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Hn x[y`z�{:yd| Q4fih�aXqRY�fifiQ`ZeQ~}XY�_�\��:Q`oAW�ZeZ�U$��^!O<Q
fiORQ��[Q`_�Q`O<Z!u9W�h�a�U$�!��W�Z]m�Q`O<��W��:Q`_4�e^eW�f�f

Hn
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lnn
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lnn+

1

n
≤ Hn ≤ lnn+ 1 .

}Fve_�^!Q$Z���Q`m�Q`Ogf]^!O<Q$fiQ$fLS!W�Uir`Q4f��e_�W�VXh�aeQ$Z�mbOR_LQ`O<ZeO | Q��)Q | _�O���Q���mbO<Q����eqRQ$O�U�VeZ | Q`Z�VXZX^���Z!�
U�Q | _�W�q<Q���^eORQ�mbO<_�Q`_�f3UMfipX��UiQ`_��:QlU�_�W[h�a�UiQ`Z�m�Q`_�^!Q`Z���^XW�aeQ$_���Q$_�f�h�aeO<Q`�:Q`Z mbO<_M^!Q$Z��)Q$m)Q$O<f�W�V!u
���Xfih�aXZeO�UiU�¡$¢X� £X��NPO<Q�QlU3mnW�f�f�h�a�mn��h�aXQ`_�Q`Z¤���Xfih�ac�AUir$VeZ | Q`Z 1 + 1

2 log2 n ≤ Hn ≤ log2 n + 1aXW��cQ$Z]mbO<_¥�:Q`_�Q`ORU�fn\&ORU�UiQ$q<f¥��ZX^!Veo�UiO<Y�ZL�:Q`mbO<Q$fiQ`Z§¦9fiORQ$aeQTS!W�Uir~¨!�<¡$©�ª#�
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º�O<_T\&»!h�a[U�Q`Z¼\&ORUd�nW�Veo
q<»�U�r`Q`Z | qRQ$O<h�aeQ$_¾½k_�»���Q�VXZX^ ½kQ`mbOgh�a�UTQ`O<ZeQ$ZC¿7Ve_�\ÀW�\Àj¥W�ZX^eQ
Q`O<ZeQ$_�¿nO<f�h�aeoAW�Z�U�Q��cW�VeQ$Z���^!Q$_�f�Y�m�Q`ORU�mbO<Qb\d» | q<O<h�adve�:Q`_�^!Q`Z�¿nOgfih�a&ve�:Q`_�f3U�Q`a�U$��Y�aeZeQbVX\¾�r`Veu9W�q<qRQ$Z���N�O<Qb�nW�Veo
q<»�Uir$Q)acW��:Q`Z&^!ORQnÁ7��Z | Q 2
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}Fve_
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Æ¥\ÇZXO<h�a�U�Ve\&r`V!u9W�qRq<Q`Z���_�Q`Ogh�a�U�Q$fPuwve_�W�q<q<Q
n ≥ 1

^eORQ¾uwY�q | Q$ZX^!Qd½kq<Q`Ogh�a | Q`mbOgh�a[U�f��:Q$^eORZ!�
| VXZ | r$V¤Q`_iuwveq<qRQ$Z�s�N�Q$_ | Q`\&Q$ORZXf�W�\&Q¾Seh�a�m�Q`_�peVeZXo[U�^!Q`_kY��:Q`_�Q`Z n Ã�qR»�Uir$QT\TVcfifk��Q$_�U�ORoAW�qÈXÉ ylÊ ^!Q`\ (n+1)

�ÄUiQ$ZdÃ�q<Y�U�r�q<O<Q | Q$Z��ANPW n Ë �eÌ3Q`o�UiQ | q<Q`Ogh�aeQ$Zd½kQ`mbOgh�a�U�fF\&O�U)Seh�a�m�Q`_�peVeZXo[UW�Z�^!Q$Z�Í.Y[fiO�U�ORY[ZeQ`Z
p1, . . . , pn

^!Q`Z~½kQ4fiW�\~U�f�h�a
m)Q$_ipXVeZeo�U�W�Z�^!Q`_7ÍFY�f�ORUiO<Y�Z
(p1+· · ·+pn)/naXW��cQ$Z��e_�Q`Ogh�a[UbQ4fbW�qgf�Yc�
^eORQ~��Q$^eORZ | VeZ |

1 + (d2 + 1) + (d3 + 1) + · · ·+ (dn + 1)

n
≥ dn+1

r`VLQ$_�uwveq<q<Q`Z��!��\Î½k_iQ$Zerlu9W�qRq�¦Ä½kqRQ$O<h�aeaXQ`ORU�ªnQ$_iaXW�q�U�Q`Z�mbOR_¥^eORQ¾Ï�W�aeq<Q`Z

dn+1 =
1

n

n∑

i=1

(di + 1)
\&ORU

d1 = 0
VeZX^

d2 = 1 .
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}Fve_�^!O<Q$fiQTÏ�W�aXqRQ$Z | ORqRU
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=
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(
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i=1

(di + 1)

= dn + 1− 1

n− 1
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VeZX^LfiY�\&ORU�W�VXh�a
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n
=

(
dn−1 +

1

n− 1

)
+

1

n
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º�Q | Q$Z Hn > lnn
O<f�Un^eORQ4f�Q$_�}cW�o�U�Q`U3m�W[f�ve�:Q`_�_�W�f�h�aeQ`ZX^�s[��W�Z�oAW�ZeZ�^!Q`Z]Y��:Q`_�f3U�Q`ZMÃ�q<Y�U�r

W�Veu)Q`O<ZeQ&Í.Y[fiO�U�ORY[Z¤�:Q`q<ORQ$�eO | m�Q`ORU~W�Ve�[Q`_�aXW�q<�¤^!Q$_~¿nO<f�h�aepeqgWAUiUiQd��Q$_�fiQlU�r`Q`Z7�:m�Q`ZXZ¤\�W�Z | Q`�Z
v | Q$ZX^]��O<Q`q<Q�Ã�qR»�Uir`Qkr`VX_��ÂQ`_iuwv | VeZ | aXW�U$�XS
YdmbO<_�^]m)Q | Q$Z H4 = 1 + 1/2 + 1/3 + 1/4 =
50/24 > 2

^!Q$_�Y��:Q`_�f�UiQTÃ�q<Y�U�rT�:Q`_�Q`ORU�f¥�:Q`O.�
O<Q`_PÃ�q<»�U�r`Q$Z���Y�q<qgf3U���ZX^!O | W�VX��Q`_�aXW�qR��^!Q4f�¿nOR�f�h�aeQ$fnq<ORQ | Q$Z�¦f�O<Q`aeQ���O<q<^L£e� ¨�ªl�

� �"! #%$'&�(�)+*�,�-./*�01�$2,�3+4 (/.�0$2.
º�O<Q]mbO<_d�cQ$_iQ$O�U�f¾Y[�cQ$ZCQ`_�mn��aeZ�U¾acW��:Q`Z��.f�O<ZX^±^!ORQL}eY[q | Q`Z (xn)

\&Q`Ogf3U&^!Ve_�h�aCQ`O<ZeQ�_iQ$o
Ve_�fiO<��Q
NPQ65XZXO�U�ORY[Z | Q | Q`�:Q`Z�scÏ�VeQ`_�f3U | OR�!U¥\�W�ZL^eORQ�º�Q`_iUiQ~^!Q$_¥Q`_�f�UiQ`Z k + 1

}XY�q | Q$Z | q<ORQ4^!Q`_ x0, . . . , xkW�Z]VeZc^�^XW�ZeZL^!Q65cZeORQ$_�U¥\�W�Z�^!O<Q�ZX�[h�aXf3U�Q`ZL}eY[q | Q`Z | qRO<Q$^!Q$_b^!Ve_�h�a]Q$ORZeQ�jbQ$o
Ve_�fiO<Y�ZXf | q<Q`Ogh�a
VeZ |
xn+1 = ϕ(xn, . . . , xn−k) .

Æ�\ Q`O<ZeQ�fiY�^!Q65XZXORQ$_�U�Q�}eY�q | Q&r$V§W�ZXW�q87!f�O<Q`_�Q`Z7�:�X_�W�VXh�a�U�\�W�Z Q$ORZeQ y:96;�<�z>=`z@?�y NkW�_�f�UiQ`q<q<VeZ | ^!Q`_}XY�q | Q���W�q<fiY]Q$ORZXQd}XVeZeo�UiO<Y�Z f : N → R
\&O�U

xn = f(n)
uwve_~W�q<q<Q

n
��t�O<ZeQ�f�Y[q<h�aXQ¾}eVXZeo�UiO<Y�Z

fZeQ$ZeZ�U�\�W�ZMW�VXh�a]^!ORQBA | Q4fih�aXqRY�fifiQ`ZeQ�CP}XY�_�\ uwve_
(xn)

Y!^!Q$_�^!O<QDA`Á�»�f�VeZ | C�^!Q$_)Q$Z[U�f�pX_iQ4h�aeQ`ZX^eQ`ZjbQ$o
Ve_�fiO<Y�ZXf | q<Q`Ogh�a
VeZ | ���Z&^!O<Q$fiQ`\ ���Xfih�aXZeO�UiU�r`Q$O | Q`ZdmbOR_4�AmbORQn\�W�Z&Q$ORZeQ | Q$f�h�aeqRY�fifiQ`ZXQ)}eY[_i\ uwve_Â_iQ$o
Ve_�fiO<�~^!Q65XZXORQ$_�U�Q
}XY�q | Q`ZE5cZX^!Q`Z oAW�ZeZ��:m�Q`ZeZ¤^eORQd}eVeZeo�U�ORY[Z ϕ Q`O<ZeQ <�z�{:yGFAÊiy ÃPY�\¾�eO<ZXWAU�ORY[ZL^eQ`_k��Y�_�O | Q`Z�}XY�q | Q`Ze�
| qRO<Q$^!Q$_ÂO<f�U$�[NPW�r`V&�cQ`Ui_�W�h�a�UiQ$Z¾mbO<_��:Q$f�UiO<\&\~UiQP¿7_�W�ZXf�uwY�_�\�WAU�ORY[ZeQ`ZT^eQ`_�}XY�q | Q`ZdVeZX^HAÅf�h�a
v!U�U�Q`q<ZIC
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(xn) ± (yn) = (xn ± yn)��/ - � - ,3�P��� 13�
������/ - 13���$�
c(xn) = (cxn)

� ��,	��������G�[���[+
E(xn) = (xn+1)

k �
� - ����+4� � ��,	��������G�[����+

E
k(xn) = (xn+k)� �4�B� ����� 13���$��� ,3��+$�����

(A ±B)(xn) = A(xn) ±B(xn)

AB(xn) = A(B(xn)) = B(A(xn))�c, - ��� � �$,3� - 13�
�4� ���$�������������
A(xn ± yn) = A(xn) ± A(yn)

\&ORU¥ORae_�Q`_
	�ORqRuwQ~^!O<Q | Q | Q`�:Q`ZXQk}XY�q | Q�aeO<Z�VXZX^�aeQ`_b�eOgfbQ`U3m�W[f A �ÂQ$_iZ
veZ!u�U�O | Q$f:CTaXQ`_�W�VXfio�Y[\d\TU$�t�f | OR�!U�r$m)Q$O.�nW[f�Ogf3U�_�W�ZXf�uwY�_�\&W�UiO<Y�ZeQ$Z�sX��VXq�U�ORpeq<O<oÅW�UiO<Y�Z§^!Q`_�}XY�q | Q`Z | q<ORQ4^!Q`_k\&O�U�Q`O<ZeQ$_�ÃPY�Ze�f�U�W�Z[U�Q`Z±VeZX^ �ÂQ$_�f�h�aeO<Q`�eVXZ | ^!Q$_�}eY�q | Q]Ve\ Q$ORZ ½kqRO<Q$^±ZXW�h�a qRO<Zeo!fL¦9^eW[f¾Q$_�f�UiQ�½kq<ORQ4^
x0

�[Q`_i�
f�h�a
mbORZX^eQlU¥^eW��:Q`O�ª#s

(xn) = x0, x1, x2, x3, . . .

c(xn) = (cxn) = cx0, cx1, cx2, cx3, . . .

E(xn) = (xn+1) = x1, x2, x3, x4, . . .

��VXf | Q`aeQ$ZX^��[Y�ZM^eORQ4f�Q$ZMr`m�Q`O:Q`O<Z!u9W[h�aeQ`Z���W[f�Ogf�Ui_�W�ZXf�uwY�_�\�WAUiO<Y�ZXQ`Z E(xn)
VeZX^

c(xn)
oAW�ZeZ]\&W�Z

W�VXh�aCo�Y[\&peqRO<r`O<Q`_iUiQ$_iQ�¿7_�W�Zcf3uwY[_i\�WAU�ORY[ZeQ`Z¼Q$_iacW�qRUiQ`Z7�FO<ZX^!Q$\ \�W�Z�^!ORQL�nW�fiO<f�Ui_�W�Zcf3uwY[_i\�WAU�ORY[ZeQ`Z
Q$Z[U�f�pX_iQ4h�aeQ`ZX^�o�Y�\¾�eO<ZeORQ$_�U4�:NPO<QdmbOgh�a�UiO | f�UiQ$Z ¿·_�W�ZXf3uwY[_i\�W�UiO<Y�ZeQ$Z�f�O<ZX^�O<Z§¿·W��cQ$qRq<Qd£X�R¡&W�Veu | Q`q<OR�f�UiQ`U$�cS
Y | ORqRU¥r`Ve\��)Q$O<fipeO<Q`qÄs

(2 + E)(xn) = 2(xn) + E(xn) = (2xn + xn+1) ,

E
2(xn) = E(xn+1) = (xn+2) .
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S
Q$O

(xn)
Q`O<ZeQ~^!Ve_�h�aL^!ORQ�aXY�\&Y | Q`ZeQ�jbQ`o
Ve_�fiORY[ZXf | qRQ$O<h�a
VeZ |

xn = a1xn−1 + · · ·+ akxn−k
¦9£X� ©�ª

| Q | Q$�cQ$ZeQ]}XY�q | Q[�.^XW�fdº Y[_�UHA4aeY[\dY | Q$ZIC��:Q$^!Q$V!UiQ`U$��^eW[fifdmbO<_&W�V!uP^!Q$_&_iQ4h�a[U�Q`Z S
Q`ORUiQ�o�Q$ORZeQ$Z
r$VXfi��Uir$qROgh�aeQ`Z&¿·Q`_�\ aXW��cQ$Z���^!Q$_ÂZeO<h�a�U��[Y�Z¾uw_iveaXQ`_�Q`Z&}eY�q | Q$Z | q<O<Q$^!Q$_�W��eaX��Z | U4�Aº�OR_�m)Y[qRq<Q`Z&^!O<Q$fiQ
jbQ$o
Ve_�fiO<Y�ZXf | q<Q`Ogh�a
VeZ | q<»[fiQ`Z���^���a���Q$ORZXQ&}XVeZeo�UiO<Y�Z f : N → R

\&ORU
xn = f(n)

5XZX^!Q$Z��7NkW�r$V
f�h�ae_�Q`O<�cQ$Z]mbO<_¥^!O<Q~jbQ`o
Ve_�f�O<Y�Zcf | qRQ$O<h�a
VeZ | r`VeZX�[h�aXf�UnVX\

xn+k − a1xn+(k−1) − a2xn+(k−2) − · · · − ak−1xn+1 − akxn = 0,

mnW�f�O<Z�VXZXf�Q$_iQ$Z]ZXQ`VeQ$ZL��Q$r`Q`Ogh�aeZ
VeZ | Q`Z�^!ORQ�}XY�_�\

E
k(xn)− a1E

k−1(xn)− a2E
k−2(xn)− · · · − ak−1E(xn)− ak(xn) = (0)


