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a

b
α

� �	������� �����
�! #"%$!�
a & ��� b

� &('*) �+ -,��!�(���
�/.0���1�!�	�	�+�	$ ) �1�!���2�

3*4�576+8(9
:!;=<>4!?19@5*A2A24�BDC

PA,S =

[
1 1
0 1

] ;EBEF
PB,S =

[
1 1
2 −2

]
.

GIH 6+8=JLKNM�KN3*3 H M/O�P*QSRUTV<XWY5*?19
PS,B

4�5*B[Z H 6+8\F H ?�]-B�^(4�M+?14_^NK(B
PB,S

C

PS,B = P−1
B,S =

1

4

[
2 1
2 −1

]
.

GIH 6+8=JLKNM�KN3*3 H M/O�P*QSRUT`6!WYaN5*3b9
?@KNA25b9

PA,B = PS,BPA,S =
1

4

[
2 1
2 −1

] [
1 1
0 1

]
=

1

4

[
2 3
2 1

]
=

[
1/2 3/4
1/2 1/4

]
.

]
?19�B�;UB
x = a+ bz

4!5bBdceKN3*f�BEKNAg5*B
V h ?@Ki8 H <>4�Bdj
5bM�5*Bdkl4�57?1mE5b4!30nUP n(Ro?@4�5*BU4pJIK�KNM+F[5*B H�q9@4!BEF H M�?19@4!3b3*;UBUa(4�B=5bB\<>4�57F[4�Brk H ?@4�B
A
;UBEF

B
<X4!M@4!5�9+?�<X4S?
9�5bA2Ao9SC

[x]A =

[
a− b
b

] ;UBXF
[x]B =

1

4

[
2a+ b
2a− b

]
.

stH Bdu H BEB=3*4�576+8�9
^N4�M�5bvE:�5*4�M�4�B h F H ?@? H ;E6+8 [x]B = PA,B · [x]A
aN5*3�9SP

wYxVy z|{1}~z|}0�[}D�E��{1�I�e�Y�[}
� 4�M2kl4�aNM�5b��F[4!M � 4�9@4!M@A25*B H B�9�4�j
;UM+F[4�5*A�� H 8UM�QS�N�N�=Z H ?
9i:�4!5�9�aN3*4�576+8�5bB�� H m H B�F[;UM+6+8���4!u�5
;UBXF�5*Bd��;UM@K(m H FU;UM�6+8=�D4!5b<UBE5b:p4�M@Z�;UBEFU4�B�jlKNM+F[4!BDP � 4!BdA2K[F[4�M�BU4!Bdkl4�a(M@5b�tF[4�M � 4�9@4!M@A25*B H B�9�4
8 H 9d� H ;E6+8�f�5bA�� H 8UM\Q!�EQSRr4!M�?19@A H 3*? H ;E?1Z��U8UM�3*5*6+8�<X4S?@6+8EM@5*4�<>4�BDP � 5b4S?14!M�kl4�aNM�5b��57?19 H ;E?2F[4�M
Z�K(3ba(4�BEF[4!B=�EM H aN4S?
9�4�3*3b;UBEa�4!B(9+?
9 H BEFU4�BDP
stH Br8 H 9_:�jl4�5D��4!u(9�KNM�4�B

a = (a1, a2)
;UBEF

b = (b1, b2)
5*B

R2 ;UBXFrj
5b3*3 FU5b4i� 37¡N6+8E4�T�K[F[4�MF H ?¢��K(3b;EAi4!BXW
F
F[4!?i^(KNB�F[5*4!?@4�B���4�u�9@K(M@4!B H ;UZ�aN4!?@m H BUB�9@4�B�c H M H 3b3*4�3*KNa(M H AiA�?�<>4!?19@5*A2A24�BDP

��5*BEF£F[5b4=��4�u�9�KNM�4�B�3*5*BU4 H M H <U8E¡�BEaN5*a h ?@K�?15*BEF�?@5*4\¤(¥�¦	§©¨«ª�¬�­£TV3b5*4�a(4�B H ;[ZI4!5bBU4!M2®_4!M H F[4�B>W¯Pe]-BF[5*4!?@4�A°� H 3b3 5*?19
F = 0

P>±/BEFU4�M�4�B[Z H 3b37?/?@m H BUBE4�B
a, b

4�5*Brc H M H 3*3b4!3bK(aNM H A2A H ;[Z
²XF[5*4!?@4!?/8 H 9LFU5b4
�³37¡N6+8U4

F = ‖b‖ · ‖a‖ sinα h jYK(<X4!5 α FU4�M�´µ5*BUuN4!3#:�j
57?@6+8E4�B
a
;UBEF

b
5*?19�TV?@5b4!8U4�kl5b37F�O�P¶nNW�P

´·4�BUB\j
5*M
B�;UBrF H ?I¸L; H F[M H 9�^NKNB
F
<>4�9�M H 6+8�9@4�B h 4�M�8 H 3b9@4!Bdj
5*M

F 2 = ‖a‖2 · ‖b‖2 · sin2 α = ‖a‖2 · ‖b‖2 · (1− cos2 α)
c#f�9@8 H aNK(M H ?

= ‖a‖2 · ‖b‖2 ·
(
1− 〈a, b〉2
‖a‖2 · ‖b‖2

) � 4�Z
P T`�UP �(WY^NK(B
cosα
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= ‖a‖2 · ‖b‖2 − 〈a, b〉2

= (a2
1 + a2

2)(b
2
1 + b22)− (a1b1 + a2b2)

2

= (a1b2 − a2b1)
2 .

]
?19
B�;EB
A
4�5*BU4

2× 2
stH 9@M�5�
�A25b9IF[4�B
�>4�5*3*4�B

a
;UBXF

b h F H BUB�8U4!5��N9/F[5b4�� H 8U3 a1b2 − a2b1
F[5*4

� 4�9�4�M�Ai5*B H B(9�4p^NKNB
A
;UBEF=j
5*M�FdA25�9

det(A)
<>4�:�4!5*6+8EBU4�9SC

det

[
a1 a2

b1 b2

]
= a1b2 − a2b1 .

T O[P ��W

±I3*?
BX¡N6+8E?19@4S?YjlKN3*3*4�B=j
5bM/F[5*4!?@4p]
F[4�4 H ;[Z
n× n stH 9@M�5b:!4�B A 4�M�jY4!5�9�4�M�BDP

´·4�BUBij
5*M#F[5b4��>4!5b3*4�Bi4�5*BU4!M��(; H F[M H 9�5*?�6+8U4�B
n×n stH 9�M@5�
 A = [x1, . . . ,xn]

H 37?��@� H M�5 H <U3b4!B��
<>4�9�M H 6+8(9�4�B h u��NBUBU4!B�j
5*M
;UBE?�F[5*4 � 4�9@4�M�A25bB H B�9@4 H 37?l4�5*BU4�±/<U<E5b37F[;UBUa det : V n → R

Ai5b9
V =

Rn ^(KNM+?
9�4�3*3b4!BDP � 5b4S?14�±I<U<U5*3*FU;UBUa�?@KN3*3YF H ?��@��KN3*;UA24�B��tF[4!?iF[;UM+6+8�F[5b4d��4�u�9@K(M@4!B
x1, . . . ,xnH ;[Z�aN4S?1m H BUB�9@4!B�c H M H 3*3b4!3bK(aNM H A2A�?oj
5*4!F[4!M�?@mU5*4�a(4�3*BDP�� �EM�F[5b4\�#5*BU8U4!5�9+?1^(4�u�9@K(M@4!B£?@KN3*3 H 37?1K�F H ?

��K(3b;UA24!B�aN3*4�576+8
1
?14!5bB PU±/;��(4�M+F[4�Ag?@KN3*3�9�4_F H ?���K(3b;EAi4!Bd3*5*BU4 H MY5*B��
4SF[4�M��
576+8�9@;UBEa¢;UBEFdaN3*4�576+8

G ;U3b3eZ��EM��
4!F[4i�#5*BUa H <X42A25�9�:!jY4!5³a(3b4!5*6+8E4�B ��4!u�9@KNM�4�B
xi = xj

?@4�5*BDP0�#M@Z��U3*3�9�4�5*BU4�±/<E<U5b37F[;UBEa
F[5*4!?@4�F[M�4�5Dkl4!F[5*BUa(;UBUaN4!B h ?@KiBE4�BUB�9/A H B\?15*4 � � 4�9�4�M�Ai5*B H B(9�4�B[Z�;EBUu�9@5*KNB���P�#5*BU4i±/<U<U5*37F[;UBUa

det(x1, . . . ,xn)
8U4!5��N9"!iª$#-ª�­&%i§©¨>¬�¨�#-ª�¨('*)[¨�¤	#`§V¥�¨ h Z H 3*3*?L?15*4 H ;��N4!MLF[4!M_kl4 qF[5*BUa(;UBUa

det(e1, . . . , en) = 1
FU5b4_Z�KN3*aN4!BEF[4!Bd:!jY4!5DkY4SF[5*BUaN;UBEaN4�B=4�M@Z��U3*3�9SC

T H W
det(. . . ,y + λz, . . .) = det(. . . ,y, . . .) + λ · det(. . . , z, . . .)

TV� 5bBE4 H M�5b9�¡�9+?14!5ba(4�BE?�6+8 H Z©9+W¯²

T�<XW
det(. . . ,y, . . . ,y, . . .) = 0

T G ;E3b3*4�5*aN4!BE?@6+8 H Z©9+W�P

+-,/.10324.5,�687:95;�<>=
´µ5*M_jlKN3*3*4�B :!4�5*aN4!B h F H ?�?LF[5*4�F[;UM+6+8�T O[P ��WIFU4�vEBU5*4�M@9@42�U;EBUu�9@5*KNBt9 H 9+?@¡(6+8U3b576+8t4!5bBU4 � 4�9@4!M qA25bB H B�9@4!B[Z�;UBUu�9@5*KNB=Z��UM

2× 2
stH 9�M@5*:�4!Bd57?19!C

det

[
1 0
0 1

]
= 1 · 1− 0 · 0 = 1;

det

[
a1 + λz1 a2 + λz2

b1 b2

]
= (a1 + λz1)b2 − (a2 + λz2)b1

= (a1b2 − a2b1) + λ(z1b2 − z2b1)

= det

[
a1 a2

b1 b2

]
+ λ det

[
z1 z2
b1 b2

]
;

det

[
a1 a2

a1 a2

]
= a1a2 − a2a1 = 0 .

±I;E?/F[4!M/�#5*aN4�BX?@6+8 H Z©9@4!B·T H Wl;UBEF�TV<XWlu H BUB\A H B\jl4�5b9@4!M@4p�#5*aN4!BE?@6+8 H Z©9@4!BrF[4�M � 4�9�4�M�Ai5*B H B(9�4�B q
Z�;UBEu(9�5bK(B H <U3b4!5�9�4�BDP@?/A FU5b4\�[6+8UM�4�5*<�jl4�57?@4�:�;�^(4�M�4�5*B[Z H 6+8E4�B h <>4�9�M H 6+8�9@4�B�j
5bMiB�;UM�F[5*4=4�M+?
9�4�B:!jY4!5X��4!u(9�KNM�4�B

x1
;UBEF

x2
²[F[5*4!?laN5*3�9 H <>4�MYZ��UM�<X4!3b5*4�<E5ba(4I:�jl4�5>��4�u�9�KNM�4�B

xi
;UBEF

xj
Ai5b9

i 6= j
P
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a+ba

b

� �	������� �N�����	�
"%$S�
a & ��� b

� &('7) �+ -,��������
���«�����
	��
�	 � ) �	�+���
	��(���#"%$!� a + b & ��� b
� &('7) �+ -,��������
�+��«�����
	��S�

� ,�
�
�� 7:95;�� = � ,��3,���
 .��������(,���� �"! 61,#
 ,#�������$���$�%�>0'&)(%��
����(.*(+�>,#�
Q(P
±
FUF[5*4�M@9�A H Bd4!5bBU4!B\Ai5b9/4�5*BU4!A ��u H 3 H M�A¢;E3�9�5bmU3*5*:�5*4�M@9@4�B\��4!u(9�KNM
:!;d4!5bBU4!A H BEF[4�M�4�B h?1K2<U3*4�5*<[9IF[4!M
´�4!M19/;UB�^(4�M+¡�BEF[4!M19SC

det(x1 + λx2,x2,x3, . . . ,xn) = det(x1,x2,x3, . . . ,xn) .

RUP � 5*4���4�M@9 H ;E?@6+8�;UBEa�^(KNB=��4�u�9@K(M@4!B=¡NBEF[4�M@9/F H ?���K(M@:!4�576+8U4�B C

det(x2,x1,x3, . . . ,xn) = − det(x1,x2,x3, . . . ,xn) .

±I;E?@? H a(4�T
QSW�<X4SF[4�;[9�4�9 h F H ?@?#FU5b4 � 4�9�4�M�Ai5*B H B(9�4
5bB�^ H M�5 H B�9#aN4!aN4�B��U<>4�M ���[6+8U4!M@;EBUa��I5*?19!P(]-B�F[4�A� H 3*304�5*BU4�M
2× 2

stH 9�M@5�

A = [a, b]

<>4!FU4�;[9�4�9IF[5*4!?
det [a + b, b] = det [a, b]

T`kl5b37FtO�P �(W¯P
+-,�,�,/.10�=

?/A T
Q%Wl:�;\<X4!jY4!5*?@4�B h jY4!BEF[4�B=j
5*MoT H Wl;EBEF�T�<XW H BDC

det(x1 + λx2,x2, . . . ,xn) = det(x1,x2, . . . ,xn) + λ · det(x2,x2, . . . ,xn)
T H W

= det(x1,x2, . . . ,xn) .
TV<XW

?/A T`R(Wl:�;\<X4!jY4!5*?@4�B h jY4!BEF[4�B=j
5*M/F[M@4!5bA H 3#T
QSWl;EBEF H BE?�6+8U3*5b43�N4�BXF�4�5*BUA H 3#T H W H BDC

det(x1,x2,x3 . . .) = det(x1,x2 − x1,x3, . . .)
T1QSW

= det(x1 + (x2 − x1),x2 − x1,x3, . . .)
T1QSW

= det(x2,x2 − x1,x3 . . .)

= det(x2, (x2 − x1)− x2,x3, . . .)
T1QSW

= det(x2,−x1,x3, . . .)

= − det(x2,x1,x3 . . .)
T H W

.

�

´µ5*M�<>4�9�M H 6+8(9�4�B2B�;UB�F[5*4/��4�u�9�KNM�4�B
x1, . . . ,xn ∈ Rn H 3*?8�>4�5*3b4!B�4�5*BU4�M n×n stH 9�M@5�
 A P(´ H BEB57?
9

det(A) = 0 -
� ,�
�
�� 7:95;#. = /0��� � .10��1�4.1,�� ,��3,���
 .*� �����3,�2 61,/.�3'465��4616)7

��4!5
A
4!5bBE4 ��; H FUM H 9@57?@6+8U4 stH 9@M�5�
0P �LH BUB�aN5*3�9

det(A) = 0 h Z H 3*37?oA25bBXF[4!?19@4!BE?o4!5bBU4!M�F[4!MZ�KN3*aN4!BEF[4!B=�e¡�3*3*4�:�;[9�M@5b�X9SP
Q(P
A
4�B�9@8E¡N3�9
:!jY4!50aN3*4�576+8U4��>4�5*3b4!BDP

RUP
A
4�B�9@8E¡N3�9
4!5bBU4 G ;U3*3b:!4�5*3b4(P
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�EP��#5bBE4 �>4�5*3b4p57?
9/4!5bB\�L5b4!3�Z H 6+8U4!?�4!5bBU4!M H BEFU4�M�4�B �«4�5*3b4(P
�XP � 5*4 �>4�5*3*4�B=^NKNB

A
?@5bBEF=3*5bBE4 H M H <U8E¡�BEaN5*aEP

+-,�,�,/.10�=
T
Q%Wl5*?19IF[5*4 G ;U3*3b4!5ba(4�BE?�6+8 H Z©9
FU4�M � 4�9�4�M�Ai5*B H B(9�4�B[Z�;EBUu�9@5*KNBDP
T`R(W�Z�K(3baN9 H ;E?�F[4!M=� 5bBE4 H M�5b9�¡�9SC�´·4�BUB j
5bM=4�5*BU4 G ;U3*3b:!4�5*3b4�A25�9

0
A�;U3�9�5bmE3b5*:�5*4�M�4�B h F H BUB^N4!M�¡NBEF[4!M19�?@5*6+8�jY4SF[4�M�FU5b4 stH 9�M@5�
iBEK�6+8�5b8UM�4 � 4�9�4�M�Ai5*B H B(9�4N²�F H ? �
4!?@;U3b9 H 9Y57?
9 H <>4�M�B H 6+8

F[4!M/�D5*BU4 H M@5b9�¡�9�TV�#5*aN4�BX?@6+8 H Z©9¢T H W1WlaN3*4�576+8
0
P

TV��WYZ�KN3*a�9/F[5*M@4!u�9 H ;E?�T1QSWY;UBEF\F[4!M/�D5*BU4 H M@5b9�¡�9!P
T ��Wo´µ5*M2BU4�8EAi4!B�:�;EBE¡N6+8E?19 H B h F H ?�?�FU5b4d4�M+?
9�4 �>4!5b3*4 x1

4�5*BU4d� 5bBE4 H M�uNK(A¢<U5*B H 9@5*KNB�F[4�M
H BXF[4�M�4�B
�>4�5*3*4�B=5*?19!C

x1 = a2x2 + a3x3 + · · ·+ anxn .

� 5b4o� 5bBU4 H M�5�9+¡�9+? q ;UBEF G ;U3b3*4�5*aN4!BE?�6+8 H Z©9�4�B\F[4�M � 4�9�4�M�Ai5*B H B(9�4�B[Z�;EB(9�5bK(B\4�M�aN4�<>4�B\F H BUB

det(x1,x2, . . . ,xn) = det
( n∑

i=2

aixi,x2, . . . ,xn

)
=

n∑

i=2

ai det(xi,x2, . . . ,xn) = 0 .

G ;EBd<>4�9�M H 6+8(9�4�Bdj
5bM
F[4!B H 3b3*aN4!Ai4!5bBE4�B�� H 3*3`PE��5*BEF=F[5*4 �>4!5b3*4�B=^NK(B
A
3b5*BU4 H M H <U8X¡�BUa(5ba h ?@Ku H BUBdA H B=4�5*BU4_FU4�M��>4�5*3*4�B H 3*?Y4�5*BU4��D5*BU4 H M�uNKNA�<U5*B H 9�5bK(B�F[4�M H BEFU4�M�4�BdF H M+?
9�4�3*3b4!BDP � ;UM+6+8

��4�M@9 H ;E?�6+8U4�B·F[5b4S?14!M��>4�5*3b4iA25�9oF[4!M2QNP �>4�5*3*4i?@5bBXF j
5*Mp5bB�F[4�Mp^(KNM�5ba(4�B���5b9@; H 9@5*KNB P �_H F[5*4
��4�M@9 H ;E?�6+8�;EBUa�F[4!M �«4�5*3b4!BtB�;UM_F H ?L��KNM�:�4�576+8U4!B F[4�M � 4�9@4!M@A25*B H B�9�4i¡NBEF[4�M@9L;EBEF −0 = 0aN5*3b9 h Z�K(3baN9 det(A) = 0

P
�

7 9�<>91; � ,��3,���
 .*� �����3,�� � �"! 65,�
 ,����'���$�������40�&)( ��
����3.�( �4,#�
±I;E?/F[4!M/�D5*BU4 H M@5b9�¡�9
FU4�M � 4�9@4!M@A25*B H B�9�4�B[Z�;UBEu(9�5bK(B·TV�#5*aN4�BX?@6+8 H Z©9¢T H W1WYZ�KN3*a�9

det(λ1e1, λ2e2, . . . , λnen) = λ1λ2 · · ·λn · det(e1, e2, . . . , en) = λ1λ2 · · ·λn .

]-B=F[4�M stH 9�M@5�
�Z�KNM�A�<X4SF[4�;[9�4�9
F[5*4!? h F H ?lF[5b4 � 4�9@4!M@A25*B H B�9�4L4!5bBU4!M � 5 H aNK(B H 3*A H 9�M@5�
ia(3b4!5*6+8dF[4�Ac#M�K[F[;Uu�9p5b8UM�4�M � 5 H aNKNB H 3*4�5*B(9�M�¡NaN4�57?
9SP0]-B�9@4�M�4!?�? H B�9@4!M@jl4�57?14pa(5b3b9pFU5b4S? H ;E6+8rZ��UMp<>4�3*5b4!<U5*aN4 !o­@ª�§ �ª � ¤��&%�¬ # ­¯§��!ª�¨ h F0P@8DPlZ��UM�<>4�3*5b4!<U5*aN4£T5��; H F[M H 9�5*?�6+8U4%W stH 9�M@5*:�4!B A = (aij) h ?1K�F H ?�? aij = 04!B(9
jl4!FU4�MlZ��UM H 3b3*4
i > j

K�FU4�M�Z��UM H 3b3*4
i < j

aN5*3�9SP
� ���	� 7 91;�7 = 
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�³�UM��
4SF[4
n× n � M@4!5b4S6+u[?1A H 9�M@5�
 ∆ A25b9 � 5 H a(KNB H 3b4!5bB�9�M�¡NaN4�B

a11, a22, . . . , ann
a(5b3b9

det(∆) = a11 · a22 · · · ann .
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?19 A25bBEFU4!?19@4�BX?04�5*B � 5 H a(KNB H 3b4!5bB�9@M H alaN3*4�576+8 G ;U3*3 h ?@Kla(5b3b9 rk(A) < n

²�B H 6+8�� 4�A2A H O�P*Q!�ET1��W
57?
9/F H BUB H ;E6+8

det(A) = 0
PU��5*BEF H 3*3b4 � 5 H aNKNB H 3*4�5*B(9�M�¡NaN4L^NKNB G ;U3*30^N4!M�?�6+8U5*4!F[4!B h ?1Kiu H BUBA H B

A
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B H 3bA H 9�M@5�
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?IA F[5*4 � 4�9�4�M�A25bB H B�9@4p4�5*BU4�M�<>4�3*5b4!<U5*aN4�B
n× n stH 9@M�5�
 A :�;=<>4�M�4!6+8UBU4!B h 3bK(8UB�9
4!?
F H 8U4�M h F[5b4stH 9@M�5�


A
A25�9@9@4!3*?¢�#3b4!A24�B�9 H M19�M H BE?
Z�K(M@A H 9@5*KNBU4!B�5*B�4�5*BU4 � M@4!5b4S6+u�?@A H 9�M@5�


∆
:�;��U<>4�M@Z��U8UM�4�BDP

� 5b4�<>4�57F[4!B=��3b4!Ai4!B�9 H M@9@M H BX?
Z�K(M@A H 9�5bK(BU4�Bd?15*BEF0C
QNP
±
FUF[5b9@5*KNB\4!5bBU4S?
?1u H 3 H M@4!B��I5*4�3bZ H 6+8E4�B\4�5*BU4�M �«4�5*3b4p:�;\4!5bBU4!M H BEFU4�M�4�B �«4�5*3b4(P
R[P�ce4�M�A¢;[9 H 9�5bK(B=F[4!M �>4�5*3*4�BDP

GLH 6+82�D4�A2A H O�P*QSn_¡NBEF[4�M@9#F[5*4�QNP � M H BE?1Z�KNM�A H 9@5*KNBiF[5b4 � 4�9�4�M�A25bB H B�9@4
BU576+8�9#;UBEF2F[5*4LR[P � M H BE? q
Z�K(M@A H 9�5bK(B�¡�BEF[4!M19�B�;EM�F H ?���KNM�:�4!5*6+8U4!BDP³�[KNA25�9�u H BUB�A H B�F[5*4 � 4�9�4�M�A25bB H B�9@4�4!5bBU4!M stH 9@M�5�

A25b9IF[4�A°® H ;�� q ±I3ba(KNM�5�9�8UA¢;E?Y<>4�M�4!6+8UBU4!BDP
� ���	�
7 91; � = 
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 .*� �����3,#� � ,�� ,#3$4�� � ��2

´µ5*M�F 4�5*BU4
n × n

s H 9@M�5�

A

FU;UM�6+8 �#3*4�A24�B�9 H M19�M H BE?1Z�KNM�A H 9@5*KNBU4!BgA25�9µ5*BE?1a(4!? H A¢9
m

�>4�5*3*4�B�^N4!M19 H ;E?�6+8�;UBUaN4!B :�; 4�5*BU4�M � M@4!5b4S6+u�?@A H 9�M@5�

∆

Ai5b9 � 5 H a(KNB H 3b4!5bB�9�M�¡NaN4�B
a11, a22, . . . , ann

aN4�<EM H 6+8(9 h ?1KiaN5*3�9

det(A) = (−1)m det(∆) = (−1)ma11 · a22 · · · ann .

]-A � H 3*3b4_4�5*BU4�M
?@5bBEaN;U37¡�M�4�B s H 9@M�5�

A
T
rk(A) < n

WY4�B�9@8E¡N3�9
F[5*4LM�4!?@;U3b9@5*4�M�4�BEFU4 � M@4!5b4S6+u[?1A H 9�M@5�

∆ = (aij)

jY4!BU5*a(?19@4�BX?Y4!5bBE4 G ;U3*3 H ;[ZeF[4�M � 5 H aNKNB H 3*4�B T
aii = 0

Z��UM
A25*BEF[4S?
9�4�BE?�4!5bB
i
W¯P �LH A25�9

4!M@8 H 3�9�4�B=j
5bM/FU4�B=Z�KN3*aN4!BEF[4�Br��5*BUaN;E3 H M@5b9�¡�9�?@u�M�5b9@4�M�5*;UA\C
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�³�UM/4!5bBU4

n× n stH 9�M@5�
 A ?@5bBXFdF[5*4pZ�KN3*aN4!BEF[4!B=±I;E?@? H a(4�B=¡ ��;U5*^ H 3b4!B�9!C
Q(P

det(A) = 0
²

RUP
rk(A) < n

²
�EP�4!?�aN5*<[9/4!5bB

x 6= 0
A25�9

Ax = 0
P

7 9�<>9
	 � ��0�� ����� . � ,#�>2���( � �
� � ��� �6�>.5, � ,��(, ��
 .����%���3,
]-BrF[5*4!?@4�A ±I<E?�6+8UBU5b919/<>4�jl4�57?14!Bdj
5*M
4�5*BU4oF[4!M
j
5*6+8�9@5*a(?19@4!Bd��5ba(4�BE?�6+8 H Z©9�4�B\F[4�M � 4�9�4�M�A25bB H B�9@4NC

det(AB) = det(A) · det(B) .
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5*Br±/<E?�6+8UBU5b919_O[P �EP ��aN4S?14!8U4�B h F H ?�?
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�#3*4�A24�B�9 H M19�M H BE? qZ�K(M@A H 9�5bK(BU4�B H ;[Z#4!5bBU4 stH 9@M�5�

A
4�5*BU4�M s ;U3b9@5*mU3*5bu H 9�5bK(B�F[5*4!?@4�M stH 9@M�5�
�T�^(KNBt3*5*BUu[?�WIA25�9o?@KNaN4 q
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?@5bBXF�5*Bdkl5b37F=O[P �i?1u�5*:�:!5b4!M19SP(´µ5*M�<X4 H 6+8�9@4!B�BUK[6+8UA H 37? h F H ?@?lF[5*4L�#3*4�A24!B(9 H M�A H 9@M�5*:�4�BdF[;UM+6+8�F[5*4±IB�jl4�BXF[;UBUa�F[4!M
�#3b4!A24�B�9 H M19�M H BE?
Z�K(M@A H 9@5*KNBU4!B H ;[Z�F[5*4p�#5bBE8U4�5b9�?@A H 9@M�5�


E
4�B�9�?19@4!8U4�B P

+-,#4����>2 ��� ��2 7 9
	�� =
��4!5

M
4!5bBU4���3b4!Ai4!B�9 H M�A H 9�M@5�
0P �_H BEB=a(5b3b9!C

Q(P
det(M) = −1 h Z H 3b37? M ^(KNA �Yf�m�Q�57?19!²

RUP
det(M) = 1 h Z H 3*3*? M ^NKNA ��f�mrR¢57?19!²

�EP
det(M>) = det(M)
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?19³F[5*4 stH 9@M�5�


M
^(KNA ��f�m�Q h ?1K/57?19 ?15*4 H ;E?DF[4!M �#5*BU8U4!5�9+?1A H 9�M@5�
 E FU;UM�6+8�F[5*4���4!M19 H ; q

?�6+8�;EBUaL:!jY4!5b4!M �>4�5*3b4!B�4!B�9�?19 H BXF[4�B h jlKNM H ;X? B H 6+8�� 4�A2A H O[PbQ%nUT RNW det(M) = − det(E) =
−1

Z�KN3*a�9!P
T`R(W�]
?19LF[5*4 stH 9�M@5�


M
^NK(A �Yf�mrR h ?@K�5*?19L?@5b4�4!5bBU4 � M�4�5*4!6+u[?@A H 9@M�5�
dAi5b9IB�;UM/��5bBE?@4�B H ;[ZF[4!M � 5 H a(KNB H 3b4!B h jYK(M H ;E?YB H 6+8r� H 9�:�O�P*Q%O det(M) = 1

Z�K(3baN9!P
TV��WY]
?
9
F[5*4 s H 9@M�5�


M
^NK(A ��f�m Q h ?1K�aN5*3�9/?@KNa H M M> = M

P�]
?19�?@5*4L^(KNA �Yf�m\R h ?@Ki?@5bBXF<>4�57F[4 stH 9�M@5*:�4!B
M> ;UBEF

M
� M�4�5*4!6+u[?@A H 9@M�5*:�4�B�Ai5b9
B�;UM��#5bBX?14!B H ;[Z F[4!M � 5 H a(KNB H 3b4!BDP
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A
4�5*BU4

n× n s H 9@M�5�
�;UBEF\?@4�5 M 4�5*BU4
n× n �#3*4�A24!B(9 H M�A H 9@M�5�
«P �_H BEBda(5b3b9

det(MA) = det(M) · det(A).

+-,�,�,/.10�=
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4�B�9+?1mUM�576+8(9p4�5*BU4!MoF[4�M�<>4�57F[4�B��#3*4�A24!B(9 H M@9@M H BE?1Z�KNM�A H 9�5bK(BU4�B h H BEaN4�j H BXF�9H ;UZeF[5*4��#5*BU8U4!5�9+?1A H 9�M@5�


E
PX��K(Ai5b9/57?
9

det(M) = ± det(E) = ±1 h jlKN<>4�5 det(M) = −1aN4!B H ;=F H BEBdF[4!M/� H 3*3«5*?19 h jl4�BEB M ^(KNB ��f�m Q_57?
9SPU±/BEF[4!M@4!M�?@4�5b9�?YaN5*3b9�B H 6+8d� 4�A2A H O[PbQ%n
H ;X6+8

det(MA) = ± det(A)
A25b9

det(MA) = − det(A)
aN4!B H ;�F H BUB h jl4�BUB M 4�5*BU4!M

��4�M@9 H ;E?�6+8�;EBUaiFU4�M �>4!5b3*4�B\4�B�9+?1mUM�576+8(9 h H 37?1K24�5*BU4p�#3*4�A24�B�9 H M�A H 9@M�5�
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B
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n× n stH 9�M@5*:�4!BDP �LH BUB=aN5*3�9SCQ(P
det(AB) = det(A) · det(B)

²
RUP

det(A>) = det(A)
²

�EP
det(A−1) = 1/ det(A) h Z H 3b37? det(A) 6= 0
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��K(M�?@576+8(9SC � 5*4 �$�
4!aN4!3 �

det(A + B) = det(A) + det(B)
5*?192Z��UM

n ≥ 2
Z H 37?�6+8 TV?@5*4�8U4

±I;[Z�a H <X4�O[PbQS�(W�P
+-,�,�,/.10�=

T
Q%W G 4�8EAi4!B j
5*Mp:�;UBE¡(6+8E?19 H B h F H ?�?_FU5b4 stH 9�M@5�
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9YF H BUB
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P GLH 6+8��D4!A q
A H O�P¶R[Q_aN5*3�9/?@KNA25b9

det(AB) = det(A)[det(M1) det(M2) · · · det(Mk)] = det(A) det(B) .
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9 h F[4�BUBiF H BEBi?@5bBXF det(AB)
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A25�9
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