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u = proj U (x) 0 �() x
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4�57698�:<;�=?>A@�B�C#DE@�F�G�BH:<I3JKJLBMJKGON�>QP�=(R7=�SUTV=�W�BK8�S x ∈ V X�Y[Z]\3X�^7_/Y�` @�:OJba*5#F�F�=
x = u + w FcGdB u ∈ U 5#eAR w ∈ U⊥

R#@�SfJLBK=�:d:<=�e	C(DH=�S�TV=�W�BK83S u = x−w >#=�G<g�BhR#@�e#eQR7Gd=bikjKl�m Xfn�_/Y l Z�o 8*R#=�SUlj _9p l ` l Z]qr<X ikjfl%m X�n_/Y l Z-st38�e x @�5#6 U 5#eARvuUGdS�RwFcGdB u = projU (x) x =�4�=�GON�>#e#=�B o JLG<=�>A=zy$G<:ORw{AC | s C
}c~*��������~��$���O���	� �?���*�(~��-�����]��~�������������~����]���������9�#�7�(���]�������]���h��~� ��9�(¡7�

¢ uk=�GEu$=�G�Bv=�e�BL69=�SKe�B�:<= x =�e�R7=£a7¤#Gd=�:d=�S x =�JKG�Bf4�=�e¥4�uk=�GH;�Sf8�g3=¦DH@�BK=�e x @�e#W�=�e o 4�u$=�GH:O@�e#;3=TV=�W�Bf8�Sf=�e s v1,v2 ∈ Rn 5#eAR�uk8�:<:d=�e x =(J�BfGdF�F�=�e	§�8 x v1 = v2
;3Gd:dB�C�¨©GdeA=wª�«3;�:<G<N�>#W3=�GdB

uMI�Sf=�§�R#@3JKJVR7=�S©=�S�JLBK=ba*¤#G<=�:<=�S¬JK=�G<e#=�ec;�@�e#4�=�ecTV=�W�BK83S v1
t�=�SfJfN�>#GON�W�B�C�DHGd=bH8�F�F®5Ae#GdW@�BKG<8�e

GOJ�B¯@ x =�SQBK=�5#=�S(°V±�²#SEP�=�R7=³t�=�SfJfN�>#GON�W�BK=¯Sf=�=�:d:<= ¢ @�>#:MF®5AJfJcF´@�e�§VJf@�;�=�e�uUG<S�§ 1e 4�@�>#:<=�e�C
DH=�JK>A@�: x GOJ�BVR7G<=�JK=$µ	«3JK5#e#;HJK=�>AS�BK=�5#=�S(°ª¦@�e®F®²AJfJ�Bf=$G<eAJK;�=(JK@�FzB ne x =�4�@�>#:<=�e�C o ª¦@�e®W@�eAe4�=�Gd;3=�e�§�R#@�JfJ?=�J¶G<e£=�G<e#=�SQJL83:<N�>#=�e£a7G�Bf5A@BfGd83e�§�G<e�R7=�S¶e*5#Sz4�u$=�G$a*¤#G<=�:<=�S¶t38�Sf>A@�e�R7=�e£JLG<eAR-§
@�5�N�>¯e#GON�>3B x Gd:<:<Gd;3=�Sk;�=�>�B(C s©· GdSke#=�>AFc=�e�R7=(JL>A@�: x @�e�§�R#@�JfJ¬=(J©e#87N�>¯=�GdeA=�e�R7SfGdBLBK=�ewa*¤#G<=�:<=�S;�G x B(§�R7=�SQR7G<=¯¸©Sf8�P�=�W3BfGd83e projU (v) = (x,x) t�83e v = (v1,v2)

@�576bR7=�e�TV=�W�BK83SKS�@�5#F
U = {(u,u) : u ∈ Rn} =�Sf>AI�:�B(C
· G<=³JKG<=�>�B�R#=�e#e¹R7Gd=³¸©Sf8�P�=�W�BKG<8�e projU (v) @�5AJ�ºv¨©G<e»TV=�W�BK8�S (y, z) ;�=�>#«�SKB�4�5 U⊥;�=�eA@�5¼R#@�e#e�§©uk=�e#e 〈(u,u), (y, z)〉 = 0 5AeAR�JL83F�G�B�@�5AN�> 〈u, z〉 = −〈y,u〉 69²#S q�r[rdXTV=�W�Bf8�Sf=�e u ∈ Rn ;3Gd:dB�CMDE@»R7G<=�JwG<e x =�JK8�e�R7=�Sf=�@�5�N�>¼69²#S�R7Gd=�¨©G<e#>#=�GdBfJKt�=�W�BK8�Sf=�e ei =

(0, . . . ,0,1,0, . . . ,0) ;3=�:dBK=�e´FQ5AJfJ�§ x =(J�Bf=�>�BkR7=�SM½HSKBK>#83;�83eA@�:<Sf@�5#F U⊥ @�5�J©@�:<:d=�e¯TV=�W�Bf8�Sf=�e
(y,−y) F�GdB y ∈ Rn C�DE@�>A=�ShG<JLB (v1,v2) = (x,x)+(y,−y) 69²#SV=�G<e y ∈ Rn C�D,=�S�TV=�W�BK8�S
y GOJ�B,@ x =�SbW�=�GdeA=�F¾R#=�SHa*¤AGd=�:d=�S x =�W@�e#e�B�°]D,=�Sb=�S�JLBK=®a*¤#G<=�:<=�S,W�=�eAe3Bbe*5#S v1 = x + y §�R7=�S4�uk=�GdBK=?a*¤#G<=�:<=�SMW�=�e#e�B$e*5#S v2 = x−y §*5#eAR�R7=�SUR7SfG�BKBK=?a*¤#G<=�:<=�SMW�=�e#e�B$e*5#S x C#a*G<=HFQ²AJfJL=�e@�:OJK8v=�e�BfJfN�>#=�GOR7=�e	§-8 x y = 0

;3Gd:dB�C	¨¬J¶GOJ�BzG<e�BK=�Sf=�JfJf@�e�B�§-R#@3JKJ?e*5#e 6e t�«�:<:<Gd;�@�5�JLSf=�GON�>#=�e	°¿ 5AS,R7G<= ¢ @�>#:<=�e ‖v1‖ § ‖v2‖ 5#eAR ‖x‖ F®²AJfJL=�ewW38�F�F®5Ae#Gd4�Gd=�SLBMuk=�S�R7=�e�À7¨$JU;�G<:�Bbe�I�F�:dGON�>
‖x‖ = ‖x− y‖ = ‖x + y‖ ⇐⇒ y = 0 .

Á X�Â¬X�YOÃ °	D,G<=´ÄUGON�>3Bf5#e#; (⇐) G<JLBHBfSKG<t*G<@�:�C ¿ =�>#F�=�eÅuUG<SEe*5#e£@�e	§ÆRA@�JfJ ‖x‖ = ‖x − y‖ =
‖x + y‖ ;3Gd:dB�C�DH@�e#e³;�G<:�Bb@�5�N�>

‖x‖2 = ‖x− y‖2 = 〈x− y,x− y〉 = ‖x‖2 − 2〈x, y〉+ ‖y‖2 ,
‖x‖2 = ‖x + y‖2 = 〈x + y,x + y〉 = ‖x‖2 + 2〈x, y〉+ ‖y‖2 .

Ç 5#6�@�R#R7G<=�SKB¶=�Sf>A@�:dBK=�e�uUG<S 2‖x‖2 = 2‖x‖2 + 2‖y‖2 §-uk8�S�@�5AJ ‖y‖ = 0 5#eARÅJL83F�G�Bz@�5�N�>
y = 0

6983:d;�B�§ARA@ Rn =�Gde³=�5AW�:<GOR7G<JfN�>#=�SkTV=�W�BK8�SfS�@�5#FÈGOJ�B(C
�

DH=�SU=�5#W*:dGOR7GOJKN�>#= Ç x J�B�@�eARv4�uUG<JfN�>#=�ev4�uk=�G-TV=�W�BK8�Sf=�e x 5AeAR y uUGdS�Rw@�:<J ‖x− y‖ R7=�É�e#Gd=�SLB(C


