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#%$ &'$)(+*�,
-).�/ |M | = n 021 /43657.98:.9/<;�.�=?>@/4.BA:.�CED�FHGHI�FH=HJK>@FH3�L�CNM�=O>@FHP I�/4Q�=R=ED�L�C

n 0 M�;�I n = 0 S;�QT/4;�I'=H/<L�C IU;'V9FW57.98:.9/<;�.�= 0 -).�/X=)FH= n > 0
FH=E>

M = M ′ ∪ {w} Y /ZI |M ′| = n − 1 0[ D�L�CKM�=E>@FHP I�/4Q�=O;�\�Q�3�D�FE;U;�.9I�V�FH=HJ].9^@/4;�I�/4.93�I
C ′ ⊆ B Y /_I |C ′| = |M ′| = n − 1 S ;�Q`>HD�;�;

B′ = (B \ C ′) ∪M ′ .9/4=H.aA:D�;�/<;b\�Q�=
V

/<;�I 0Ec D�=H=ed<f�;U;�Ig;�/4L�C
w

D�d<;ihj/4=H.�D�3�P�Q Y 5E/Z=ED�I�/4Q�=

w =
∑

u∈B\C′

λuu +
∑

v∈M ′

λvv

;UL�CH3�.�/Z57.9= 0�1 f�3U.9=kD�d4dZ.
λu Y /ZI

u ∈ B \C ′ J�dZ.�/4L�C 0 S ;�QmlnQ�d4J�IU. 1 ·w+
∑

v∈M ′(−λv)v = 0/ Yo1 /<>@.�3U;�GH3UFEL�CpV�FH3qd4/4=H.�D�3�.�=erq=ED�5ECEf�=HJ�/ZJ�P�.�/_Ig\�Q�=
M 0Es d<;�Qt.u^@/<;�IU/Z.�3�Ig.�/Z=

u ∈ B \ C ′

Y /_I
λu 6= 0 0 [ D�L�Cvhj. YkY DNw 0 x)y /<;�Ip>HD�=E=

(B′ \ {u}) ∪ {w} = (B \ C) ∪ M Y /_I
C = C ′ ∪ {u} .9/4=H.zAbD�;�/4;:\�Q�=

V 0 �

{}|@~����j�Z�7� , �p(���$)��*�(+�7�
M�;�I

V
.�/Z=?.9=E>HdZ/<L�C�.93UV9.�FHJ�IU.93zd4/4=H.�D�3�.�3��gD�F YeS ;�QT57.�;�I�.9C Im��.�>@.BAbD�;�/4;'\�Q�=

V
D�FE;%>@.�3

J�d4.9/<L�CH.�= s =HV�D�CHd�\�Q�=���.�P I�Q�3U.9= 0jc /4.�;�.]��D�CHd�CH.9/4��I'�'���k�9�H���+�!�?\�Q�=
V

FH=E>�8i/43U> Y /ZI
dimV

57.9V�.9/<L�CH=H.9I 0
� D�=p\�.93U.9/4=)5ED�3�IbD�FEL�C

dim {0} = 0 0
#%$ &'$)(+*�,

-)/4=E>
B

FE=E>
B′ A:D�;�.�=k\�Q�=

V S ;�QalnQ�d4J�I�D�FE;X-@D�I�Vqw 0 x �HS >HD�;�; |B′| ≤ |B| FE=E> S /4=E>@. Y Y D�=
>@/4.z�iQ�d4d4.9=B\�Q�=

B
FH=E>

B′ F Y P�.�CH3�I S |B| ≤ |B′| 0 �

¡p�E¢!�7£+£ | ¢ �¤�4��� ,
M�=%��.�>@. Y .9=O>@dZ/<L�C@¥�>@/ Y .�=E;�/ZQ�=ED�d4.9=p��.9P I�Q�3�3�D�F Y V

P!D�=H= Y D�='��.�>@.¦dZ/4=H.�D�3iFH=ED�5HCEf�=EJ�/4J�.
� .�=HJ�.

M ⊆ V 5H/<;iV9FB.9/4=H.93gAbD�;�/<;b\�Q�=
V

.93U8:.9/ZI�.93U= 0

#%$ &'$)(+*�,
M�;�I

M
=HQ@L�CWP�.9/4=H.]AbD�;�/<;a\�Q�=

V S >ED�=H=WJ�/Z5@I�.�;z.�/Z=E.9=W��.9P IUQ�3
x ∈ V \ span(M) 0§c /4..93U8:.9/ZI�.93�I�. � .�=HJ�.

M ′ = M ∪ {x} /4;�Ia>HD�CH.�3aD�FEL�C�dZ/4=H.�D�3�FE=ED�5HCOf�=HJ�/ZJ 0 M�;�I M ′ / YkY .93
=HQ@L�CKP�.�/Z=H.tAbD�;�/<;¦\�Q�=

V S >HD�=H=K8i/Z.�>@.93UCHQ�d4.6>HD�; s 3UJ�F Y .9= I Y /ZI
M ′ D�=O;�I�D!I�I M S FE;�8 0

c Dk=ED�L�C`-@D!IUVzw 0 x�� P�.�/Z=H. � .�=HJ�.¦d4/Z=E.�D�3iFE=ED�5HCOf�=HJ�/ZJ�.93b��.9P I�Q�3�.�=p/4=
V Y .�CH3qD�d4;

dimV��.9P IUQ�3U.9=B.9= I�CED�d_IU.9=eP!D�=H= S ;�/4=E>B8i/Z3i/4=
dimV − |M | -HL�CH3�/ZI�IU.9=pln.93�I�/4J 0 �

�j�4¨}�4© ª (+�2$ | ¢«$�¬t­2­2(�£+®2¯��2°O$)�
-).�/Z.�=

V
FE=E>

W
V98:.9/¤d4/4=H.�D�3�.¦�gf�F Y .¦±H57.93q.9/4=H. Y³²�´ 3UG7.93 F 0Hc'0 C 0 V FH=E>

W
;�/4=E>eD�57.9d<;�L�CE.

µm3UFHGHG7.9= Y /_Ig.�/Z=E.93iV9FO;�f�I�V9d4/<L�CH.9=T¶�GO.�3UD�I�/4Q�=t·t>H.93 � FEd_IU/ZGHd4/4P«D�I�/4Q�= Y /_I�-@P«D�d4D�3�.�= 0¸ /4=H. s 5H5H/4d4>@FE=HJ f : V →W
CH.�/Z��Iz¹
���7��º!» S l+D�dZd<;:ln±H3qD�dZd4.

λ ∈ F
FH=O>

u,v ∈ V J�/4dZI�¼
½ 0 f(λu) = λf(u) ¾
y@0 f(u + v) = f(u) + f(v) ¾ >@/4.a.93�;�IU.z-)F YkY .a/Z=

V S >H/Z.aV�8X.�/_IU.m/4= W 0M�=E;�57.�;�Q�=E>@.�3�. Y FO;�;b8:.9J�.9=�¿ ½�À D�FEL�C f(0) = 0
J�.9dZI�.�= 0



EN
TW

U
R

F��� ��� �_"����9
��������
	a� �����

+
f ( )

+(f ) = + f ( )

αα

) = f ( )

f ( )

λ λ(f

λx x

xx

x f ( )

f ( )x x

x
x y

y

yy

y


 �
���6��� �����:
������ "�	m�
	 ���
" ��"��<��� ����"��W�
" �«��� α �
��	 
��U���!����" 
 �
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�� �����}��" �!�
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���!��	�
��"	#	a�X�$�&%'��� �(����
������������ ���!��")���U
��j� "������ f(x) � "*� f(y) %��
�q�����������
������:
������ "�	+����� �}��" �!�����

x + y
�

#%$)(+*-,2(�$ £ �¤�4�7¨ ,
c /Z.z>@FE3UL�C

f(x, y) = (x+ y, y)
J�.9J�.�5O.�=H. s 5H5H/4d<>@FH=HJ�. f : R2 → R2 /<;�Ibd4/4=H.�D�3 0 r Y >HD�;

V9F`V�.9/4J�.�= S ;�.9/4.9= u = (x, y)
FH=E>

v = (x′, y′)
V�8X.�/j5O.�dZ/4.95E/ZJ�.0/�FH=HP IU.z/Z=T>H.93 ¸ 57.9=E.

R2 0
c D�=H=eJ�/4dZI�¼

f(λu) = f(λx, λy) = (λx + λy, λy) = λ(x + y, y) = λf(x, y) = λf(u) ;

f(u + v) = f(x+ x′, y + y′) = (x+ x′ + y + y′, y + y′)

= (x+ y, y) + (x′ + y′, y′) = f(x, y) + f(x′, y′) = f(u) + f(v) .

µm.9=OD�FE;�Q]/<;�Ia>@/4. s 5H5H/4d4>HFH=HJ f(x, y) = (2x,2y)
d4/Z=H.�D�3 07c /4. s 5H5H/4d4>@FE=HJ f(x, y) = (x +

2, y + 2)
/<;�IkD�57.93'=E/4L�C I�d4/4=H.�D�3 S >HD f(0) = f(0,0) = (2,2) 6= 0

J�/4dZI 0§c /4. s 5H5H/4d4>@FE=HJ
f(x, y) = (xy, y)

/4;�I§D�FEL�Cz=H/<L�C I2d4/4=H.�D�3 S >HD f(u+v) 6= f(u)+f(v)
ln±H3

u,v ∈ (R\{0})2J�/4dZI�¼ c /Z.bV9FE32.�3U;�I�.�= ² Q Y G7Q�=H.�=�IU.�J�.9C ´ 3�/4J�.�rq=HJ�d4.9/<L�C)FH=HJm/4;�I (x+x′)(y+y′) 6= xy+x′y′ 0
#%$)(+*-,2(�$ £ �¤�4�21 ,

1 /43B57.uIU3UD�L�C I�.9= >H/Z.�3�.�.9d4dZ. ¸ 5O.�=H.
V = R2 D�d<;p��.9P I�Q�3�3�D�F Y ±H57.93

R 0ic D�=H= /<;�I`>@/4.
c 3�.�C FE=HJ f F Y .�/Z=E.9=kln.�;�I�.�= 1 /Z=EP�.9d

α
F Y >@.�= [ FHd4dZGEFH=HP IX.�/Z=H.qdZ/4=H.�D�3�. s 5H5H/4d4>HFH=HJ S 8i/Z.

Y D�=zD�FE;}A:/4d4>'w 043 D�5Hd4.�;�.9=¦P!D�=H= 0X1 /43}8:Q�d4dZ.�=z>@/4. s 5E5H/Zd<>@FH=EJ f =)FH=]�6587�¹
��99�;:j5O.�;�L�CE3�.�/Z57.9= 0
c D�V9Fp=H.9C Y .�=p8i/43b>@/Z.z- I�D�=E>ED�3�>@5ED�;�/<; {e1, e2}

\�Q�=
R2 Y /ZI

e1 = (1,0)
FH=O>

e2 = (0,1) 0< .�>@.�3���.�P�IUQ�3
(x, y) ∈ R2

/<;�Ia>HD�=E=�.9/4=H.khj/4=H.�D�3�P�Q Y 5H/Z=OD!I�/4Q�=
(x, y) = x1e1 + ye2

>@.93
AbD�;�/4;�\�.�P I�Q�3U.9= 0�1 .9J�.9=`>@.93gh}/Z=E.�D�3U/ZIUf!Ig>@.�3 s 5H5E/Zd<>@FH=HJ f Y FE;U;i>HD�CH.93

f(x, y) = f(x1e1 + ye2) = xf(e1) + yf(e2)

J�.�d_IU.9= 0�c /Z.%��.9P I�Q�3�.�=
f(e1)

FH=E>
f(e2)

d<D�;U;�.�=T;�/<L�CTd4.9/<L�C�I¦D�FE;mA:/Zd<>�w 0 = D�5Hd4.�;�.9= 0Ks d<;�QJ�/4dZI

f(x, y) = x(cosα, sinα) + y(− sinα, cosα) = (x cosα− y sinα, x sinα+ y cosα) .

< .�>@.¦d4/Z=E.�D�3U. s 5H5E/Zd<>@FH=HJ f : V →W
>@.8>E=E/Z.�3�IiV98:.9/}dZ/4=H.�D�3�.¦�gf�F Y .t¿+;�/Z.�CH.aAX/4d<>ew 0 ? À ¼

½ 0�@#A ¹�¹_»�º A � Null f = {x ∈ V : f(x) = 0} ⊆ V ¾
BDCFEHGJILKMGNKMO4PHQSR�TVU"EWPWX�Y�T�UWGNKMO4Z�KMP+[\O4G

f(x, y)
Y^]VR_]^]

f((x, y)) `
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α
(cos   , sin   )αα

(1,0)
.

(0,1)(-sin   , cos   )α α .

α
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 �����
���«���!�M�9
���"
e1 = (1,0) � "*� e2 = (0,1) �W��"

R2 �
	 ����" �W�
" �«�U� α �

.

00

.

V W

f u(  )f
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BildNull f f


 �
���t��� �F���b�U
��X� �
� 
�����	 Null f ��"*�)���U
 
 �
����
��9��	 Bild f �

y@0	� ��¹�
!»�º A � Bild f = {f(x) : x ∈ V } ⊆W 0
{}|@~����j�Z�
� , �p(���$)��*�(+�7��*�� �E¢!��$)£����}¢p£+(+�2$ | ¢!$`¬t­2­2(�£+®2¯��2°7$ �

-).�/Z.�=
V

FH=E>
W

V�8X.�/).9=E>@d4/<L�C@¥ >H/ Y .9=O;�/4Q�=ED�dZ.:d4/Z=H.�D�3U.:�qf�F Y .:±H5O.�3�.9/4=H. Y ²q´ 3�G7.93 F
FH=O>

;�.9/
f : V →W

.�/Z=E.md4/4=H.�D�3�. s 5E5H/Zd<>@FH=EJ 0 M�;�I dimV = n S ;�QkJ�/ZdZI

dim Bild f = n− dim Null f .

#%$ &'$)(+*�,
-).�/

k = dim Null f
FH=E> ;�.�/

v1, . . . ,vk
.9/4=H.�AbD�;�/4;k\�Q�=

Null f 0 [ D�L�C ² Q�3UQ�d4d4D�3kw 0 x wP ´ =H=H.�= 8i/43T>@/4.�;�.�AbD�;�/<;p5E/4;`V�F .�/Z=E.93`AbD�;�/4;
v1, . . . ,vk,vk+1, . . . ,vn

>H.�;eJ�.�;�D Y IU.9=
�gD�F Y .�;

V
.�3�8:.9/ZI�.�3�= 0 -@.9/ B = {f(vk+1), . . . , f(vn)} 0�1 /43t5O.�CED�FEG@I�.�= S >HD�;�; B .�/_¥

=H.eAbD�;�/4;'\�Q�=
Bild f

/<;�I S 8XQ�3UD�FE; |B| = dim Bild f
FH=O>N;�Q Y /_I6D�FOL�C

n = k + |B| =
dim Null f + dim Bild f

lnQ�d4J�I 0�7F�V9.9/4J�.�=j¼
B

/4;�I�dZ/4=H.�D�3§FH=ED�5ECEf�=HJ�/ZJ 0�s =HJ�.�=HQ YkY .9= S .�;2J�/45@I�.9/4=H.bhj/4=H.�D�3�P�Q Y 5E/Z=ED�I�/4Q�=
n∑

i=k+1

λif(vi) = 0

Y /_I Y /4=E>@.�;�I�.�=E;%.9/4=H. Y λi 6= 0 021 .9J�.�=?>@.�36hj/4=H.�D�3�/ZIUf�I�\�Q�=
f
d4/Z.�J�I6>@.93%��.9P I�Q�3

x =∑n
i=k+1 λivi

/Z=
Null f S >H.9=H=e.�;bJ�/ZdZI

f(x) = f
( n∑

i=k+1

λivi

)
=

n∑

i=k+1

λif(vi) = 0.
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c D�>H/Z.`.�3U;�I�.�=
k
��.9P I�Q�3�.�=

v1, . . . ,vk
.�/Z=H.`AbD�;�/<;�\�Q�=

Null f
5H/Zd<>@.9I S P!D�=E= Y D�= >@.�=

��.9P IUQ�3
x

D�FOL�CND�d<;%.9/4=H.Bh}/Z=E.�D�3UP�Q Y 5H/4=ED�I�/4Q�=
x =

∑k
i=1 λivi

>H.93k.93�;�IU.9=
k
��.9P I�Q�3�.�=

>HD�3U;�I�.�dZd4.9= 0 -@Q Y /_Ig.�3�COD�dZI�.9=B8i/43
k∑

i=1

λivi = x =

n∑

i=k+1

λivi

Q@>@.93`f���FE/Z\!D�d4.9= I
λ1v1 + · · · + λkvk − λk+1vk+1 − · · · − λnvn = 0 0ic D?D�5O.�3`>@/Z.

��.9P IUQ�3U.9=
v1, . . . ,vn

.�/Z=H.kAbD�;�/4;�\�Q�=
V

5H/4d4>@.�= S¤Y ±O;�;�.9=�D�d4dZ. ² Q).��kV�/Z.�= I�.9=�FH=E>�>HD Y /ZI
D�FOL�C

λi
J�d4.9/<L�C [ FHd4d};�.9/4= 0 ¸ /4= 1 /<>@.�3U;�GH3UFEL�C 0�7F V9.9/4J�.�=j¼

Bild f ⊆ span(B) 0 -).9/ f(x) ∈ Bild f
ln±H3e.�/Z=

x ∈ V 0i1 /43`;�IU.9d4dZ.�=
x =

∑n
i=1 λivi

>@FH3�L�Ce>@/Z.zAbD�;�/<;�\�.9P I�Q�3�.�=]>HD�3iFH=E>p.93UCED�dZI�.�=

f(x) = f(λ1v1 + · · ·+ λkvk + λk+1vk+1 + · · ·+ λnvn)

= λ1f(v1) + · · ·+ λkf(vk) + λk+1f(vk+1) + · · ·+ λnf(vn)

= 0 + · · ·+ 0 + λk+1f(vk+1) + · · ·+ λnf(vn).

-)Q Y /ZIg/<;�I
f(x)

D�d4;b.�/Z=H.zh}/Z=E.�D�3UP�Q Y 5H/4=ED�I�/4Q�=]>@.�3i��.9P I�Q�3�.�=p/4=
B

>HD�3UJ�.�;�IU.9d4d_I 0 �

�j�4¨}��� ¡p�j�E¢!®2(+� |@~ $)�

c .93m=Ef�L�CO;�IU.%-@D�I�V'.�3�P)d<f�3�Iq8bD�3UF Y .�/ZJ�.9= I�d4/<L�CT.9/4=H.�AbD�;�/<;qD�FEL�C��uAbD�;�/<;	�%J�.9=ED�=H= I�8i/43U>¤¼ < .�>@.�3
��.�P�IUQ�3i/<;�I��9��� 
�� A : ��
pD�d<;b.9/4=H.zhj/4=H.�D�3�P�Q Y 5H/Z=OD!I�/4Q�=p>@.93gAbD�;�/<;�\�.9P I�Q�3�.�=]>HD�3�;�I�.9d4d45ED�3 0�78:.9/¤d4/Z=E.�D�3U.��qf�F Y .

V
FH=E>

W
;�/4=E>��<�9�!�6�!»�7
� S l+D�dZd<;b.�;:.9/4=H.��9� �9����:����!�'dZ/4=H.�D�3�. s 5H5E/Zd<>@FH=HJ

f : V →W
J�/Z5HI 0

{}|@~��T�j�Z��� ,
-).�/

V
.9/4=B.�=E>@d4/4L�CH¥ >@/ Y .9=E;�/4Q�=ED�dZ.�3:d4/4=H.�D�3�.�3b�qD�F Y ±E5O.�3g.9/4=H. Yo²q´ 3�G7.93 F 0

½ 0 M�;�I B ⊆ V .�/Z=H.zAbD�;�/<;b\�Q�=
V S ;�Q6d4f�;�;�Ig;�/<L�C%��.�>@.�3g��.9P I�Q�3

x ∈ V D�F@l�
��9�7º A �u�����
1 .�/4;�.aD�d<;b.9/4=H.zhj/4=H.�D�3�P�Q Y 5H/Z=OD!I�/4Q�=p>@.93i��.�P�IUQ�3U.9=eD�FE;

B
>ED�3�;�IU.9d4dZ.�= 0

yH0 M�;�I dim V = n S ;�Q%/<;�I
V

V�FB>H. Y ��.�P I�Q�3U3�D�F Y Fn /<;�Q Y Q�3UGHC 0

M�=E;�57.�;�Q�=E>@.�3�.'J�/4d_I�¼OM�;�I
F
.�/Z=�.9=E>HdZ/<L�CH.93 ²q´ 3�G7.93 Y /_I

q
¸ dZ. Y .9= I�.�= S ;�Qt57.�;�I�.�C IX��.�>@.93m��.9P I�Q�3�¥

3�D�F Y V ⊆ Fm
>H.93 c / Y .9=O;�/4Q�=

n (n ≤ m)
D�FE;bJ�.�=ED�F |V | = qn

��.�P I�Q�3U.9= 0
#%$ &'$)(+*�,

�7F�¿ ½�À ¼¤-).�/ B = {v1, . . . ,vn} Y /_I
n = dimV

.�/Z=H.%AbD�;�/4;i\�Q�=
V

FH=O>T;�.�/
x ∈ V 0Oc .9=��.9P IUQ�3

x
P!D�=E= Y D�=B8:.9J�.�=

V = span(B)
D�d4;:.�/Z=H.ah}/Z=H.�D�3UP�Q Y 5H/4=ED!IU/ZQ�=
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