueumb"V,\�b�i
�=a�Te_-\"�Uijb�heh¥_-[`a�T¥n�Y=_

��Z�X�f�]^b�h�\/o=b�Z�o;[�b"Z � Y�a�T�\"R

¦#§U¨`©U¨�¦«ªI¬��®¯¬�"°"±�²�³�´¡±;µm²�±;¶
·+h�n#b"Z5�HheY=V�t#_�bjn#b"Z5 }Y=f � |�b"[,\5o�W=h^�HVKX=W=Z�[�\�T�]^b�hS\�Y=fea�T�b"hSlvb"_�W=hen�b�Z�_¡W � \Ln#[Kb
�eW=VKX=b"h

zn = T (n)Y=f � ��ijW=lvb�[
T : R→ R

b�[Kh�b%n#f�Z�a�T6�/b��;f�Z�_-[KW=hm_-X�V�b"[Ka�T;f�h�X�b�h�n�b�ZH��W�Z�]

T (x) = aT (x/b) + f(x)
]^[�\

a ≥ 1, b > 1
�-�"��R ¸��

X�b�X=b"lmb"h�bHf�hmn
f(x)

b�[Kh�b�]^W�h�W�\�W=h�i
Y=a�Te_�b�hen�bH��f�h���\�[�W�h�[K_-\"�;�Hfm_
x′ > x

� W=VKX�\
f(x′) ≥ f(x)

R
�5[Kh�b�_�W=V`a�T�bS�/b"�;f�Z�_�[KW=he_�X=VKb�[`a�T;f�h�X��AY�h�hz|=R���R0n#[Kb^ }Y�f � |�b�[�\¹b�[Kh�b"_¹�HVKX=W�Z�[�\�Te]�fe_�lmbE_�a�TeZ�b"[�lvb�hU�
n#b"ZNn#[�b
�5[Kh�X�Y�lvbjn#b"ZN }��heX=b

x
[Kh
a
¢¡b�[KVKu�Z�W�l�VKb�]^bjn�b�ZN }�=h�X=b

x/b
|�b"Z�VKb�X=\"�An#[Kb"_�bjn�f�Z�a�T

a
Z�b"��feZ-s

_�[�o�b��Hf � Z�f � bwVKº�_-\Lf�hen�Y=fe_jn#b�h�b"Z�TmY�V�\�b�heb�h�¢¡b�[KV�VKº�_�f�h�X�b�h�n#[Kbw»wbE_�Y=]¼\�VKº�_�f�h�X%|"fe_�Y�]^]^b�he_�bC\�|C\"R
��[�b"ZL[`_�\

f(x)
n�[�bH|"fe_��A\�|"V�[`a�T�b�½vb"[,\E��n#[KbH]�Y�h�lvb�heº�\�[KX�\E�=f�]¾n�Y�_5q5Z�W=l�VKb�]p|�f�|"b�Z�V�b"X=b"hSf�hmn�Y�fe_

n#b"hF¢}b"[�VKV�º�_-feh�X=b"h{n#[Kb�»wb"_�Y�]�\�VKº�_�f�h�Xr|�fIlmb"Z�bEa�T�h�b�h}R
·+h�n�b�Z/�/b�X�b�Vvi/[�VKV¿]�Y�h�n#[Kb¹��f�h���\�[�W�h

T (x)
he[Ka�T�\
h�W�\�ijb�hen�[�X�b�Z�i)b"[K_�b�À�Á;ÂEÃAÄ5|"f�lvb"_-\�[K]^]rb"hU�

bE_HZ�b�[`a�T�\H[KhFo;[�b"V�b"hÅ�B��VKV�b"hU�e[KT�ZSÂAÆ�ÇAÈ�ÉvÄ+ÊAÄÌË`Æ�Í�ÎeÀ�ÆrcdY�a�Te_-\�f�]ÏY�l�|"fe_�a�Te�A\�|�b�h}R�Q�bE_-TeY=V�lÅ_�[KhenFn#[Kb
�HY=hen#lvb"n#[Kh�X�f�h�X=b"h�h�[`a�T�\
_�WSi/[`a�T�\�[KXeR��5[Kh � Y=a�T�Teb�[�\�_�TeY�VKlmb"Z
h�b�T�]^b"h�i/[KZ
Y=hU�;n�Y=_�_

T (1) = f(1)
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f(x)
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f(x/b2)

f(1)

f(x/b) f(x/b) f(x/b) f(x/b)

f(x)

f(x/b2) f(x/b2) f(x/b2)

f(x/b3)

amf(1)

a3f(x/b3)

a2f(x/b2)

af(x/b)

� � �
���

a

a

< 	,�,3{���=& �=';�
��
	L�1�����*+	$DE��*+!;�"��9GJ��=� T (x) = aT (x/b) + f(x) &

f�hmn
T (x) = 0

� keZ
x < 1

X�[�V�\"R#c [KZHb�h�\�i/[`a��=b"V�h{h�feh6n�[�b%�/b"��feZ�_�[�W�hd�-�"�eR ¸��Lfehen{b"Z�TmY�V�\�b�h

T (x) = aT (x/b) + f(x)
_�bC\�|"b

x := x/b
[�h��-�"��R ¸��

= a
(
aT (x/b2) + f(x/b)

)
+ f(x)

= a2T (x/b2) + af(x/b) + f(x)
_�bC\�|"b

x := x/b2
[�h����E��R ¸��

= a2
(
aT (x/b3) + f(x/b2)

)
+ af(x/b) + f(x)

= a3T (x/b3) + a2f(x/b2) + af(x/b) + f(x)

· · ·
= f(x) + af(x/b) + a2f(x/b2) + · · ·+ amf(x/bm)

]^[�\
m = logb x

�
x
_�b�[#b"[�hebjqBW=\�b�he|)o�W=h

b
��R�Q�[�bE_-b
�5h�\�i/[`a��;V�f�heXwn#b"Z5�/b��;f�Z�_�[�W�h��AY�h�hr]�Y�hr_-[`a�T

Y=] lmbE_�\�b�h^Y�V`_Bb�[Kh�b�hr�/b��;f�Z�_-[KW=hm_-leY=f�] o=W�Z�_-\�b"V�VKb�h{��_�[�b"T�b/�)[KV`n��E��R ���RAQwY=_£[`_�\Nb�[Khrczf�Z�|�b"V�lmY�f�]
n#b"Z�¢
[Kb � b

m = logb x
�¡[�h�n#b"] ��bEn#b�Zr�¹h�W�\�b�hxX=b"heY�f

a
�¹[Khen#b"Z¼TeYA\ER}Q�[�b�cdf�Z�|�b"V5\�Z���X=\�n�Y=_

»wb"i/[Ka�T�\
f(x)

�)n#b"Z�b"h
a
�¹[�hmn#b�Z^\�Z�Y=X=b�h���b�ijb�[KVK_�n�Y=_�»wb"i/[Ka�T�\

f(x/b)
�Ln�[�b

a2 �Lh��=b"V��;[Khen#b�Z
\�Z�Y=X=b�hÅ��b�ijb�[KVK_^n�Y�_^»wb"i/[Ka�T�\

f(x/b2)
�Nfe_�i%R5�HVKV�b

ak �¹heW�\�b"h Y=f � n#b"Z
k
s�\�b�h �5lmb"h�bI\�Z�Y�X�b�h

Y=VK_�W�X�b�]^b�[Khe_�Y�] n�Y=_¹»wb�i/[`a�T�\
akf(x/bk)

fehenzn�[�b
am = alogb x �jV`�A\�\�b�Zw\�Z�Y=X=b�h���b�ijb�[KVK_¹n�Y�_

»wb"i/[Ka�T�\
f(1)

ReQwY=_H»wb"_�Y�]�\�X�b�i/[`a�T�\/Y�VKVKb�ZH�¹h�W=\�b�hI[`_�\Hn�Y=h�h6X=b�hmY�f{n�b�ZHcdb�Z�\
T (x)

R
�L_�X=[Kl#\�b�[Kh�b"hxY=V�VKX=b"]^b�[Kh�X=k�V�\�[KX=b"h¥¤#YA\�|r�zn�Y=_¼_�W=X�b�heY=h�h�\�b�����Y=_-\�b�ZS¢
T�b�W�Z�b"]����zn#b"Z�n#[Kb

]^b�[`_-\�b�hF�/b"�;f�Z�_�[KW=he_�X=VKb�[`a�T;f�h�X=b"h{n#b"Z���W�Z�]����E��R ¸��
Y�f � b"[�he]^Y=V��E]^b�[`_�\�b�Z�\��;Rmc [�Z�o=b�Z�Y�hm_�a�TeY=f#s
VK[Ka�Teb�h�n#[Kb���Y�f�u#\�[Kn�b�b�n�[�bE_-bE_)¤#Y�\�|�bE_)Y=h�n#b�h�b�[Kh � Y=a�Te_-\�b"h��B��VKV�b"hUR�·+h{n#b�Zj U[�\�b�Z�YA\�f�Z
�mhen#b�h{_-[`a�T
�Nb"Z�_�[�W�h�b�h6n#bE_��ÅY=_-\�b"Z
¢
Teb�W=Z�b�]�_"��n#[Kb%i)b"[,\�b�Z�bw�B��VKVKb¼Y�l¿n#b"a���b�hUR

� ¬#°��x¦#§}¨��}¦��
¤;b"[�b"h

a, b,K > 1
��W�he_-\�Y�h�\�b�hUR=Q�[Kb��/b"��feZ�_�[�W�he_�X=VKb�[`a�T�feh�X

T (x) = a ·T (x/b)+ f(x)
]^[,\

T (1) = f(1) = 1
f�hen

T (x) = 0
� k�Z

x < 1
��Y=h�h6]�Y�hIi/[�b � W�V�X=\
VKº�_�b�h}�

��R
X=[KV,\
af(x/b) ≤ f(x)/K

��_�W � W�V�X=\
T (x) = Θ(f(x)) �

��R
X=[KV,\
af(x/b) ≥ K · f(x)

�v_-W � W=VKX�\
T (x) = Θ(xlogb a) �

 R
X=[KV,\ af(x/b) = f(x)
�e_�W � W=VKX�\

T (x) = f(x) logb(bx)
R
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Q�b�ZHn#Z�[�\-\�b¼�mY�VKV0\�Z�[�\-\H|�fe] �jb�[`_-ue[�b"VUn�Y�h�hIb�[KhU��ijb�heh
a = bk

f�hen
f(x) = xk X=[KV,\ER

� ±���±��� �
c [KZIlvb�h;f#\�|�b"h n#[Kb � W=VKX=b"hen#bzb�[Kh � Y=a�T�bz�)b"W=leY�a�T�\�f�h�Xm�)Q�b�ZIczb"Z-\Ib�[Kh�b�ZIX=b"W=]^bC\�Z�[`_�a�T�b�h
�/b"[�T�b

1 + c+ c2 + c3 + · · ·+ cm =
1− cm+1

1− c
]^[,\

c > 0
f�hen

c 6= 1
�AY=h�h n#f�Z�a�T b"[�hGÃ�Ê��eÆ�Ä8Â	�eÄ+À�Æ�
¡Ë�À�� CÂ�Í�ÎeÀ�Æ�n#bE_�X�Z�º���\�b"h ¢}b"Z�]�_

Y�leX=b"_�a�Te��\�|C\)i)b"Z�n#b"hUR�»w[KV�\
c < 1

��_�W¼[`_�\
1
n#b"ZLX�Z�º���\�b�¢}b"Z�]¾f�hen�n#b�Zjczb"Z-\/n#b"Zj�/b"[�Teb�[`_�\

Θ(1)
R�»w[�V�\

c > 1
��_�W¼[`_�\

cm
n#b"ZLX=Z�º��=\�bH¢¡b�Z�]¾f�hen�n#b"ZLcdb�Z�\jn#b"Z)�/b"[�Teb�[`_�\
n�Y�h�h

Θ(cm)
R

»w[KV,\Hh;f�h
af(x/b) ≤ f(x)/K

� k�Z�Y�VKV�b
x
�m_-W^[`_�\�n#b"Z/b�Z�_�\�b%¢}b"Z�]

f(x)
o=W�h

T (x) = f(x) + af(x/b) + a2f(x/b2) + · · ·+ amf(x/bm) .
���"�eR ���

Y�fma�T{n#b"ZjX�Z�º���\�b=R�cdY=Z�f�]��¹QwY^n#[�b%~�h�X=VKb�[`a�T;f�h�X
af(y/b) ≤ f(y)/K

Y�fea�T � k�Z
y = x/brX=b"V,\�b�h6]�fm_�_"�#X=[KV,\HY=fea�T

ar+1f(x/br+1) = ar [af(y/b)] ≤ arf(y)/K = arf(x/br)/K

� k�Z�Y=V�VKb
r = 0,1, . . . ,m− 1

f�hmn�i/[KZHb�Z�TeY=V,\�b�h

f(x) ≤ T (x) ≤ f(x)
[
1 +

1

K
+

1

K2
+ · · ·+ 1

Km

]
,

ijW=Z�Y�fe_
T (x) = Θ(f(x))

� W�V�X=\"R0·+hzn�[�bE_-b"]��eY=V�VN[`_�\%Y�V`_�WIn�Y�_%»wb�i/[`a�T�\%n#bE_%�/b��;f�Z�_-[KW=hm_�s
leY=f�]^b"_/Y�hFn#b"Z/czfeZ�|"b�V0�=W�h�|�b"h�\�Z�[�b"Z-\ER
»w[KV,\

af(x/b) ≥ K · f(x)
� k�ZHY�VKVKb

x
��_-Wr[K_-\/n#b�Z
VKbC\�|�\�b%¢¡b�Z�]

am = alogb x = xlogb a [Kh
���E��R ���)heY�a�TIn#b"]�_-b"V�lvb�hF�HZ�X=fe]rb"h�\/Y=fea�T6n#b�Z/X�Z�º���\�bwf�henIi/[KZ/b�Z�TeY�V�\�b"h

am ≤ T (x) ≤ am
[ 1

Km
+ · · ·+ 1

K2
+

1

K
+ 1

]
,

ijW=Z�Y�fe_
T (x) = Θ(am) = Θ(xlogb a)

� W�V�X=\"RL·+h n�[�bE_-b"] �mY�VKVH\�Z���X=\�Y�V`_-W6��bEn#b�Z�[�h�heb�Z�b
�¹h�W=\�b�hFn#bE_H�/b"��feZ�_�[�W�he_�leY�f�]^bE_
h�feZH_-b"T�ZHijb�h�[KX^lmb"[}f�henFneY=_�»wbE_�Y=]¼\�X�b�i/[`a�T�\

T (x)
[`_�\

[K] cdb"_�b�h�\�VK[Ka�Teb�hI[�hFn#b"h
am = xlogb a �jV`�A\�\�b�Z�h6�=W�h�|�b"h�\�Z�[Kb�Z�\"R

»w[KV,\�h;f�h
af(x/b) = f(x)

� keZ�Y�VKV�b
x
�}_�W6_�[KhenxY�VKV�b

m + 1 = logb x + 1 = logb(bx)¢¡b�Z�]rb¹X�V�b"[Ka�T
f(x)

fehenIi/[�ZHb"Z�TmY�V�\�b�h
T (x) = f(x) logb(bx)

R
�

� ±��������±��H¦;§}¨���� �
Q�[�b � W=VKX=b"hen#b�h n�Z�b"[ ���=T�h�VK[Ka�T ��Y=fe_�_-b"T�b�hen�b�h �/b"��feZ�_�[�W�he_�X=VKb�[`a�T�feh�X=b"h ]^[�\

f(x) = x2

TeY=lmb"hIo�b�Z�_�a�Te[�bEn#b�h�b¹ Uº�_-feh�X=b"hU�

T (x) = 8 · T (x/3) + f(x) ⇒ T (x) = Θ(x2) ;
T (x) = 10 · T (x/3) + f(x) ⇒ T (x) = Θ(xlog3 10) = Θ(x2,09) ;
T (x) = 9 · T (x/3) + f(x) ⇒ T (x) = x2 log3(3x) .

·+h n#b�] b�Z�_�\�b�h �eY=V�VHX�[�V�\
8f(x/3) = 8

9f(x) ≤ f(x)/K
]^[�\

K = 9/8 > 1
RN·+h n�b�]

|�ijb�[�\�b"hd�mY�VKV5X=[KV�\
10f(x/3) = 10

9 f(x) ≥ Kf(x)
]^[,\

K = 10/9 > 1
RU·+hxn#b"] n#Z�[,\�\�b"h


