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n × n L�M�NPO JRQ�HKS A T SVU B W H�JRXYHKS=Z�[]\V^	_*`�[2a�b M�cdcde H e HKJdS@HfJRS2ghH OiN JRH OPjBM�O H L�M�NPO J�k P l J N
A = P−1BP m J j]N�npo�e�N U@JRH L�M�NPO J�k P M�TBq�WrT SVJ N�s�O a M�c(eitum J cRN P−1 = P> a eituW H�JRXYHKSvU]JdH
L�M�NPO JRQ�HKSxw]\V_zy�Z {|Z�[]\V^	_*`�[ n

o�eiN P JRS2gYH OPN JdH O
jVM�O a ePt J eiN G}H m HKS (P−1)−1 = P M�TVq�W P−1 JdS�gYH OPN JdH O
jVM�O�n�~�MhW H O J e�N H e
T S2G�J q�W�N J m a thj�l�M S P−1 c JdS@� e�t U]H O�O H q�W�N�e g t S B HKJdS e H N Q N�nB~5n
W�n A T SVU B e JdSVU M�TVq�W U M SVS
shW S c J q�W a2b MhcRc(e A = QBQ−1 b�� O HKJdS@H�JdS2ghH OPN JdH O
jVMhO H L�M N
O JRk Q m J cRN�n

�B�������$�i�$�����D�D���D�������z�������*���D�����
�����$�������������V�� �¡�� ¢���£�����¤��D��£	�
�D���$�����D�V�����4¥R�$£��$�������$¦�§$�����
n×n ¨ �
�D�D� ©

A ª�« ��� F « �i�D�����*��� « ���������¬£������P���*��­ «�« ��£���¡���� fA(x) = Ax
¢��$�

Fn � �����
Fn ¦��V����������¢��i���D���i� « ���*�¨ �
�D�D� ©

P
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�D�i�5�������³��¡��*���

P
¥R�$£��$�i�������D����´$���

µ �$�����*���K��¶�·Y� �����:�����-���������²°��*����¡�������¡�����¡���¸$�����*���³¸������Y·Y�Y¦D�Y¦ �����¬¯����*�������������������-�������p¸K£���� ¹�����*�|°��������������$� µ �$�� K¡������D������¶�¦�°:���-­ «�« ��£���¡���� fP−1BP

���*���K�������»º0��¸����$�*����¡��³·4¯����������������¼ ¡���¸��D���$�
fB

���5¡����|¸$�i���*�p���������|¡��*����� ª ���$£����������½ºB�i¸��D�$�D�D��¡��¾¤�¡�� ª ��¸�¦]°²¦D�Y¦�¿�����£�������� ¨ �
�D�*� ¹¤���� « ���������D��� « ���������}�$£��i���������½£������i���*���½­ «�« ��£���¡����$�i�½��¡���¢����*�������������������»ÀK�����K�D��¡���¸K�D����·]�����}������$��¯�¿���£ �D����®������������K�D�����D����������¦
ÁpJdS@H½G�J q�W�N J m H�Á²J m HKS e
q�WVM b N-s�W S c J q�W H O-L�M N
O JdQKH�S9J eiN a0U Mhe
e�e JRH½U]HKS e H cdj HKSÃÂ M S m aBU]JRH e H cRj H ~ H�Ä
N H O
l JdS M S N H³G�JRH M�TBq�W U MYePe H cdj H�Å]ÆBH�� N
OPTVlÈÇ U niW�n U@JRH e H cRj HKS�ÁpJ m H�S�GIH OPN H�É j H e J N Q�HKS n
Ê ?]7�Ë�%�&dÌ0Í�Î ÏÑÐ�1:CD,*Ò�Ð:/ÃÓÔ?]7K6 ,DËh/21Å2JdSVU�U]JdH L�M N
O JdQKH�S A T SBU B s�W S c J q�W a ePtfm J c�N�ÕÖ n rk(A) = rk(B) ×Ø n det(A) = det(B) ×Ù n σ(A) = σ(B) n

Ú /�35/2,*EYÎ
Ç Ö É|Á e½m H cRN H A = P−1BP

b�� O HKJdS@H>JRS2gYH OPN JdH O
jVM�O H n × n L�M N
O JRk P n¬Û�Mhq�WÜÇ�Ý2n Ö É m J c�N
rk(A) = rk(P−1BP ) ≤ rk(B) T SVU>GIH m H�S>U@H O Å2Þ lfl H NPO JdH MhTVq�W rk(B) ≤ rk(A) n
Ç Ø É}b thcdm�N�T S l J NiN H cdjVM�O�MhTVe Å M�N Q Ý2n ØhØ Õ det(A) = det(P−1) det(B) det(P ) = det(B) n
Ç Ù É³ß=J O G tYcRc HKSxQKH�J m HKS�a:U Mhe
e U]JdH L�M N
O JdQKH�S A T SVU B U]JRH e H cRj HKSuÁpJ m H�S2G}H OiN H j H e J N Q�HKS n
~-M Q T�O HKJ q�W�N H e Q T QKH�J m HKS�a@U MYePe U@JRH ~ H N H O
l JdS M S N HKS�U]H O�j H�JdU]H�S L�M N
O JdQKH�S A− λE T SBU
B − λE b�� O�MhcRc H λ ∈ R mhc HKJ q�Wàe JRSVU n�~ JdH e H>á c HKJ q�W@W HKJ N � M S@S l�M S l J Nfâ J c b�HãU@H O�T S e
j H O HKJ N
e�j HK� M SVS N HKS>ÁpJ m HKS ePq�WVM b N H�S>U]H O�~ H N H OPl JdS M N H c H�J q�W�N QKH�J m HKS Õ

det (A− λE) = det (P−1BP − λP−1P )
GIH m HKS E = P−1P

= det (P−1(B − λE)P )
Å M N Q Ý2n Ö (1)

= det(P−1) · det (B − λE) · det(P )
Å M N Q Ý]n ØYØ Ç Ö É

= det (B − λE)
G}H m HKS det(P−1) = 1

det(P ) .

�

ß=J O G�J e
e H�S j H O H�J N�e a2U MYePe}l�M SÑU]H�SÑÂ M S m a2U]JdH ~ H N H O
l JdS M S N H�G�JdH MhTVq�W U]JdH�ÁpJ m H�S2G}H OiN H�HKJdS@H O
~�O H�JRH q � eil�M N
O JRk e H W@O�c HKJ q�WYN�j H eiN J lfl H�Su� M S@S n�~-M�W H O|e JdSVUxU]JdH�Q Tä~�O HKJdH q � ePlfM�NPO JRQ�HKS shW S c J�Ä
q�W H�S L�M�NPO JRQ�HKS j H ePt SBU]H O�e JdS N H O H ePe
M S N�×�eitYcdq�W H L�M�NPO JRQ�HKS»S@H�S@S NIl�M SÃy�{$_�åYæ�\0ç ^�_(è�_*éK{Kê�ç { nBo�e�N U]JdH
L�M�NPO J�k eitYmYM�O HKJdS@H O�~ J M�mYt S MhcRl�M N
O JRk s�W S c J q�W a ePtfW HKJdX N�e JRH»ë�_*çKå�æ \0ç�^	_(è$_*é�{Kê�ç�{ n
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Å2JdSVU M�cdc H n ÁpJ m H�S�GIH OPN H λ1, . . . , λn
HKJdS@H O-O HKH cRc GIH OPN J m HKS n × n L�M N
O JRk A ghH O
e
q�W JdH�U]H�S@H

O HKH cdc H|F M�W@c HKS�a ePt J eiN A U]H O�~ J M�mYt S MhcRl�M N
O JRk diag(λ1, . . . , λn) s�W S c J q�W�n
Ú /�35/2,*EYÎ

Å2H�J
P = [v1, . . . ,vn]

HKJdS@H
n× n LÃM NPO JRk4a0U]H O HKS�Å2Æ M�cRN HKS9Á²J m HKS2ghH�� N
thO HKS v1, . . . ,vn

Q TU]H�S>Á²J m HKS2G}H OiN HKS λ1, . . . , λn e JRSVU n
��TVe Avi = λivi
b�� O�MhcRc H i b thcdm�N

A · P = A · [v1, . . . ,vn] = [Av1, . . . , Avn] = [λ1v1, . . . , λnvn]

= P · diag(λ1, . . . , λn) .

~-M S MYq�W Å M�N Q Ý2n Ø
� ÁpJ m H�S2ghHK� N
thO HKS�Q T ghH O
e
q�W JdH�U]H�S@HKS9ÁpJ m H�S2G}H OiN HKS c JRSVH M�O-T S Mhj@WVs S m J m
e HKJdS l � ePe HKS�a m J cRN rk(P ) = n n Å tYl J N H�k]J e�N JRH OiN U Mhe�o S2ghH O
e H P−1 T SVU�H e�m HKS2� mhN a j H�JdU@HÅ2H�J N HKS9U]H O á c HKJ q�W2T S m A · P = P · diag(λ1, . . . , λn) l J N P−1 Q Tãl½T@c�N JRÆ c JdQKJdH O HKS n �

Ú /2,*E���,D/�CI%�&(Ì
�:Î
ß=J O�j H N
O
MYq�W�N HKS½U]JRH L�M�NPO J�k A =

[
1 a
1 1

]
l J N a > 0 MhTVe�� H�J e Æ@JdH cVÝ2n Ù�� n�~ JRH e H L�M N
O JRk WVM N

QKGIHKJ�ÁpJ m H�S�GIH OPN H λ = 1± √a l J N ÁpJ m HKS2gYHK� NPtYO H�S v = (±√a,1)> n�~ JdH5H�S N
e Æ O H q�W HKSBU]H
L�M�NPO J�k P WVM�N JdS9U]JdH e H l��BM�cdc U]JdH �@thO
l

P =

[√
a −√a

1 1

]

T SVU>J W@O�o S2ghH O
e H e J e�N5ÇDe JdH W H � HKJ e Æ@JRH c�Ý2n Ö�� É

P−1 =
1

2
√
a

[
1
√
a

−1
√
a

]
.

ßxHKS@S�G�J O S T S�U Mhe�L�M�NPO J�k]Æ O
t U T � N P−1AP M�TBeiO H q�W SVHKS�a]U M S@SãH OPWBM�cRN HKS>G�J O HKJdS@H ~ J M Ä
mht S M�cdl�M N
O JRk

P−1AP =
1

2
√
a

[
1
√
a

−1
√
a

]
·
[
1 a
1 1

]
·
[√

a −√a
1 1

]

=
1

2
√
a

[
1
√
a

−1
√
a

]
·
[√

a+ a −√a+ a√
a+ 1 −√a+ 1

]

=
1

2
√
a

[
2
√
a(1 +

√
a) 0

0 2
√
a(1−√a)

]

=

[
1 +
√
a 0

0 1−√a

]
.

� � O�L�M�NPO JRQ�HKS�a@U@H O HKS�ÁpJ m HKS2GIH OPN H-S@J q�WYN�T S j H�U]JdS mhN ghH O�e
q�W JRH�U]HKS e JdSVU�a m J c�N��@tYcRm HKSVU@H e�n
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�YH�U]H O H�H cdc GIH OPN J m H n×n LÃM NPO JRk A l J N¬O HKH cRc HKS|Á²J m HKS2G}H OiN HKS λ1, . . . , λn

J eiN H�JRS@H O�thj H O HKS
n× n ~�O HKJdH q � ePlfM�NPO J�k ∆ l J N λ1, . . . , λn M�T b¬U]H O�~ J M�mht S M�c HKS T S@J N
shO�s�W S c J q�W�n

Ú /�35/2,*EYÎ
Û�MYq�W Å M�N Q Ý]n Ù�Ø Ç Ù É T SBU���H l�l�MfÝ2n Ø	� O HKJ q�W�N H e Q T Q�HKJ m H�S�a�U Mhe
e A HKJdS@H O�~�O HKJdH q � ePl�M NPO JRk
T S@J N
shO�s�W S c J q�W J eiN�n

o SVU T � N J t S5� j H O n n � � O n = 1
J e�N U]JdH ��TVe
ePMhm H O J q�WYN J m a�U M�
 H�U]H 1×1 L�M N
O JRk M�TBq�W HKJdS@H

~�O H�JRH q � ePl�M N
O JRk»J eiN�n ß=J O S@H W@l HKS>S T S M S�a@U Mhe
e U]JdH ��TVe
ePMhm H�b�� O�M�cdc H (n− 1)× (n− 1)
L�M�NPO JRQ�HKS m J cRN}T SVUÑU Mhe
e A HKJdS@H

n×n L�M N
O JRkfJ eiN a2U]H O HKS�Á²J m HKS2G}H OiN H O HKH cdc H-F M�WVc H�S e JdSVU nÅ2H�J
v1

H�JRSrÁpJ m HKS2ghH�� NPthO g t S A l J N ÁpJ m H�S�GIH OPN λ a M�c(ePt Av1 = λv1 T SVU v1 6= 0 nÁ O�e H N Q�H v1
U T@O�q�W v1/‖v1‖

a T@l ‖v1‖ = 1
Q T H O
O HKJ q�W HKS np~-M SVS=G}H�SVU]HÃU]H�SÜá O
Mhl
�Å q�W@l J(U N���cdmhtYO J NPW@l½TVe a TVl {v1} j J e Q T HKJdS@H O���OiN
W@t S tYOPl�MhcRjVMYe J e {v1, . . . ,vn}

g t S RnQ T H O G}H�J N H O S n Å2H�J B = V −1AV l J N V = [v1, . . . ,vn] n4~�M U@JRH �IMYe J e�tYOiN
W@t S tYOPl�Mhc J eiN aJ e�N U]JdH L�M�NPO J�k V T S@J N�s�O a MhcdePtÑm J cRN V −1 = V > n ß H m H�S Av1 = λv1
a 〈v1,v1〉 = 1 T SBU

〈v1,vi〉 = 0
b�� O�MhcRc H i = 2, . . . , n WVM�N U]JdH LÃM NPO JRk B = V −1AV

U@JRH �VthO
l

V −1AV = V >[λv1, Av2, . . . , Avn] =




λ ∗ · · · ∗
0nnn C
0


 .

Û�MYq�W�o SVU T � N J t S e
M S@S MhW@l H m J j]N H e HKJdS@H T S@J N
shO H (n − 1) × (n − 1) L�M N
O JRk Q a eit U Mhe
e
Q−1CQ

H�JRSVH thj H O H ~�O HKJdH q � eil�M�NPO J�k»J e�N�nV~-M Q T S@J N
shO J e�N a@J eiN�M�TVq�W U]JdH L�M N
O JRk

R =




1 0 · · · 0
0nnn Q
0




T S@J N
shO�n ßxH m HKS
(V R)−1 = R−1V −1 = R>V > = (V R)>

J e�N U MhW H O�MhTVq�W U@JRH L�M�NPO J�k P = V R T SVJ N�s�O�n@~ JdH L�M N
O JRk
P−1AP = (V R)−1A(V R) = R−1(V −1AV )R

WVM�N U]JRH �VthO
l
2

6

6

6

4

1 0 · · · 0
0��� Q−1

0

3

7

7

7

5

·

2

6

6

6

4

λ ∗ · · · ∗
0��� C
0

3

7

7

7

5

·

2

6

6

6

4

1 0 · · · 0
0��� Q
0

3

7

7

7

5

=

2

6

6

6

4

λ ∗ · · · ∗
0��� Q−1CQ
0

3

7

7

7

5

.

~-M Q−1CQ
S Mhq�W9o SBU T � N J t S e
M SVS M�W@l H|H�JRSVH thj H O H ~�O H�JRH q � eil�M N
O JRkãJ eiN a0J eiN�M�TBq�W ∆ =

P−1AP
HKJdS@H eitYcdq�W H L�M�NPO J�k n Å tYl J N�e JRSBUãU]JdH L�M�NPO JRQ�HKS A T SVU ∆ T S@J N
shO�s�W S c J q�W�n �
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�YH�U]H e Þ lfl H NPO J ePq�W H O HKH cRc GIH OPN J m H n×n L�M N
O JRk A l J N U]H�S»ÁpJ m HKS2GIH OPN H�S λ1, . . . , λn

J eiNU]H O�~ J M�mYt S MhcRl�M N
O JRk diag(λ1, . . . , λn) T S@J N
shO�s�W S c J q�W�n
Ú /�35/2,*EYÎ

Û�MYq�W Å M N Q Ý]n ÙVÖ e JRSBU MhcRc H λi O HKH cRc H�F M�WVc H�S n�Û�MYq�W U]H l Å M�N Q�g t S�Å q�W2T@O¬m J cRN A = P∆P−1b�� O H�JRSVH T S@J N
s�O H n×n L�M N
O JRk P T SVU�HKJdS@H ~�O H�JRH q � ePl�M N
O JRk ∆ l J N ÁpJRS N
O
shm HKS λ1, . . . , λnM�T b�U]H O�~ J M�mYt S Mhc H�S n ß H m H�S A> = A T SVU P> = P−1 m J cRN
P∆P−1 = A = A> = (P∆P−1)> = (P−1)>∆>P> = P∆>P−1 ,

G thO�M�TVe ∆ = ∆> b tYcRmhN�n�~-M ∆ HKJdS@H ~�O HKJdH q � ePl�M NPO JRkÃJ eiN a�� M S@SäU Mhe S TVO U M S@SäU]H O �VMhcRc
e HKJdS�a:GIHKSVS M�cdc HÑÁpJRS N
O
shm H MhT XhH OPWVMhcRj U]H O�~ J M�mht S M�c HKS mYc H�J q�W Û�T@cdcIe JRSBU�a�U niW�n G}H�S@S ∆HKJdS@H ~ J Mhmht S M�cdl�M NPO JRk»J eiN�n �

%�&('�&dÍ +-,*.0/21435/�6�7�/	��;�,*/ Ê ��8:6Ñ8�1:;=;�,*/9<>/�7�/�6
�à,*1�?@147�/
ÁpJ m H�S2G}H OiN H|g t S A e JRSVU Û�T@cdcdeiN H cRc HKSxU]H e�q�WVM�O�M � N H O J eiN J ePq�W HKS�� tYc Þ2S tYl�e det (A− λE) n�Û�Mhq�WU]H O ��H�J j SVJRQ�
 e
q�W H O �VthO
l H c²Ç�Ý]n � É²b�� O U]JdH ~ H N H O
l JRS M S N H WVM�N U]JRH e H e � thc Þ�S thl U]JdH �@tYOPl

det (A− λE) = cnλ
n + cn−1λ

n−1 + · · ·+ c1λ+ c0

b�� O-m H�HKJ m S@H N H�� t H���Q�JRH�S N HKS ci n � � O λ = 0
H OPm J j]N U]JdH e c0 = det(A − 0 · E) = det(A) n4~ H O

mYOPt X N H���H OPl λn � tYl�l5N JRSfU]H O Å T@lfl H Ç�Ý2n�� É:S T@O HKJdS l�M�c g thO a T SVU�QKG M�O�l J N U]H l � t H���QKJdHKS N
cn = (−1)n n Å thl J N�m J c�N

det (A− λE) = (−1)nλn + cn−1λ
n−1 + · · ·+ c1λ+ det(A) .

Å2JdSVU
λ1, . . . , λn

U@JRH-ÁpJ m HKS2GIH OPN H�g t S A a ePt½e JdSVU e JRH Û�T@cdc(e�N H cdc H�SãU]JdH e H e � thc Þ�S thl�epT SBU»H e}m J cRN
det (A− λE) = (−1)n(λ− λ1) · · · (λ − λn) . Ç�Ý2n ÖhÖ É

~-M�O�M�TVe H OPm H j HKS e J q�W HKJdS@J m H��¬H O
j JdSVU T S m HKSuQ�G�J e
q�W HKSuÁpJ m H�S2G}H OiN HKS�a���Å2Æ T@O��>T SVU ~ H N H O Ä
l JdS M S N H n�~ JdH�� �0w]{ Ç HKS mYcDn � N
O
MYq H � É�H�JRS@H O n × n L�M�NPO J�k A = (aij)

J e�N HKJdS]b MYq�W U]JdH»Å T@lfl H
Tr(A) =

∑n
i=1 aii

U]H O�~ J M�mYt S Mhc H�JRS NPO�s�m H n
Ê ?]7�ËÃ%�&dÌ4%�Î

o�eiN A HKJdS@H
n× n L�M�NPO J�k l J N ÁpJ m H�S�GIH OPN H�S λ1, . . . , λn

a ePtfm J c�N

det(A) =

n∏

i=1

λi T SVU Tr(A) =

n∑

i=1

λi .

Ú /�35/2,*EYÎ
! l U]JdH�H O�e�N H�á c HKJ q�W2T S m Q T H O
WVMhc�N HKS�a e H N QKH�HKJdS]b MYq�W λ = 0

JRS Ç�Ý]n ÖYÖ É n
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! l U]JdH-Q�G}H�J N H5á c H�J q�W2T S m Q T H OPWBM�cRN HKS�a ePq�W@O HKJ j H³U@JRH O H q�W�N H|Å2H�J N H-g t S Ç�Ý]n ÖYÖ É M�c(e HKJdS� thc Þ2S thl Ç JRS9U]H O � M�O J Mhj@c H λ É T SVU j H MYq�WYN Hha@U MYePe U@H O � t H���QKJdHKS N Q T λn−1 mhc HKJ q�W

(−1)n
n∑

i=1

(−λi) = (−1)n+1(λ1 + λ2 + · · ·+ λn)

J e�N a@G tYj H�J�U]H O � t H���QKJdHKS N Q T λn−1 JdS
det (A− λE) mYc H�J q�W

(−1)n−1(a11 + a22 + · · ·+ ann) = (−1)n−1Tr(A)

J e�N�n ß MhOPT@l�� ! l λn−1 Q T H O
WVMhc�N HKS�a l � ePe HKSãG�J O S MYq�W U]H O ��HKJ j S@JdQ 
 ePq�W HKS �VthO
l H c¬Ç�Ý]n � ÉU]H�S �:H O
l −λ m HKS MhT (n − 1)
Ä l�M�c�M�TVe U]H�S ~ J M�mYt S Mhc H�JRS N
O
shm HKS aii − λ

g t S A − λE
M�TBe G s�W@c HKS n �

� / � �à?Ã%�&(Ì���Î +�,D.B/21�E�Ò�Ð�?���7�/21=;:/�6 Ê ��8�6
� � O�MhcRc H n× n L�M�NPO JRQ�HKS A,B � j H O R T SBU MhcRc H c ∈ R m J c�N�ÕÖ n Tr(cA) = cTr(A) ×Ø n Tr(A+B) = Tr(A) + Tr(B) ×Ù n Tr(AB) = Tr(BA) ×
	 n Tr(A) = Tr(B)

a@b MhcRc(e A T SVU B s�W S c J q�W>e JdSVU n
Ú /�35/2,*EYÎ

~ JRH�H O
eiN H�SãQ�G}H�J ��TVe
ePMhm H�S e JRSBU N
O Jdg2J MhcDn@~ JRH|U O J NiN H ��TVe
ePMhm H�b thcdm�N�MhTVe

Tr(AB) =

n∑

i=1

n∑

k=1

A[i, k]B[k, i] =

n∑

k=1

n∑

i=1

B[k, i]A[i, k] = Tr(BA) .

~ JRH c H N Q N H ��TVe
ePMhm H�b thcdm�N�M�TBe�Ç Ù É Õ á-J c�N A = P−1BP
a eitfm J cRN�M�TVq�W

Tr(A) = Tr((P−1B)P ) = Tr(P (P−1B)) = Tr(EB) = Tr(B) . �

� / � �à?Ã%�&(Ì�
�Î �Ñ?@1�.ä8:1�; Ê ��8:6ÑE������à/�7K6 ,*E�Ò�Ð:/�6fÓÔ?]7�6�,DËh/21
� � O 
 H�U]H O H�H cdc GIH OPN J m H e Þ lfl H N
O J ePq�W H LÃM NPO JRk A m J c�N

rk(A2) = rk(A) ≥ Tr(A)2

Tr(A2)
.

Ú /�35/2,*EYÎ
Å2H�JRH�S

λ1, . . . , λn
U@JRH½ÁpJ m HKS2GIH OPN H�g t S A n4Û�MYq�W � tYOPtYcRc(M�O�Ý]n Ù
� J eiN A U]H O�~ J Mhmht S M�cdl�M N Ä

O J�k ∆ = diag(λ1, . . . , λn) shW S c J q�W�n}~-M�W H O J e�N>M�TVq�W A2 U]H Oã~ J Mhmht S M�cdl�M NPO JRk ∆2 =
diag(λ2

1, . . . , λ
2
n) s�W S c J q�W�n�Û�Mhq�W Å M�N Q Ý]n Ù�Ø e JdSVU rk(A) T SVU rk(A2) j HKJ(U]H mYc H�J q�W U]H O � S]ÄQ MhW@c r = |{i : λi 6= 0}| U]H O g t S Û�T@cdc ghH O�e
q�W JRH�U]HKSVHKS ~ J Mhmht S M�c HKJdS N
O
shm H�U]JdH e H O�L�M�NPO JRQ�HKS�aG thO�M�TVe rk(A2) = rk(A)

b thcdm�N�n ß H�J N H O
W JdS m J cRN S MYq�W Å M�N Q Ý]n Ù Ý9T SBU ��H lfl�MàÝ2n Ù�� Ç 	 É∑n
i=1 λi = Tr(A) T SVU ∑n

i=1 λ
2
i = Tr(A2) n:~ JRH�� M�TVq�W Þ � Å q�W G M�O Q�Ä !�S mhc HKJ q�W�T S m�Ç � n Ø É
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M S m HKG M SBU NIl J N xi = λi T SVU yi = 1
H OPm J j@N U M S@S

Tr(A2) · r =
( n∑

i=1

λ2
i

)
· r ≥

( n∑

i=1

λi

)2

= Tr(A)2 ,

G thO�M�TVe U]JdH m H�G��@S e
q�WYN H T S N H O H|Å q�W@O�M S@�YH�b�� O r = rk(A)
b tYcRmhN�n �
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�3 h!%$Y���������h��
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� 8 ��.0?��²/ %�&dÍ�Î
? 	Y�²��
 �A@B$�
2<>

����
���!�� a $��K�I�����3C(!��	��
����Y
ED �	
��.@>$����Y�%�F�HGI����
;(KJz�MLp��
��	��
%,NJz���ML���

� ����

���Y
!��Y
P�EJz�	�	�ML3(�
�$Y��

��
POQ"%���Y����
���=

x + y + az = 1 ,

x + ay + z = 1 ,

ax + y + z = 1 .

� 8 ��.0?��²/ %�&dÌ�Î
OQ"���
��Y�	
PC(!��	��
����Y
ED �	
��.@>$����Y� 	0�]
P�

R R
»

−4 x

−x 4

–2

=

»

−1 0

0 −1

– �
� 8 ��.0?��²/ %�& �:Î

OQ"���
��Y�	
&Cd! �	��

�2�Y
�D ��

�A@B$����Y� 	0�]
P�
R R X2 − 2X =

»−1 0

6 3

– �TSVUAWYXQZ>UA[H\ �B��£��$�������������
X2 − 2X « ����¤�¡ã���������^]�¡ �����D�
��¤i¡»����¯���� �����*��·���¦*��¦B��¡��*���

(X − E)2 = X2 − 2X + E
¤�¡

���D�D����¤�����¦
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� S ⊆ Fm , |S| = n �Y�	
 ��
��Y��
}�A$h��

�� #/ ������
��V�Y<�
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�a$Y�	�
��
�� fA : Fn → Fm �Y�	
��Y�Y�a@B$ fA(x) = Ax
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;�²������� R"�� fA

�.���}�	�e1�
�� ���	� ⇐⇒ S �.��� �	�	��
 ���I�Y� ���'$d7K�����	�If
gh� fA

�.�������h�h1�
�� ���	� ⇐⇒ span(S) = Fm f
ih� fA

�.�����Y� 1�
�� ���	� ⇐⇒ S �Y���R�h

�²
��	��
kj �e���.�}��!��
Fm �
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