
EN
TW

U
R

F���������
	���
�������������������	 �
� �

!#"%$
A

" $'&("
m×n )+*�,.- $0/21(&43

B
"%$0&4"

n×r )5*�,�- $0/76(89" - "%$0&("%:<;>= -�? " - F @ !#"%$0"%& * 14A�B fB :
Fr → Fn 1(&C3

fA : Fn → Fm 3D$'"E3(1 - A�B53($0"GFH" )5*�,�- $'I "%&53D"
J4&4$0" -H, " &5K'$0&4" *�- " &5LM8(8($'K'3(1(&(N�"%&
fB(x) = Bx

1(&C3
fA(y) = Ay @(O $ -MPRQ K0K'" &S&#1(&TI%" $'N�"%&VU(3 * F�F

fA(fB(x)) = fAB(x)

N�$0K ,%@9WM*�, 6 - K0$XA�BZY Q K'N , 3($0"GFM3D$ - "%[ ,>* 14F>3D" :\LMF�F Q I $ *�, $0]#N�"%F." , I^3D" ->)5*�,.- $0I%" &(:E1(K , $ ? K0$'[ *�, $ Q &`_
x$XF ,baH*�* 14A�BT"%$0&4"

r × 1 )+*�,.- $0/(c
d

fA(fB(x)) = A(Bx) = (AB)x = fAB(x) .

e -.Q�, IG3D" :fK Q B4& , "GFgFH$XA�BVU43D$'"%Fh"%$0&4: * Ki"
/ ? K'$0I%$ ,M* 14F.I 1 - "%A�B(&4" & @j " -^k " [ ,�Q�- y = Bx
$XF , "%$0& k " [ ,.Q�- 3(" - !#[ * K *�-�?(-�Q 3(1([ , "7] Q & x

:�$ , 3D" &`l9"%$0K'" &m] Q & B U
3 @ B @ 3D$'" k no, "2; Q�Q�- 3($0& *�, " yk

_
k = 1, . . . , n)

3D"GF k " [ ,.Q�- F y
$XF , N�K0"%$'A�B

yk =

r∑

j=1

B[k, j] · xj .

j " -Rk " [ ,.Q�- z = Ay
$'F , " 89" &(Y * K'K'FR" $'& k " [ ,.Q�- 3D" - !#[ * K *�-.?(-�Q 3D1([ , "h] Q & y

:�$ , 3D"%&Sl9" $'K'" &p] Q &
A

1(&C3S3($0"
i nq, "r; Q#Q�- 3D$'& *�, " zi

_
i = 1, . . . ,m)

3D"%F k " [ ,.Q�- F z
$'F , N�K'" $XA�B

zi =

n∑

k=1

A[i, k] · yk =

n∑

k=1

A[i, k]
( r∑

j=1

B[k, j] · xj

)

=

r∑

j=1

( n∑

k=1

A[i, k] · B[k, j]
)
· xj =

r∑

j=1

AB[i, j]xj .

! Q :�$ , F.$'&43 * 14A�Bs3D$'"t; Q�Q�- 3($0& *�, "%&+] Q & z = A(Bx) = fA(fB(x))
!#[ * K *�-.?(-�Q 3D1([ , "�] Q & x:�$ , 3D" &+l9"%$0K'" &Z3D" -guv-.Q 3D1([ , : *�,.- $�/ AB U PwQ�-�* 1CF A(Bx) = (AB)x
Y Q K'N ,G@x F , A "%$0&("py z4{�|�}�{�~o�X�
���(� )5*�,�- $0/iUDF Q [ * &(&T: * &TF.$0"�:�" B - : * KXFw:�$ , FH$XA�BTF." K'84F , :E1(K , $ ? K0$'I $'" n

- " &Vd j $'"
n nq, " u�Q�, " &4I An $'F , 3 * &4& - " [#1 - FH$']�3D1 - A�B A1 = A

14&43
An+1 = AnA

3D"
JC&($0" -H,G@
���#���%���q���w�i�X�V� ���D� �����i�v�4�G�#���������q� �����S¡p¢C�9���9£`���

O $ - 8C" ,.-�* A�B , "%&m"%$0&("pLM&(I * B(Kb] Q &¥¤�6 , " - &¦_ O§*�- "%&VU j $0"%&4F , K0"%$'F , 14&(N�"%&Cc¨U©3(1 - A�B4&�14:�:�" n
- $0" -H, ] Q & 1

8($XF
n @#ª $'&("%& k "%[ ,.Q�- x = (x1, . . . , xn)

3D"%1 , "%& P $ -g* KXF ) " &4N�" & * &(N * 89" &pY«6 -3D$'"%F."7¤�6 , " -%@ j 1 - A�B�"%$0&("
n× n )+*�,.- $0/C¬ A = (aij)

89"%F�A�B - " $'8C"%& P $ - U P $0"%]#$0"%K©] Q &�3D" :
¤�1 , :�$ , 3D" -vW 1(:�:�" - j 89" $43(" -­u­-�Q 3D1([ , $ Q &�"%$0&(" -­ª $'&(B("%$ , ] Q &p¤�1 , i ]�" - 8 -�* 1CA�B ,�P $ - 3 @

O $'K0K­: * &§&#1(&
b ∈ Rn

]�" - [ * 1DY«" &VU®:E14F.Fr& *�, 6 - K'$'A�B b ?(-�Q 3D1(I%$0" -H,^P " - 3D" &VU * 8C" - I 1 nF�¯ , I%K0$XA�B P $ - 3 Ab
89" &(= , $'N , UiI 1 -ru­-�Q 3D1([ , $ Q &m] Q & Ab P $'"%3D" - 1(: A2b

UiI%1 -ru­-.Q 3D14[ , $ Q &] Q & A2b
I%14F�¯ , I%K0$XA�B A3b

U(14&43TF Q�P "%$ , " - UD$0&CFHN�"%F * : ,
x = b +Ab +A2b +A3b + · · · .

j $0"2°w"%F , $':�:71(&4N�] Q & x
_ Q B(&("23(" &�¤ - "%&(I P " -., I 1Z8C" - "GA�B(&("%&CcRK'¯�1DY , F Q d

x = b +Ab +A2b +A3b + · · ·
±7²´³�µ·¶�¸�¹�º¨»¨³·»¨¼g½¾¶�¿q½¾³·µrÀr» µ·¶�Á¾Á¾¶�¼g½ Â®Ã%½¾¶�Á¾¶H³rÄ�ÅGÂq¶H¸�³^Æ¨¶�Ç·¸qÈ�É·ÊÌË·Á¾½¾ÊÌË�Í�Ã
¶H¸«ÎVÏ�³·µ%Âo¶RÀ^Ï�Âo¸�½¾Ð�¶�³�Îi¶�¸qµG¶H³>Ñ'Å·¸Æ
Ï�³·Ð�¶­ÒC»¨Á¾º ¿qÎ©½¾¸�Âq¿oÊoË�Ï�Ñ0Âq¶�³r¶�¸q¿�Âo¶�Á¾Á Â­Ó0¼g½ ÂV¶H½¾³G½¾Æ¨¶H³>Ë%ÉG³·µ·¶�¸�ÂbÔ�¶�½¾Á¾¶�³>ÉG³·µ^Õ%Ö·Ï�Á Âo¶�³�×ÌØ
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& �G� A �

Ax = Ab +A2b +A3b + · · ·
x−Ax = b .

L KXF Q " - N�$'8 , F.$XA�B`3D$0"TN�"GFH14A�B , "�&(= , $0N�"T¤�"%F * : ,.?(-�Q 3D1([ , $ Q & x * K'F('V=�FH1(&4N53D"%FEK0$'&(" *�- " &¤�K'" $XA�B�14&(N�F�F*)DF , "%:�F
(En −A)x = b @

x &�]#$'" K'" &SL & P "%&43D1(&4N�" & ,�* 14A�B4" &t3D$'">Y Q K'N�" &C3D" & uv-.Q 8(K0"%:�" * 1(Y @ ¤�"%N�" 89" &TFH"%$0"%&�" $'&("�& *�, 6 - K'$ nA�B("2l * B(K k ≥ 1
1(&43T" $'&TN�" - $'A�B , " , " - ¤ -�*�? B G = (V,E)

:�$ , n ;r& Q�, " & V = {1, . . . , n} @�+ 6 -I P "%$(;r& Q�, " & i 1(&43 j $0& , " - "GF.F.$'" -., : * &�F.$XA�BVU Q 8�"%F�"%$0&4" & O "%N^] Q & i & * A�B j 3D" - '©¯�&4N�" k N�$'8 ,%@
O " &(& aH* U P $'" ]#$0"%K0"2F Q KXA�B(" O " N�"^N�$'8 , "%Fg$'&4F.N�"GF * : ,�, ! Q KXA�B(" +(-�* N�" & ,.- " ,., "%&S$'&4F.8C"GF Q &43D" - "^$'&
3D" - e B(" Q�- $'"^3D" - )+*�- [ Q ] n ;r" ,H, " &�B4¯�1DJ4N * 1(Y @

O " &(& P $ -�* K'K0"�:�=�N�K'$'A�B(" O " N�" * 14F ?(-.Q 8($'" - " & PwQ K'K'" &VU P $ - 3¦3 * F�I 1 " $'&(" : FH"%B - N -�Q�- " &l9"%$ ,�* 1DY Ph* &C37Y«64B - "%&Vd x : F.A�B4K0$':�:�F , "%& +4* K0KC:714F�Fb: * & * K'K'" nk
:�=�N�K'$'A�B4" O " N�" * 1CF ?(-�Q 84$0" - "%& @

)5* &^[ * &(& * 8C" - :�$ , ]#$0"%K�[#K0"%$0&4" - " :/.g"%A�B("%& * 1(Y Pw* &43 * 14F.[ Q :�:�"%&VU P " &(&^: * &23($0" )+*�,.- $'I " & * K nN�" 8 -�* ]�" -�P "%&43D" , d j * &(& - " $XA�B("%&5B(=DA�B4F , " &CF kn3 0 ? " -�*�, $ Q &(" &+]�=�K'K'$0N * 14F @ j * I 1§8C" ,.-�* A�B , " ,: * &53($0"7F Q N�" & * &(& , "21�Lg3 aH* I "%&(I : *�,�- $0/43 A = (aij)
] Q & G 1(&43�89" - "%A�B4&(" , $'B - " k no, " u�Q�, " &(I

Ak @ j $'"65>|87 {:9G�<;=9<>p{�~o}¨�@? "%$0&("GF7N�" - $'A�B , " , "%& ¤ -�*�? B("%& G = (V,E)
:�$ , 3D" - ;r& Q�, " &4:�"%&(N�"

V = {1, . . . , n} $XF , " $'&("
n× n )5*�,.- $�/ A = (aij)

:�$ , aij = 1
UDY * K'K'F (i, j) ∈ E U41(&43

aij = 0F Q &4F , _�°w$'K'3BA @!C c @
D �D�%�+�V�FE©� Gt�����4H��g�����JI ��K9�

!#"%$
G

"%$0&7N�" - $XA�B , " , " - ¤ -�*�? B7:�$ , 3D" &7;r& Q�, "%& 1, . . . , n
1(&43

A
FH"%$�F." $'&("wLg3 aH* I%" &(I%: *�,.- $�/ @x F , Ak 3D$'"

k nq, " u�Q�, "%&(Ir] Q & A U4F Q N�$'K , Y«6 ->* K'K0" 1 ≤ i, j ≤ n

Ak[i, j] =
L &(I * B(K©3(" -gO " N�"^3D" - '©¯�&(N�" k $0&

G
] Q & i & * A�B j.

����L7�#�����
O $ - 8C" P "%$'F." &Z3D"%&�! *�, Ir:�$ ,H, "%K'F x &43D1([ , $ Q &Z6(89" - k @

+ 6 - k = 1
$XF , 3($0"2°w" B * 1 ?D, 1(&(N ,�- $']#$ * K0" -.P " $XFH"r" - Y«6(K'K , UC3(" &(&Z"%F N�$'K , A1 = A

1(&C3�3D$0"
Lg3 aH* I " &4I : *�,�- $0/5I "%$0N , 3D$'"tl * B4K * K0K'" - ; * & , " &VU * KXF QT* K'K'" -rO "%N�"�3D" - '�¯�&(N�" 1

I P $XF.A�B4" &
I P " $V;r& Q�, "%& * & @!#"%$93D$'"r°R"%B * 1 ?D, 1(&4N28C" - "%$ , F­Y«6 -h* K0K'" u�Q�, " &4I " & Ar U r = 1, . . . , k− 1

8C" P $0"GFH"%& @DWM* A�B3D" - j " J4&($ , $ Q &p3D" -v)5*�,�- $0/D:71(K , $ ? K'$0[ *�, $ Q &�$'F , 3D" -vª $0& ,�-�* N Ak[i, j]
$0&p3D" - i no, "%&pl®" $'K0"g1(&C3

j nq, " &5! ?4* K , "r] Q & Ak = A · Ak−1
N�" & * 1T3 * F !#[ * K *�-�?(-�Q 3D1([ , 3D" - i no, " &5l9"%$0K'"^] Q & A :�$ ,
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x> · y = 〈x, y〉 ���#�
x · y> �

3D" - j no, "%&5! ?4* K , "r] Q & Ak−1
U43 @ B @

Ak[i, j] =

n∑

t=1

A[i, t] ·Ak−1[t, j] .

+ 6 -Ra "%3D"GF t = 1, . . . , n
U9$XF , 3D" - !#1(:�: * &43 A[i, t] · Ak−1[t, j]

N�" & * 1+3 * &(&5] Q & W 1(K'K
]�" - F�A�B($'"%3D"%&VU P " &(&

A[i, t] = 1
N�$0K , 1(&43�3(" :�I 1DY Q K0N�" A[i, t] · Ak−1[t, j] = Ak−1[t, j]

$'F ,%@j * Ak−1[t, j]
& * A�B x &43(1([ , $ Q &4F.] Q�-�* 1CF.F." , I 1(&(N�3($0"�L &(I * B(Kb3D" ->O " N�"�3D" - '�¯�&(N�" k − 1

* &4N�$'8 , U­3D$'"S] Q & t
& * A�B j

Y«64B - "%&VU�1(&43¦FH$XA�B * 1DY«N - 1(&C3 3D" -�ª /#$XF , " &4IZ3(" - ; * & , " (i, t)_
A[i, t] = 1

c a "G3D" - 3D$'"%F." -rO " N�"�I%1m"%$0&4" : O " N�3D" - '©¯�&4N�" k ] Q & i & * A�B j Y Q�-., F." , I%" &KX¯�F�F , U ,�- ¯�N , 3D" - !#14:�: * &43 A[i, t] ·Ak−1[t, j]
N�"%& * 1�3D$0"hL &(I * B(K(3(" -�O "%N�"h3D" - '�¯�&(N�" 1+

(k−1) = k
] Q & i _�6(89" - t ci& * A�B j I%1 - !#14:�:�"

Ak[i, j]
89" $ @ j * 6(89" -�* K'K0"hl P $'F�A�B("%&([#& Q�, " &

t
FH1(:�:�$'" -., P $ - 3iU(N�$08 , Ak[i, j] P $0"^89" B * 1 ?D, " , 3D$'"�l * B(KVF�¯�: , K0$XA�B(" -gO "%N�"^3D" - '©¯�&4N�" k

* &©U(3D$0"^$'&
G

] Q & i & * A�B j Y«6(B - "%& @ �

�	��
 ��
������������������! #"�$%�&"��# (')
*��+

!#$'&43
x,y ∈ Fn I P "%$(! ?4* K , "%&#]�" [ ,�Q�- " &VU·F Q [ * &4&7: * &�FH$'" * 14A�B * KXF n×1 )5*�,�- $'I "%&E89" ,�-�* A�B , " &-,

x> 1(&43
y> FH$'&43�3 * &(& 1×n )5*�,�- $'I "%& @ j * F )5*�,�- $'I "%& ?(-�Q 3(1([ , x> ·y $XF , 3 * &(&E&($'A�B , F * &43D" - "GF

* K'F�3 * F�!#[ * K *�-�?(-�Q 3(1([ , 〈x,y〉 @·O¥* F�$'F ,�* 8C" - x·y> , j * x
" $'&("

n×1
1(&C3

y> " $'&("
1×n )5*�,�- $0/$XF , UD$'F , 3 * F u­-�Q 3D1([ , x · y> "%$0&4"

n× n )5*�,.- $�/ A = (aij)
:�$ , aij = xi · yj

_�F.$'" B("^°w$0KX36A @ . c @°w" * A�B , " * 8C" - Ui3 * F.Fr3D$'"%F." )5*�,�- $0/+FH"%B - [#K0"%$0&("%& . * &(NSB *�,G@iª FrN�$'K , &4¯�:�K'$XA�B
rk(x · y>) ≤ 1Y«6 -^* K0K'" x ∈ Fm

1(&43
y ∈ Fn

d j $0"
i nq, "�! ?4* K , "p3D" -r)+*�,.- $0/ x · y> $'F , "%$0&(Y * A�B¥3 * F yi n Y * A�B("

yix
3("%F k " [ ,�Q�- F x @j * F )5*�,�- $'I "%& ?(-�Q 3D1([ , " - K * 1(8 , 1(&4F%Ui3D" & . * &(N rk(A)

3D" -�)5*�,.- $0I%" & * 14A�B * &C3D" - F I%1+89" nF�A�B - " $'8C"%& @ x &s]#$'" K'" & LM& P " &C3D1(&(N�" &s" - :�=�N�K0$XA�B(" &¥3D$'"%F." * K , " - & *�, $0]�" &s°w"%F�A�B - "%$0841(&(N�"%&VU©3D"%&. * &(Nr& * A�B Q 89" & * 8(I 14F�A�B4¯ , I "%&VU Q B(&4"g$0B(&p3 * 8C"%$("
/ ? K'$'I $ , I 1�8C" - "GA�B(&("%& @ l91(&4¯�A�B4F , B * 89" & P $ -3D$'"�Y Q K'N�"%&43D"0/ &(N�K0"%$'A�B#1(&4N4d

rk(AB) ≤ min {rk(A), rk(B)} . _ A @21 c
j * I%1 - " $XA�B , "%FbI%1�89" Q 8 * A�B , " &VU�3 * F.Fb3(" - ! ?C* K , " & -�* 1(:<] Q & AB " $'&(" e " $'K0:�"%&(N�"g3D"GFv! ?4* K , " & n
-�* 1(:�"GFg] Q & A 1(&4353(" - l®" $'K0"%& -�* 1(: ] Q & AB " $'&(" e " $'K0:�"%&(N�"73("%F�l®" $'K0"%& -�* 1(:�"%Fg] Q & B $XF , dj $0"

j nq, "w! ?4* K , "­] Q & AB $XF , 3D$'"R3D1 - A�B23D$'"
j no, "h! ?4* K , " bj

] Q & B N�" N�" 89" &(" 'V$'&(" *�- [ Q :784$0& *�, $ Q &
Abj

3D" - ! ?4* K , "%&S] Q & A @
D �D�%�+�V�43�� Gt�«�G���·���D�G�65C�87T�:9������%���9����� ���#�<;T�(� KC�

!#"%$
A = (aij)

"%$0&("
m×n )+*�,.- $0/�6(89" - " $'&("%: ;>= -�? " - F @ j * &(&TFH$'&43�3D$'" Y Q K0N�" &43(" &�3 - " $L 1CF.F * N�" &SI 1Z3D" - LM14F.F * N�" rk(A) ≤ r ¯>=�1($0] * K0"%& ,G@


