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��������� (∗) ���! √a2 = |a| "$#&%'��()( � a ∈ R " � (+*�,.-/1032 �&4!5 /76�298

‖x + y‖2 = 〈x + y,x + y〉
= 〈x,x〉+ 〈y,y〉+ 2〈x,y〉
= ‖x‖2 + ‖y‖2 + 2〈x,y〉 5&��: � , �  
, /1632 �����;�+�  � 4
≤ ‖x‖2 + ‖y‖2 + 2‖x‖‖y‖ <����>=�?�@�A
BC=�? � ��%EDGF'4&*3( ��� =�?H�&4&*
= (‖x‖+ ‖y‖)2 .

�
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l � 4 �m��� 4&"7��=�? � � �>� % �;� =�?�, � * �mn!� (+* � %E�&4!*o���! p5 � :rqK�� �  E���! 
,����! s=�?! s��,sDut � 4vBH, ��� 4 � ,ED �  Q,T5 �+�w ��,� E�3=�? ��x 5&�3 E � 4zy � 5 � :|{ ��} , � %s%����&: V ?!~H=�?> 
, � 4! dimV { ��} , � % � 4T( � 4 � ��%��&4!� � ?!��4&* � *p ��� 4} ~�4&4 � 4X-
���!�����7�7�&���X�1�H��� ���1���H�d�.�7���d�.�.�.�d���&�d�>�

B � 4!5 v1, . . . ,vm ( � 4 � ��%��&4!� � ?!��4&* � * � { ��} , � % � 4 � 4 ��� 4 � :�( � 4 � ��% � 4��'���!:�5 � %Z� � : � 4! �)� 4
n x  � * � (�, m ≤ n -

� �)�  � w ��,� E�3=�? ���  Q,�5 � %b�V�! Q*���4&*� Q�!�&4 } ,Z5 � %b � * � 4!��4!43, � 4� ¢¡�£$¤&¥.¦�¡§¦�¡�¨'©�ª¬«\¡s­�¨E¡�«¯®G© °�¡�±�¨E­ x 5 �+���� % ��� ,s �t �+� ( � �V4 ��� 4>5C�&4&* � 4 � 4m5 � %�� �  } % � , � 4m²¢��,s? � :³��, �+} �&4!5 � 4m5 � %�´µ4C" � %E:³��, �+} * � "$�&4!5 � 4
?!��,�-
� �)� ��(+(+* � : ��� 4 � ´
5 ��� 5 �+�  � %§² � ,s? � 5 �¶�  Q,§5 �)� " � (+* � 4!5 � 8 FV:·5 �)� �'4!D���?!( n 5 � % l ( � : � 4�, ���� 4 � % � 4>5C( � =�? � 4m² � 4&* � X = {x1, . . . , xn} 4!�3=�? �3�>� 4m� � D��! s=�?!��,sD � 4 x % ��� =�?�, �  ��� 4 �'� 4�y ��} , � t �� �&�&� (+5C�!4&* f : X → Fd D�� }3� 4! Q,E%s� �+� % � 4 x  � 5&�3 E ¶5 �+� { ��} , � % � 4 f(x1), . . . , f(xn) ( � 4 � ��%

�&4>� � ?!��4&* � *T � 4!5h-&�'�> ;5 � %K´µ4�y ��} , � t � ,s��,'t � 4 f " � (+*�, n ≤ |F|d -!¸ � ( � 4&*�,;�&4> ;� ��� % x 5 �)� ( � 4 � ��% �
FV4!� � ?>��4&* � * }���� ,�5 � %u{ ��} , � % � 4 f(x1), . . . , f(xn) D��¹D ��� * � 4 x  �º� %E?>��(), � 4 �;� % ��� % ��� ,s ��» � � A
4 � 4�, �+� (+( /Q¼ 2 ���  s � % �z����� % � BC=�?&%���4 }3� n ≤ dim Fd = d -&½ � %'5 � : � 4! 
,s% �+� % � 4�5 �)�  � ² � ,E? � 5 � ��4
5C% ��� q ���  Q� �+� ( � 4�-¾FV4! � % � %s Q, �  uq ���  Q� �)� (� s=�? ��� 4�,¶ � ?&%¶ Q� �+� ( � % �  E=�?vD��¿ ��� 4 x¾�  uD ��� *�,¶� ��� %¶5 �+�À ���&�C, � 5 ��� 5 � %'² � ,s? � 5 � -l � 4 �m} ( ��� 4 � BH,s��5C,u4!��: � 4! TÁ l t � 43, ��� 4!Â / � 4&*�(L-¾Á � t � 4!ÂÄÃÅÁ.* � %���5 � Â 2 ?!��, n l � 4 ��� ?&4 � %.-
�z� � 4O5 � %�BH,s��5C,�4 � =�?�,mt �+� (G( �  �  
, x ?!� �>� 4O5 �+� l � 4 ��� ?!4 � % ��� 4 � � } , � t � ,���,�* � "$�&4>5 � 4 8 B �+�
t � %� Q�!=�? � 4º:¶~3*�( � =�?> 
,;t �)� ( � t � %� s=�? �)� 5 � 4 � { � % ��� 4 � D�� �&� (+5 � 4X->�z�¯D��Æt �+� ( � { � % ��� 4 �  s=�? ��� %;D��}3��� %s5 � 4 �+� % � 4º � 4!5 x ?>��,V5&�3 ;�'��,s?!���! ��� 4 � � � * � ()�!4&*¯? � %����! E* � * ���>� 4 8/ � 2 5 �+� �'4&D.��?&(X5 � %V² � ,E*3( �+� 5 � % � 4uy � 5 � :Å{ � % ��� 4º:T�! s '°3¡�¨E­�¦3¡u ��� 4 x/ �+� 2 5 �+� �'4&D.��?&(X5 � %'* � : ��� 4! s��: � 4º² � ,s*�( �)� 5 � %K"$#!%�y � D ����� { � % ��� 4 � :T�! E '°�¡�¨E­�¦3¡u ��� 4X-
½ �+� t �+� ( � { � % ��� 4 ��} ~�4&4 � 4�5 �+� l � 4 ��� ?&4 � %��&4�, � %¶5 �+�  � %¶� � * � (+�&4&* �!� (Ç5 � 4�È�� �+� �'4�, ��� %E,�  
, ��� 4C"7�3=�? 8 n ��()(Ç p��(+( � l � 4 ��� ?&4 � %§t � %s? ��� %s��, � ,z � 4!5 xh} ~�4!4 � 4É �+� : � 4!5 �  
, � 4! 2bn/2c { � % ��� 4 ��&� (Ç5 � 4ÄÊ �  §% ��� =�?�, x 5&�3 E �y � 5 � %T²¢��4&4¹���!=�?É ��� 4 �³n %����v: � ,E4 � :¯:�,�-¾�G�3 �  Q,�t �)� (bD��vt �+� (�"$#&%��� 4 �  �³} ( ��� 4 � B�,s�35H, ¼ F':Ë5 �+�¶Ì %s5&4��!4&* � 4¢5 � %GB�,���5H, �;�+� 5 � %V? � %sD��! Q, � ()( � 4 x!�  Q,G5&�3 '�'��,s?!���> 

* � D � �!4&* � 4 x 5 �+� �V4&D���?&(>5 � %�{ � % ��� 4 � 5C%��� Q, �  E=�?³D��m% � 5C�&D �)� % � 4X- l  �  
,K� ��� %�4 � =�?�, � %E(Ç��� � , x 5 �+�
� � * � ()�&4!* }3� :¯�&( � ,E,K�!:¶D��! s=�?&% ���)��� 4�Ê � %s(+��� � , �  
,'4H�&%u¡�ª¬«É¡�ª¬«HÍ�ª�°�¡9Î¢Ï¯¥�¨9£�D��Æ��4!5 � %s4X-l � 4 l � 4 ��� ?&4 � %�?!��,�5 � 4¯" � ()* � 4!5 � 4³{ � %� E=�?!(+��*z* � :³��=�?�, 8 l %� � ,ED �V��� 4C"7��=�?m5&�3 �½ � %E,KÁ&°�¡Ð¨s­�Ñ
¦3¡�Â � 4 / � 2 5C�!%s=�?oÁ\ÒC«�°�¡Ð¨s­�¦�¡HÂH- l % �>� ?!���&�&, � , x 5&�3 E �5&��4!4�?&~C=�?! Q, � 4! n t � %s s=�? �+� 5 � 4 � { � % ��� 4 �
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* ���&� (+5 � , ��� %�5 � 4 } ~34&4 � 4 ¼ �G�3 ��'��,E?!���! � ��%pt � 4v5 �)�  � : { � %� s=�?&(+��*º �o�>� * ���  Q, � %Q, x 5&�� s �  
���!=�?º5 � 4��V��: � 4Æ5 � %VB�,���5H,Gt � 4ÆÁ l t � 4�, ��� 4!Âu���C"�Á Ì 5&5H, ��� 4!Âu* � ��4!5 � %E,K?>��,�->� �+��n %���* �z�  Q,
4H�&4 xC�3� 5 �)�  � q � ?>���&�C,s�&4&*¯# ��� %s?!���!�C,' 
, � :¯:�,9È
�¶�H�d�����! "�¾��#����7�%$X�'&)(+*!*� ��-,³�/.

À ��, Ì 5&5H, ��� 4 n l � 4 ��� ?&4 � % x  �¯} ~34&4 � 4�?&~C=�?! Q, � 4! n { � % ��� 4 � * ���&� (Ç5 � , ��� %�5 � 4�-
�¶�0,u�H�7�3�

B ���)� 4 A1, . . . , Am ⊆ {1, . . . , n} ��(+( � :¯~�*�( � =�? � 4O{ � % ��� 4 ��x 5 �+�Ä� 4 Ì 5!5H, ��� 4O* ���&� (Ç5 � ,��� %�5 � 4 } ~34&4 � 4�- n&� %s: � (+(X �+� ?�,'5 �+� 4 � � � � � * � ()�!4&*¶" � (+* � 4>5 � %s:³��1 � 4����! 82 -�"$#&%'��(+( � i :u�! s |Ai| ÒC«H°3¡�¨E­3¦�¡T ��� 4 x0 -�"$#&%'��(+( � i 6= j :T�! E |Ai ∩ Aj | °�¡�¨E­�¦3¡u ��� 4X-½ � % ��� ()( � 4§D ��� * � 4 x 5&�� s X5&��4&4 m ≤ n * � (�, � 4p:T�! E �- n #&% ��� 4 � 4p{ � % ��� 4 Ai ⊆ {1, . . . , n} ��� vi ∈ {0,1}n  ��� 4¢´µ4&D � 5 � 4&D�t ��} , � % x 5h-E?X- vi ?!��, l � 4! � 4 � 443 �  � , �+� 4 � 4 j : � , j ∈ Ai�&4!55�'�&(+( � 4� � 4! Q,�-�½ � 4&4 �;� %�5 �)� ´µ4&D � 5 � 4&D�t ��} , � % � 4³��(Ç �{ ��} , � % � 4³# ��� %;5 � :76V~3%E� � % Z2��� ,E%���=�?�, � 4 x 5h-E?X- ��� 4&4 �;� %;: � 5C�&( � 2 % � =�?&4 � 4 x 5&��4&4 } ~34&4 � 4 �;� %K5 �)� 4 � � � 4º� � * � (+4º �
�&:³ s=�?&% ���)��� 4 8

〈vi,vj〉 =
{

1 "7��(+(+ i = j 8
0 "7��(+(+ i 6= j -

B ��� 4H�&4 ∑m
i=1 λivi = 0 ->�G��4&4�* � (),;"$#&%Zy � 5 �  j = 1, . . . , n

0 = 〈0,vj〉 =
m∑

i=1

λi〈vi,vj〉 = λj 〈vj ,vj〉︸ ︷︷ ︸
=1

= λj

�&4!5 5&��: � , λj = 0 "$#!%¯��()( � j -b� �  Q?!��( �  � 4!5 5 �+� { ��} , � % � 4 v1, . . . ,vm ( � 4 � ��%¶�!4!� � A
?!��4&* � *!-b�V�! m5 � %m� � : � 4! �)� 4! s E=�?&%���4 }�� / 6 � % � (+(+��%:9!- 2<; 2 " � (+*�,m5&��? � %m5 �+� F'4!*�( ��� =�?��!4&*
m ≤ dim Zn

2 = n - �

� � %¾" � (+* � 4!5 � BC��,sDKD ��� *�, ��� 4 ����� 4!5C%s�!= }  Qt � (+( � % � �'4 ��� 4!5C�&4!*z5 � %�� � : � 4! �)� 4! s E=�?&%���4 }�� -.� �+�  � %
BC��,ED �  
, ��� 4 � %¶5 � %=6 � %E4> E��,ED �¯� 4�5 � %¶ � * � 4!��4&4�, � 4¹ÁÐ� �  � *34 w ? ��� %s@CÂH-d� � 4 BH� � D � ��(�"7��()( / "$#&%
k = 1

2 ?!��,'�p-s��- n¾�  Q? � % � :?>3��?&% � 2<@�A0B �����;�+�  � 4X-
C �% "D¢���FEHG�� I;�7�.�d���-J)�:K��!#��7�H�7�^�L�¾��#

B ���)� 4 A1, . . . , Am t � %s s=�? �+� 5 � 4 � w ��� (): � 4&* � 4�t � 4 {1, . . . , n} : � ,;5 � % l � * � 4> E=�?!��"¬, x 5&�3 E 
y � D ����� w ��� (): � 4!* � 4�5 �)� *3( ��� =�? � �'4&D.��?&(�* � : ��� 4! s��: � % l ( � : � 4�, � ?!� ��� 4 x 5h-Q?�-�"$#&% ��� 4
" �  Q, �  k �&4!5o��(+( � i 6= j * � (), |Ai ∩ Aj | = k -&�z��4&4o* � (), m ≤ n -

�¶�0,u�H�7�3�
� �)�  Q:³��(G��% �>��� , � 4 �;� %�# �>� %�5 � :M6G~�%s� � % R 5 � %m% ��� (+( � 4ON\��?&( � 4�-�B � 4!5 v1, . . . ,vm ∈
{0,1}n 5 �+� ´µ4&D � 5 � 4&D�t ��} , � % � 4mt � 4 A1, . . . , Am

x  � * � (), 〈vi,vj〉 = |Ai ∩Aj | -&F'4! � %PN �+� (�  
,³D�� D ��� * � 4 x 5&�3 E ¯5 �+� { ��} , � % � 4 v1, . . . ,vm ( � 4 � ��%T�!4!� � ?>��4&* � * / # ��� %m5 � :Q6G~�%s� � %
R
2  � 4!5h-\�G��4&4o" � (+*�,§5 �)� q � ?!���!�C,E�&4!* m ≤ dim Rn = n ���! V5 � %G� � : � 4! �)� 4! E s=�?&%���4 }3�/ 6 � % � (+(Ç��%R9&- 2"; 2 -
½ � %V"$#&?!% � 4 ��� 4 � 4¢½ � 5 � %s E�&%s�!=�?! �>�������  '5&�&%s=�?Æ�!4!5Æ4 � ?&: � 4���4 x 5!�� s '5 �+� ´µ4&D � 5 � 4&DÐA

t ��} , � % � 4 v1, . . . ,vm ( � 4 � ��%�� � ?!��4&* � *p � 4!5h-H�z��4&4³* �)� , �  b% ��� ()( � N\��?&( � 4 λ1, . . . , λm : � ,
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∑m
i=1 λivi = 0 �!4!5 λi 6= 0 "$#&%': � 4!5 �  Q, � 4! ��� 4 i -C½ ��� , � %s? � 4o* � (),

〈vi,vj〉 =
{
|Ai| "7��()(Ç i = j 8
k "7��()(Ç i 6= j -

/ 9!- A 2

�'�> 〈x + y, z〉 = 〈z,x + y〉 = 〈x, z〉+ 〈y, z〉 �!4!5 / 9&- A 2 " � ()*�,

0 = 〈0,0〉 =
〈 m∑

i=1

λivi,

m∑

j=1

λjvj

〉

=

m∑

i=1

λ2
i 〈vi,vi〉+

m∑

i=1

m∑

j=1
j 6=i

λiλj〈vi,vj〉

=

m∑

i=1

λ2
i |Ai|+

m∑

i=1

m∑

j=1
j 6=i

λiλjk
��� * � 4 / 9&- A 2

=

m∑

i=1

λ2
i (|Ai| − k) + k ·

( m∑

i=1

λi

)2 F':¶" � %E:T�&4&* .
l  �  
, } (Ç��% x 5&�� s |Ai| ≥ k "$#&%K­�©¬©)¡ i * � (�, � 4�:T�! s ��&4>5 |Ai| = k "$#!%b¤�����¤�Î9£µ¡Ð«!ÎK¡�ª¬« i * � (), � 4} ��4&4 x 5!�� � 4! Q,p5 �)� l � * � 4! E=�?>��"¬, |Ai ∩ Aj | = k t � %s( � ,ED�, � ��% � ->½ � % �;�  E � 4Ä���!=�? x 5&�3 E 
4 � =�?�,K��()( � 6 �H��� D �+� 4�, � 4 λ1, . . . , λm *�( ��� =�? �'�&(+(h � 4!5h-&B � 4!5�: � 4!5 �  Q, � 4> �D ����� t � 4 � ?&4 � 4
�&4&*3( ��� =�? �'�&(+( x  ���  Q, �>� % ��� ,� z5 �)�¶� %� 
, � BC�&:¯: � �&4&*3( ��� =�? �'�&(+(L-h´
 
,§4H�&% ��� 446 ����� D �+� 4�,
�&4&*3( ��� =�? �V�&()( x  � :u�> E d5 �)� D ����� , � BH�&:¯: � �&4!*�( ��� =�?'�V�&(+(3 ��� 4X-Ð´µ4 ����� 5 � 4 n ��(+( � 4 � %s?!��(�, � 4�;� % ��� 4 � 4º½ � 5 � %� Q�!%E�!=�?�- �

FV4! � %b4!�3=�?! 
, �  �q ���  E� �)� (!D ��� *�, x 5&�� s �:³��4¯: � , À � (�" � 5 � %�� � : � 4! �)� 4! E s=�?&%���4 }3� 4 � =�?�,b4H�&%��V�! 
A
 s��* � 4¢# ��� %p² � 4&* � 4 ���������  � 4Ä � 4!5 � %E4¢���!=�? ��� 4 � * � Á.: � % }H� #&%s5 � * � Â ÌG� y ��} , �T}3� 4! Q,E%s� �+� % � 4} ��4!4X-!� �)�  Q:³��(h* � ?�, �  K�&:  � * � 4!��4&4�, � Á��'��:³ � @�Aµ¸z%����!? � 4!ÂH-
N��!% l % � 4&4 � %E�!4&* 8 l � 4 ��� ©�ª
	�Ò!¡ � 4 ��� 4 � : ¸z%����&? � 4 G = (V,E) �  Q, ��� 4 � w ��� (+: � 4&* � S ⊆ V

5 � % 6§4 � , � 4 x  � 5&�3 E pD �;�  s=�? � 4oy � D ����� 6§4 � , � 4 � 4 S ��� 4 � 6p��4�, � ( �)� *�,�- l � 4 � ÒC«\­�±�¤���«�°�ª�°3¡
 �¡�«�°�¡ � 4 G �  
, ��� 4 � w ��� (+: � 4&* � T ⊆ V 5 � %�6§4 � , � 4 x  � 5&�� s �D �;�  E=�? � 4�
3¡Ðª¬«\¡Ð«ÆD ����� 6§4 � , � 4� 4 T ��� 4 � 6p��4�, � ( �+� *�,�-�B ��� r(G) 5 �)�;} ( ��� 4! 
, � N\��?!( r x  � 5&�3 E �5 � %�¸z%s���&? G ��� 5 � % ��� 4 � <�( ��� � �
4 � =�? ��� 4 � �&4!� � ?!��4&* � * � ² � 4!* � : � , r 6§4 � , � 4 �>�  � ,ED�,�-
¸z%����&? � 4É: � , } ( ��� 4 � : r(G)  � 4>5É � ?!%p: � % }H� #&%�5 � * ��ÌG� y ��} , � 8 À ��, ��� 4�¸z%����&? G }���� 4 �

*3% � 1 � 4T<�( ��� � � 4 x  � :u�! s � %¾% � (+��, � t ��� 4 � * � 6p��4�, � 4 � 4�,s?!��(), � 4 8.5!��4&4u � (+(), ���  ¾� ��� % ��� 4 � *3% � 1 �
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