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+-,/.10�2�2�,43�,/5�687:9<;8682>=?;�@/3�,BA�@/,BC�D�3�,/5�687:3�DFEG.H@B@/.�6?7I.�J�.H6>DF@K7I5MLN5�@/O�.H682&.�P�Q#D�R�.H6SDF;87�T

+ 0 1 x 1 + x
0 0 1 x 1 + x
1 1 0 1 + x x
x x 1 + x 0 1

1 + x 1 + x x 1 0

· 0 1 x 1 + x
0 0 0 0 0
1 0 1 x 1 + x
x 0 x 1 + x 1

1 + x 0 1 + x 1 x

UV,BPW7I.�J�.H6YXZ2�D�7�7M2�D�7[.H3:\�D�7!Q].�J�P#DF@K7[6^;�P].�,/6`_�,/68Oa,K7:3*T<b�.*2&.�7Mc<@B.HQ].�6�3?deD�;�R�.�P#2&.HQ
fg;8@/@BA�5�@/h^6�5�QWiMJ8D�3#.H,B6jQ!;�@/3�,BA�@B,/C�DF3�,Bk�.�7]lm6^k�.HP�7I.*7Hn<o^5�QM,/3#,B7I3

Z2/p(x)
.H,B6Vprq�P�AG.HPMQ],43

22 = 4
cs@/.�QM.�6�3�.H6utv+-,B.�7�.HP-p-q�P�AG.HP

GF (4) = ({0,1, a, b},+, ·) J8D�3wDF@K7I5#k^,B.HPrcs@/.�QM.�6�3�.;�682x2&,/.w0�2�2&,/3�,B5�6�7:9y\�,/.zDF;8{�JW=?;8@43�,/A�@B,BC|DF3�,B5�687I3�D�E�.�@/@B.H6S7I.�J�.H6WLN5�@BO�.H6�2&.HP�Q#DFR�.�6#DF;87-dNQ],43
x 7→ a

;8682
1 + x 7→ b

i}T

+ 0 1 a b
0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0

· 0 1 a b
0 0 0 0 0
1 0 1 a b
a 0 a b 1
b 0 b 1 a

.

0gEG.HPM6�,K{�J�31LN~�P-�:.�2&.*7!��5�@Bh^6�5�Q
p(x)

,K7I3
F[x]/p(x)

.H,B6�prq�P�AG.HP*Tu��.}3�P�D�{�J�3�.W2�DF��;��H;8Q
��.H,K7IA8,/.�@Y2&,/.1=�;�@43�,/A8@/,BC�D�3�,B5�6�7:3�DFEG.H@B@/.
,B6

Z2[x]/(x
2 + 1)

T

· 0 1 x 1 + x
0 0 0 0 0
1 0 1 x 1 + x
x 0 x 1 1 + x

1 + x 0 1 + x 1 + x 0

U�D�7
Z2[x]/(x

2 + x + 1)
��;�.�,/6�.�Q�p-q�P�A�.�P[O�.HQ#D�{�J�3]J8D�3*X<,K7:3W2�D�7�7#2�D�7M�y5�@/h^6�5�Q

p(x) =
x2 + x + 1

.�,/6����)���������H�e�H�/�}�W���F�����G�F��~�EG.HPW2�.HQ�p-q�P�A�.�P
Z2

,K7I3�X<2�t�JYt�.�7]O�,BE&3]C�.�,/6�.S�H\�.H,
��5�@Bh^6�5�Q].

f(x)
;�682

g(x)
k�5�6]C^@B.H,B6�.HP�.HQ��zP�D�2[Q],/3

p(x) = f(x)g(x)
t^=�DF6]C�DF686M��.H,BO�.�6>de\�,/P

\�.HP�2&.H6S2&,B.�7�6�,K{�J�3�3�;�6�i)X�28D�7�7�.*7�LN~�Py�:.�2&.w�<P�,BQM�*DFJ�@
p
;�682�LN~�Py�:.*2&.wA�5�7I,/3�,Bk�.z68D�3�~�P�@/,K{�J�.1�vDFJ�@

n ≥ 1
.H,B6?,/P�P�.*2&;���,/E�@B.�7���5�@/h^6�5�Q

p(x)
k�5�Q �zP�D�2

n
~�EG.HPr2&.�Q p-q�P�AG.HP

Zp
O�,BE&3�t8c<,/6�7�5�@K{�J�.*7

��5�@Bh^6�5�Q¡C�DF6�6xQ]D�6W\�,B.r,B6x2&.HQ�5�E�,/O�.H6W��.H,K7�A�,/.�@�EG.H6^;&3��H.�6YX�;8Q¢2&.H6��wD�@/5�,B7�prq�P�AG.HP
GF (pn)��;�C�5�687I3�P�;�,B.HP�.H6Yt

£�¤¥£ ¦j§s¨¡©zª:«�¬�«®­
¯Z°rªI«u±1²w³j«u´8°-±g«u±¶µ�±¸·g«Y¹º­w¯Z°-ª:«u±r«Y»
«u±g«
¼!�e�z½�¾��&�*�}�a¿y¾�À&�/�H��À8¾�Ág���H�!�4�e�����SÂg��Á¥Á�½��H�]¾�Ã�À&ÁeÄg¾����/�}�
¾��v���H���!�K��Á�Å��}�8�HÃ�À8�}��Æs�}��Ç�È 9jÉu.H5�AG5�@K2SpwP�5�6�.�{�C�.HP

+-,/.]@B.}3��H3�.#o&{�J�q�A&LN;�6�OS2&.�7w=?.�687�{�J8.H6�,K7:3
2&,B.M=�.H6�O�.[2&.�Pw7�5�O�.H68D�6�6�3�.�6�Ê*C�5�Q]A�@B.}Ë&.�6Ì�vDFJ�9
@B.H68Í^t�+r,B.�7�.!�vDFJ�@B.H6>7�,/682>D�;87�2&.HQÎUa;�6�7�{�J>.H6�3�7:3�DF682&.�6YX�7�5�@K{�J�.w�z@B.H,K{�J^;�6�O�.H6S\�,/.

x2 + 1 = 0��;x@Bq�7�.H6Yt�lmQÎÉuD�;&LN.w2&.HP�b�D�J�P�.rJ8DF3�2&,B.�7���;�2&.�P�=�.H6�O�.
C
X&EG.HC�DF6�6�3�DF@K7�2�,/.
=?.�6�O�.z2&.HPgÊ*C�5�QM9

A�@B.}Ë&.�6S�vDFJ8@/.�68Í^X�O�.}LN~�J8PI3*t^+-,B.�7�.-=?.�6�O�.-E�.*7:3�.HJ�3�D�;87�DF@B@/.�6WO�.�5�P�2&6�.}3�.H6W�ZD�DFP�.H6
z = (a, b)

2�.HP
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P�.H.�@/@B.H6Ì��DFJ�@B.H6YXv2�t�JYt�DF;87-�<;�6�C�3�.H6�,B6a2�.HPwc<EG.H6�.
R2 t�+-,/.MP�.�.H@B@/.�6Ì�vD�J�@/.�6 a ∈ R

7�,/6�2�2�DF686
�<;86�C�3�.1k�5�6>2&.HP��85�P�Q

(a,0)
Q],43

a ∈ R � 28D�7�7�,/682>2&,B.
�<;�68C�3�.!2&.�P x 9m0�{�J87I.�t�+r,B.M�vD�J�@ b ,B7I32&.�P��)�#¾H½������F�)Á �H����k�5�6
z = (a, b) � 2�,/.*7I.�P��u.�,/@Y.�6�3�7�A�P�,K{�J�3�2�.HP y 9 p-5^5�P�2&,B68D�3�.�t^=�DF6SE�.��H.�,B{�J�68.}32&,B.xp-5^5�P�2&,/6�D�3�.�6�k�5�6
z = (a, b)

D�;8{�J DF@K7
Re z = a

;�682
Im z = b

t +-,/.>o^;�Q]Q].x;�6�2�2�D�7
�<P�5&2&;�C�3r7�5�@K{�J�.HP��ZD�D�P�.w7I,B682S2&.���6�,/.�PI3r2�;�P�{�J

(a, b) + (c, d) := (a+ c, b+ d)
;�682

(a, b) · (c, d) := (ac− bd, ad+ bc) .

+-,/.�o&;�Q]QM.?,K7I3xDF@K7I5 DF@K7].H,B6�.�Ê*O�DF6��>6�5�P�Q#DF@B.�Í�C�5�QMAG5�68.H6�3�.�6�\�.H,K7�.>o^;8QMQ].�2&.�P��Z.HC�3�5�P�.H6
,B6

R2 2&.��86�,B.HP�3�t�fg;�PM2�D�7!�<P�5^2�;�C�3[7I,B.HJ�3!.H3:\�D�7!Ê*Q#DFO�,B7�{�J8Í>DF;87�t +-,B.�7�.�Ê}=�D�O�,B.�ÍS\�,BP�2 D�E�.�P
k�.HP�7�{�J^\�,B682&.H6uX8\�.H6�6�\�,BPw2�D�7-�ZD�DFP

z = (a, b)
D�@B7z2&,B.Mo^;�Q]Q].

z = a + bi
7�{�J�P�.H,BEG.H6YX�\�5�E�.�,

i =
√
−1

DF@K7�.H,B6�.�Ê*68.H;�.���DFJ�@KÍ-de5&2&.HP .H,B6�.��<DFP�,KDFE�@B.*iGQ],/3y2&.�PYc<,BO�.H6�7�{�J8DFL�3
i2 = −1

k�.HP�7:3�DF682&.�6
\�,BP�2Yt�+-,B.�7�.S68.H;�.?Ê��vD�J�@BÍ�.H6�3�7�A�P�,B{�J�3]2&.HQ �ZD�DFP

i = (0,1)
;8682 Q#D�6 6�.�6�6�3]7�,/.Ì���#¾H½����������

�����&À��H��Á}T

i2 = (0,1) · (0,1) = (0 · 0− 1 · 1, 0 · 1 + 1 · 0) = (−1,0) = −1 .

+-,/.xo�{�J�P�.�,/E^\�.H,K7I.MDF@K7
o^;�Q]Q].
a + bi

,K7:3
A�P�DFC�3�,K7�{�JYX�2�DSQ]D�6Ì7�5>2&,/.]~�E8@/,K{�J�.H6�_�.*{�J�.H6�P�.HO�.H@B6
LN~�PrP�.�.H@B@/.1�vDFJ8@/.�6�EG.H6^;&3��H.H6>C�DF686Yt�o^5]O�,B@/3g�H;�QÎ��.�,B7�A�,B.H@

(a+ bi) · (c+ di) = ac+ bci+ adi+ bdi2 = (ac− bd) + (ad+ bc)i .

=�D�6xC�DF686S7�,B{�J�@/.�,B{�J�3�~�EG.HP��H.H;8O�.H6uX^28D�7�7�2�,/.
=?.�6�O�.
C
2&.�P�C�5�Q]A�@B.}Ë&.H6?�vDFJ8@/.�6x.H,B6�.�6Sp-q�P�A�.�P

EG.H��~�O�@B,B{�J�2�.HP[7�5�2&.��86�,B.HP�3�.�6�0�2�2&,/3�,B5�6�;�6�2 =?;�@/3�,BA�@/,BC�D�3�,/5�6�E�,B@B2&.H3�t�+-D�7!68.H;&3�P�D�@/.#c<@B.HQ].�6�3
EG.H��~�O�@B,B{�J�2&.�Pw0�282&,43�,/5�6�,B7I3

0 = (0,0)
;�6�2Ì28D�7wD�2�2�,43�,/k�.Mlm6^k�.HP�7I.[k�5�6

z = a + bi
,B7I3 −z =

(−a) + (−b)i tu+-D�7w6�.H;�3�P�DF@B.Mcs@/.�QM.�6�3!E�.��H~�O�@/,K{�J�2&.HP1=?;8@43�,/A�@B,BC|DF3�,B5�6�,K7:3 1 = (1,0)
de\�,/.*2&.HP

.�,/6�.wP�.H.�@/@B.!�vDFJ�@¥n i�;�682>2�D�7�Q[;�@/3�,BA�@/,BC�D�3�,/k�.zlm6^k�.HP�7I.zk�5�6
z = a+ bi

,B7I3

z−1 =
a

a2 + b2
− b

a2 + b2
i .

d ��.*D�{�J�3�.�X�2�D�7�7
a2 + b2 6= 0

LN~�P�DF@B@/.
z 6= 0

O�,/@/3�X^2&.H686�DF;�7
a+ bi 6= 0

LN5�@BOF3
a 6= 0

5&2&.�P
b 6= 0

t i
�<P�5�EG.�T

z · z−1 = (a+ bi) ·
( a

a2 + b2
− b

a2 + b2
i
)

=
(a+ bi) · (a− bi)

a2 + b2
=
a2 + b2

a2 + b2
= 1 .

�G;8P �Z.�P�D�687�{�J�DF;�@B,B{�J^;�68O�2&.HP]=?;�@/3�,BA�@B,/C�D�3�,/5�6 EG.H6^;&3��}3]Q]D�6 2&,B.S7�5�O�.H68D�6�6�3�.����F�/¾���Ç��*�����F���G¾�!
Ám�}�v��¾F����Ám�H�����&��½�2&.HP
C�5�Q]A�@B.}Ë&.H6 �vDFJ�@B.H6ut c<,B6�.]C�5�QMA8@/.HË^.x�vD�J�@

z = a + ib
XY2�t�JYt�.H,B6Ì�<;�6�C�3

(a, b)
,/6>2&.�Pgc<EG.H6�.

R2 X�,K7:3g2&;�P�{�J>0g6�O�DFEG.
,/J�P�.�7�0rE87I3�DF6�2&.�7���;�Q fr;�@/@BA�;�68C�3

|z| =
√
a2 + b2

;�6�2S2�.�7�UV,B6�C�.�@B7
θ
X82&.�6>2�.HP-o�3�P�D�J�@Yk�5�6

0
2�;�P�{�J

z
Q],43z2&.HPgP�.H.�@/@B.H6>0�{�J87�.wE�,/@K2&.H3�X8.�,/6�2&.H;&3�,/O

EG.�7I3�,BQ]Q13�d ��,B@K2#"&t%$�i)t =�DF6�6�.�6�6�3 |z|, θ 2�,/.����F�/¾���Ç��*�����F���G¾�Ám�H�Vk�5�6 z tu+r.�P1UV,B6�C�.�@ θ J�.H,BRF32�D�7'&-� ½��&�]�H�8Á-k�5�6
z
X
θ = arg(z) � .�7
,K7I31E�,B7
D�;&L�O�DF68�H��D�J�@B,/O�. �-,/.�@4LeD�{�J�.]k�5�6 2π

.H,B682&.�;&3�,BO
EG.�7I3�,BQ]Q13�ty+r,B.�dNP�.H.�@/@B.�n i1�vD�J�@ |z| J�.�,/R�3!2&.HP (-�HÁ ��¾�½ak�5�6 z t +r;�P�{�JÌO�.H5�Q].}3�P�,K7�{�J�.]+-.��86�,/3�,B5�62&.*7�p-5�7�,B6�;�7<;�682�o^,/6^;87�.HP�O�,BE&3�7I,K{�J

a = |z| cos θ
7�5�\�,/.

b = |z| sin θ d ��,/@K2)"�t $�i)t^+-D�QM,/3�.HP�O�,BE&3
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i

θ

sin θ

cosθ

|  |z

Im

−b

Re

 = a − ib

z = a + ibb

a1

z

�  ��4"W�F� �F���v�*�4�}$�
|����$I"� 4����	:
���"��}$�� 	:
���� �������|��� z = a + bi �

ξ

αθ
=eiθ

θ α+

z = r ei α

z = r ei (       )θ+ α

Im

Re

ξ

�  ��4"#�F� ���
	u ���
�� ���%	: �	��� �
*��	: 4���]�
 %	 ξ = eiθ 
 |ξ| = 1 
 %&
��< $�
�	s
� ���
���$:
��
����� ���®"�
����  ���
*
�� θ �
	u ���
�� ���%	: �	��� �
*��	: 4���]�
 %	<
� ���
�$ 
|���
	���
���
��M�8�H���8 �� 	��H���m�

� ���
���$:
�� � 	m$:
�� 
 �������

7�,B{�J�LN~�P
z
2&,B.1+zDFP�7:3�.H@B@/;�68O

z = a+ ib = |z|(cos θ + i sin θ) .

UÌ.H6�6[Q#DF6
i
D�@B7 .H,B6�.�Ê��vD�J�@BÍgQ],43Z2&.HP�c<,BO�.�687�{�J8D�L�3

i2 = −1
EG.}3�P�D�{�J�3�.}3*X*2�D�6�6!C�D�6�6!Q#DF6[C�5�Q[9

A�@B.}Ë&.z��DFJ�@B.H6WD�;8{�J],/6x2�.HP ���&�/�}��� �HÃ�À��H���u�F�)� 2�DFP�7:3�.H@B@/.�6?dN\�,BPs\�.HP�2&.H6W2&,B.�7s,/6W0rE87�{�J�6�,/3I3�����t �
EG.H\�.H,K7I.�6YX�7�,/.�J�.
��.�,B7�A�,B.H@�����t%$���i}T

cos θ + i sin θ = eiθ .

�G;�7�D�QMQ].�6�Q],/3r2&.HPg7�5�O�.H68D�6�6�3�.H6 ��5�P�Q].H@�k�5�6>=?5�,Bk^P�.]de7�,B.HJ�.10r;&LNO�D�E�. "&t�� ��i

(cos θ + i sin θ)n = cosnθ + i sinnθ

LN5�@/O�3-2�DFP�DF;�7HX828D�7�7�LN~�Pz2&,/.[C�5�QMA8@/.HË^. �8;�6�C�3�,B5�6
ez 2&,/.!O�@B.H,K{�J�.H6?��5F3�.H6���P�.*{�J�.H68P�.�O�.H@B6S\�,/.[,/Q

_�.�.H@B@/.�6xO�.H@/3�.H6ut�!gQ¢��\�.�,GC�5�Q]A�@B.}Ë&.w��DFJ�@B.H6
z1 = r1 · eiθ1

;8682
z2 = r2 · eiθ2

,B6���5�@KDFP�C�5^5�P�2&,/9
68DF3�.�682�DFP�7I3�.H@B@B;�6�O1��;WQ!;�@/3�,BA�@B,/��,/.�P�.�6YX^P�.�,B{�J�3s.*7�D�@B7�58X�2�D�7��<P�5&2&;�C�3�2&.�P�É#"F6�O�.H6W��;WE�,B@B2�.H6x;8682
2&,B.MUV,/6�C�.H@y�H;ÌD�2�2&,B.HP�.H6�d 7I,B.HJ8.M��,B@B2 "&t $�i)T

z1 · z2 = r1r2 · ei(θ1+θ2)
tG+-,/.]+-,/k^,K7I,B5�6a,B7I3wD�;8{�J

.�,/6&LeD�{�JYT
z1/z2 = (r1/r2)e

i(θ1−θ2)
t

UV,BP�LeD�7�7�.H6#6^;�6�2&,/.-k�.�P�7�{�J�,B.�2&.�6�.H6W+zDFP�7:3�.H@B@/;86�O�.�6W2&.HP�C�5�Q]A�@B.}Ë&.�6S�vDFJ8@/.�6#�H;87�DFQ]Q].H6Yt�l:7I3
z
.�,/6�.�C�5�Q]A�@B.}Ë&.r�vDFJ8@&QM,/3�2&.�Q _�.*DF@/3�.�,/@

a
X�2&.�Q lmQ#DFO�,/6%"FP�3�.H,B@

b
X�7�5�\�,/.�0rP�O�;�Q].H6�3

arg(z) = θ
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;�6�2S��.H3�P�DFO |z| = √a2 + b2
X�7�5]O�,B@43

z = (a, b) � DFP�3�.*7I,K7�{�J8.���5�P�Q
= a+ bi

Q],43
i2 = −1

= |z|(cos θ + i sin θ)
��5�@BD�P�2�D�P�7I3�.�@/@B;�6�O

= |z|eiθ c<;8@/.�P�� 7�{�J8. �85�P�Q
.

�G\�.H,�C�5�Q]A�@B.}Ë&.>�vD�J�@B.H6
z = a + bi

;8682
z = a − bi

XZ2&,B.S7�,B{�J`6^;�P],/Q �Z5�P��H.H,K{�J�.�6 2&.�7
lmQ#DFO�,/6%"FP�3�.H,B@K7V;�6�3�.�P�7�{�J�.H,K2&.�6YX^\�.�P�2&.�6�D�@B7rÇ������)��½F�e�H�)Á�C�5�Q]A�@B.}ËWEG.H��.H,K{�J�6�.H3�t8+-,/.wC�5�6��:;�O�,/.�PI3�.
�vD�J�@v.H6�3�7�A�P�,B{�J�3�.H,B6�.HPgo^A�,B.HO�.H@B;�6�OM,/J8P�.*7��z.�O�.�687:3�~8{�C&7�D�6�2&.�P�P�.�.H@B@/.�6�0�{�J87�.Md 7I,B.HJ8.z��,B@B2 "&t%$�i)t
�y~�Pg2&,B.1p-5�6��:;�O�D�3�,/5�6xO�.�@43�.H6>2&,B.wLN5�@BO�.H6�2&.H6>_�.HO�.H@B6Yt

���	�
����
��������
��t
z1 + z2 = z1 + z2

t
$�t −z = −z t
$8t
z1 − z2 = z1 − z2

t
��t
z1 · z2 = z1 · z2

t
"�t

(1/z) = 1/z
t

� t
(z1/z2) = z1/z2

t
�&t
z
,B7I3g.H,B6�.wP�.�.H@B@/.!�vD�J�@�O�.�68DF;>2�D�6�6YX&\�.H6�6

z = z
O�,B@/3�t

� t�l:7:3
z = a+ bi

X�7�5]O�,B@43

a =
z + z

2
, b =

z − z
2i

.

� t�l:7:3 z = a+ bi
X�7�5]O�,B@43

z · z = |z|2 t
� �8t�+r,Bk^,B7�,/5�6YT �y~�P

x, z ∈ C
Q],/3

z 6= 0
O�,B@43

1

z
=

z

z · z =
z

|z|2
;�6�2 x

z
=
x · z
z · z =

x · z
|z|2 .

0r@/@B.12&,B.�7�.1_�.HO�.H@B6SC�D�6�6>Q]D�6?2&;�P�{�J�.�,/6&LeD�{�J�.�7rfrD�{�J8P�.*{�J�6�.H6�k�.�P�, �8�H,B.HP�.H6ut��G;�Q ��.�,B7�A�,B.H@sd ��i)T
o^,B682

z1 = a1 + b1i
;�682

z2 = a2 + b2i
X�7�5MO�,/@/3!dN;86�3�.HPg��.�D�{�J�3�;�6�OMk�5�6

i2 = −1
i

z1 · z2 = (a1 − b1i) · (a2 − b2i) = a1a2 − a1b2i− a2b1i+ b1b2i
2

= (a1a2 − b1b2)− (a1b2 + a2b1)i = z1 · z2 .
+-,/.��rDF;8A&3�.�,/O�.H687�{�J8D�L�3x2�.HPWC�5�Q]A�@B.}Ë&.H6º�vD�J�@/.�6j,B7I3�X�2�D�7�7#6^;�6V6�,K{�J�3x6^;�Px2&,B.a�z@B.H,K{�J�;86�O

z2 − 1 = 0
XG7I5�682&.�P�6?DF;�{�J]�:.�2&.[�z@B.H,K{�J^;�6�O

f(z) = 0
LN~�Pr.�,/6 ���H���e�*�}�4½��)�]��5�@Bh^6�5�Q

f(z)
7:3�.}3�7

@Bq�7�E8DFPZ,K7I3�t�c<,/6W��.�\�.�,B7<2�,/.*7I.*7 ��;8682�DFQ].�6�3�DF@K7�DF3���.�7Z\�DFP<7�{�J�5�6W�wD�;�R1EG.HC�DF6�6�3*t�+-.HP���.�\�.�,B7Z,K7I3
D�E�.�P�6�,B{�J�3�.H,B6&LeD�{�J�;�6�2�\�,BPgk�.HP��H,K{�J�3�.H6SDF;&Ly,/J�6ut
� ������
 �"!$#�� %�&('*)(�+���,'-���/.102�����3)(�54768.19$�	:*4;�

�y~�P<�:.*2&.�7r6�,K{�J�3-C�5�6�7:3�DF6�3�.
��5�@Bh^6�5�Q
f(z) = c0 + c1z + · · ·+ cnz

n ~�EG.HP C
Q],43

n ≥ 1;�682
cn 6= 0

O�,/E&3g.*7�.H,B6
z ∈ C

QM,/3
f(z) = 0

t



EN
TW

U
R

F��� �������
	���
���
���������
�������
�������
��! ��#"�
�$���������
���
�%&
���
 ')(��

�z.�68DF;�.�PYO�,B@/3 7I5�O�D�P�X}2�D�7�7u2&,/.�0g6��*DFJ�@�2&.HPyfg;�@B@B7I3�.�@/@B.H6uXH\�.H6�617�,/.sQM,/3 2&.�PuP�,B{�J�3�,/O�.H6 �r,B.H@/LeD�{�J�J8.H,/3
O�.H� "�J�@/3�\�.HP�2&.�6YX^,/687�O�.*7�D�Q13�O�@B.H,K{�J�2�.HQ �zP�D�2S2&.*7��y5�@/h^6�5�Q#7�,B7I3�t
frD�{�JÌÉu.HQ]Q#D "�t $ "WC�D�6�6aQ#D�6W�:.�2�.�7w��5�@Bh^6�5�Q

f(z)
,/6Ì@B,/6�.*DFP�. ��DFC�3�5�P�.�6

f(z) = cn(z −
w1)(z − w2) · · · (z − wn)

��.HP�@/.�O�.H6uXu\�5�EG.H,�DF@B@/.
w1, w2, . . . , wn

fg;8@/@K7:3�.H@B@/.�6 k�5�6
f(z)

7I,B682�t
o^,B682>2&,B.
pr5^.��#��,/.�6�3�.H6

ci
2&.�7���5�@/h^6�5�Q]7

f(z)
�����}���B�M�vD�J�@B.H6YX&2�D�6�6�C�D�6�6>Q]D�6S28D�7���5�@Bh^6�5�Q

7�5�O�DFP
,B6�@/,B6�.*DFP�.
z − a ;�682���;8D�2&P�DF3�,K7�{�J8. z2 − az + b

�8D�C�3�5�P�.H6 ��.HP�@/.�O�.H6uXY\�5�E�.�,s6^;�6
a, b�����H���/�[��DFJ�@B.H6>7I,B682 � 7I5�@B{�J�. �8D�C�3�5�P�.H6S6�.�6�6�3gQ]D�6a�����H���/��� ¾�ÇFÁ �F���}��t

� ������
 �"!��$� �
	$.�� '
	����3���1� 4;�,�,.1.1�,'���	��������1�,'-���,'
o^.�,

f(z)
.�,/6>6�,K{�J�3I9 C�5�687:3�DF6�3�.*7s��5�@/h^6�5�Q¢Q],43gP�.H.�@/@B.H6>pr5^.��]��,/.�6�3�.H6ut

��tg�z,/@/3
f(z) = 0

LN~�Pg.H,B6
z ∈ C

X87�5]O�,B@43rD�;8{�J
f(z) = 0

t
$�t�=�DF6SC�DF6�6

f(z)
,/6SP�.�.H@B@/.w@B,/68.�DFP�.w;�682SP�.H.H@B@B.���;8D�2&P�D�3�,K7�{�J�. ��DFC�3�5�P�.�6x��.HP�@/.�O�.H6ut

�
+-,B.
.HP�7:3�.1��.�J8DF;8A&3�;�68OMEG.�2�.H;&3�.}3�XG2�D�7�7�6�,K{�J�3I9 P�.�.H@B@/.
fg;8@/@K7:3�.H@B@/.�6>E�.�,u��5�@Bh^6�5�Q].H6SQ],43-P�.H9
.�@/@B.H6>p-5�.��#�H,B.H6�3�.�6x,BQMQ].�P�A8D�D�P�\�.H,K7I.zDF;&L�3�P�.H3�.�6YX�2�D�7�J�.�,/R�3�X�2&,B.
0g6��*DFJ�@Y2�.HP�C�5�Q]A�@/.HË&.H6

fr;�@/@K7I3�.H@B@B.H6�,K7:3]O�.�P�D�2&.�t +-D�P�D�;871C�DF686�Q#DF6 D�;8{�J�LN5�@BO�.�P�6YXy2�D�7�7��:.*2&.�7[��5�@Bh^6�5�Q Q],43MP�.�.H@B@/.�6
p-5^.��#�H,B.H6�3�.�6x;�6�2�;86�O�.�P�D�2&.HQ �zP�D�2�.H,B6�.wP�.H.H@B@B.wfr;�@B@B7I3�.�@/@B.
J8D�3*t
� ��� ���105�

d �|igo^.�,
f(z) = a0 + a1z + a2z

2 + · · ·+ anz
n .H,B6?�y5�@/h^6�5�QÎQ],/3rP�.�.H@B@/.�6�pr5^.��]��,/.�6�3�.H6ut

+zDF6�6>O�,B@/3

0 = 0 = f(z) = a0 + a1z + a2z2 + · · ·+ anzn

= a0 + a1 z + a2 z
2 + · · ·+ an z

n ÉY.HQ]Q#D�"&t%$ � d �^i
= a0 + a1z + a2z2 + · · ·+ anzn

ÉY.HQ]Q#D�"&t%$ � d ��i
= f(z) .

d $�i�frD�{�J>o&D�3�� "�t $ �1C�DF686xQ#DF6
f(z)

,B6�C�5�Q]A�@B.}Ë&.r@B,/68.�DFP�.���DFC�3�5�P�.�6x��.HP�@/.�O�.H6ut^o^.�,
z −w.H,B6�.�P�2&,B.�7�.HP �8DFC�3�5�P�.H6#Q],43

w ∈ C\R
t^frD�{�J��u.�,/@�d �|iZQ!;�7�7�2�DF6�6WD�;8{�J

z−w .�,/6)�8DFC�3�5�P
k�5�6

f(z)
7�.H,B6Yt&+zDF6�6�,B7I3�D�E�.�P

(z−w)(z −w)
EG.HP�.H,/3�7�.�,/6a�����}���/�H����;8D�2&P�DF3�,K7�{�J8.HP ��DFC�3�5�P

k�5�6
f(z)

T

(z − w)(z − w) = z2 − (w + w)z + ww = z2 − (2 Rew)z + |w|2 . �

� ���10��
� �	. 
���!����
+zD�7y��5�@Bh�685�Q

f(z) = z4+1
E�.*7I,/3��H3yC�.H,B6�.�P�.H.�@/@B.H6[fg;�@B@B7I3�.�@/@B.H6uX�\�5�J�@�D�E�.�P C�5�Q]A�@B.}Ë&.�T|+-,/.

�G.�P�@B.HO�;�6�O
f(z) = (z2−i)(z2+i)

.HP�O�,BE&3yk�,B.HP�fg;8@/@K7:3�.H@B@/.�6 ±(1+i)/
√

2
;�6�2 ±(1−i)/

√
2
t

+[t�JYt
f(z)

J8DF3[k^,/.�P!C�5�Q]A�@B.}Ë&.xfg;8@/@K7:3�.H@B@/.�6
w,w,−w,−w Q],43

w = 1√
2

+ 1√
2
i
t !r6�3�.HP

��.�D�{�J�3�;�6�O1k�5�6
2 ·Rew = 2 · (1/

√
2) =

√
2
;�682

w ·w = |w|2 = 1
2 + 1

2 = 1
X�.�P�O�,/E�3�2&,B.�7

.H,B6�.[�G.�P�@B.HO�;�6�O]2&.�7���5�@/h^6�5�Q]7�,B6SP�.�.H@B@/.���;8D�2�P�DF3�,K7�{�J�. �8D�C�3�5�P�.H6uT

z4 + 1 = (z − w)(z − w)(z + w)(z + w)

= (z2 − 2zRew + ww)(z2 + 2zRew + ww)

= (z2 −
√

2z + 1)(z2 +
√

2z + 1) .
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Re1

2 =

4 =

5

ξ

ξ

ξ

ξ

ξ

6

7

3ξ

ξ

i

= - i

- 1

Im

�  ��4"#�F� ��� �� �
�	�$: ��
 %	: �|
 8 � 	:
�	Y �����
� %	�� ����$���
�� ξ = e
2πi
8
���^"! ���$:
 �v��	:
�����
���� ξ2 = i  �� 	s
� ���
 4 � 	:


	u �����
� %	�� ����$���
����

� ���10��
� �	. 
���!�!�� � � '	�(��� ��0�� &�4;�5�	. '
c<,B6�.

n
9¥3�. �����^À8�}��Á �)ÆZ�&�����H�Z,K7:3z.H,B6�.M�vD�J�@

ξ
Q],/3

ξn = 1
t�+-,/.

n
9¥3�.�6�c<,B6�J�.�,43�7I\�;�P��H.�@ 7�,/6�2

DF@K7�5>2�,/.Wfr;�@/@K7I3�.H@B@B.H6 2&.�71�y5�@/h^6�5�Q#7
xn − 1

Xu2�D�J�.HP
O�,/E&31.*7wJ�q&{�J87I3�.H6�7
n
k�.HP�7�{�J�,B.�2�.H6�.�t

+-.HP
prq�P�AG.HP
R
2&.�PwP�.�.H@B@/.�6��vD�J�@/.�6�J8DF3z6^;�P ±1

D�@B7zc<,B6�J�.�,43�7I\�;8P���.H@B6YXv\�.�,/@ZDF;�7
xn = 1DF;�{�J |x| = 1

LN5�@BOF3*t�0r682&.HP�7<7�,/.�J�3<.�7�LN~�P�2&.H6Wp-q�P�A�.�P
C
2�.HP<C�5�Q]A�@B.}Ë&.H6W�vDFJ8@/.�6]D�;87�T �g,B.HP

J8DF3<Q]D�6MLN~�P��:.�2�.�7
n = 1,2, . . .

7�5�O�DFP
n
k�.HP�7�{�J8,/.*2&.H6�.

n
9¥3�.�c<,B6�J�.�,43�7I\�;�P��H.�@/6ut�+r,B.�7�.�C�DF6�6

Q#DF6>Q],43 �r,/@/LN.12&.*7�c<;�@B.HP2� 7�{�J�.H6?o&DF3��H.*7�@/.�,B{�J�3gEG.�7I3�,BQ]QM.�6Yt
+zDF�H;>EG.}3�P�D�{�J�3�.H6>\�,BP�C�5�Q]A�@B.}Ë&.[�vD�J�@B.H6>2&.HP��85�P�Q

z = e2πix t�UV,/P-7I;8{�J8.H6>�H;�6%"�{�J87I3
2&,B.!ÉYq�7I;86�O�.�6

x ∈ R
2&.HP-�z@B.H,K{�J^;�6�O (

e2πix
)n

= 1
t�UV,BP-7�{�J�P�.H,BE�.�6?2&,/.*7I.M�z@/.�,B{�J^;�6�OWD�@B7

eiθ = 1
QM,/3

θ = 2πnx
;�Q>t�UÌ.HO�.�6

eiθ = cos θ + i sin θ
X�,K7:3

eiθ = 1
O�.H68D�;S28DF6�6YX&\�.H686

cos θ = 1
;�682

sin θ = 0
O�,/@/3�X�\�D�7 O�.�68DF;M2�DF686M2&.�P �8DF@B@^,B7I3�X�\�.H686

θ ∈ {0,2π,4π, . . .} O�,B@/3�to^5�QM,/3r.�P�J8D�@43�.H6>\�,BP (
e2πix

)n
= 1

O�.H68D�;?2�DF6�6uX8\�.H6�6
x
.�,/6�.[2&.HPz��DFJ�@B.H6

0, 1
n ,

2
n ,

3
n , . . .,K7:3*tg��.*7�{�J8P�"�6�C�3xQ#DF6 7�,K{�JºDF;&L

x ∈ [0,1)
X�7�5 EG.HC�5�Q]Q13>Q#DF6 .�,/68. !rQMP�;�682�;�6�Oj2&.�7

c<,B6�J�.�,43�7IC^P�.H,K7I.*7zd 7I,B.HJ8.w��,B@B2 "&t ��isQ],43g2&.�6�UÌ.HP�3�.�6
x = 0, 1

n ,
2
n ,

3
n , . . . ,

n−1
n

t�+zDFQ],/3�7�,B682
2&,B.[�vDFJ8@/.�6

1, ξ, ξ2, . . . , ξn−1 Q],/3

ξ := e
2πi
n = cos

2π

n
+ i sin

2π

n

n
9¥3�.wc<,B6�J�.H,/3�7�\�;�P��H.�@/6 � Q]D�6�68.H6�6�3g7I,B.�
G�)���M��Á �
��� n !mÁm�������&À��H��Áe�)ÆZ�&���*�}�4�8t8+-,/. n 9¥3�.�6�cs,/6&9J�.�,43�7I\�;�P��H.�@/6�E�,B@K2&.H6 ,B6�2&.HP]�vDFJ�@B.H68.HEG.H6�.W2&,B.#cs{�C�.H6�.H,B6�.�71O�@B.H,K{�J�Q "FR�,BO�.�6

n
9 cs{�C&7wQ],43

_gD�2&,/;�7
1
de7�,B.HJ�.���,/@K2 "�t �^i)t +-,/.�c<,B6�J�.�,43�7I\�;8P���.H@B6ºEG.H6^;&3��H3?Q]D�6º��;�Q ��.H,K7IA8,/.�@ X�;�Q

�H\�.H,y��5�@Bh^6�5�Q].1k�5�Q �zP�D�2
n
Q],43

n log2 n
d 7:3�D�3I3

n2 i-DFP�,43�J�Q].}3�,B7�{�J�.H6��-AG.HP�D�3�,/5�6�.H6?��;
Q!;8@43�,/A�@B,B�H,B.HP�.H6�de2�,/.M7I5�O�.H6�DF6�6�3�.1Ê|7�{�J�6�.�@/@B.'��5�;�P�,/.�P��uP�DF6�7:LN5�P�Q#D�3�,/5�68ÍFi)t�+-D�E�.�,y7�A�,B.H@/3-2&,B.
LN5�@BO�.�682&.�c<,BO�.�687�{�J8D�L�3<.�,/6�.r.H6�3�7�{�J�.H,K2&.�682&.�_�5�@B@B.�T�l:7I3

ξ
.H,B6�.gA�P�,BQM,/3�,Bk�.

n
9¥3�.�cs,/6�J8.H,/3�7�\�;�PI9

�H.�@rd
n
O�.�P�D�2&.*i}X�7I5>,K7:3

ξ2
.�,/6�.]A�P�,BQM,/3�,Bk�.

(n/2)
9 3�.Mcs,/6�J8.H,/3�7�\�;�P���.H@¥T

(ξ2)n/2 = ξn = 1
t

+[t�JYt�28D�7��-;8D�2&P�,B.HP�.H6�J8DF@BE�,B.HP�3g2&,/.10r6���D�J�@u2&.�P�c<,B6�J�.H,/3�7�\�;�P��H.�@/6�de��,B@B2 "&t ��i}t
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����� 	�'��
�z.�O�.HEG.H6�,B7I3z.�,/68.!;�6^EG.HC�DF6�6�3�. �8;�6�C�3�,B5�6

f : C → C
t�UV,BPw\�,B7�7�.H6�6^;�P*XG28D�7�7g.�7z7�,B{�J�;8Q¶.H,B6

��5�@Bh^6�5�Q¶k�5�Q �zP�D�2
n − 1

J8D�682&.H@/3�XYD�@B7�5
f(z) =

∑n−1
i=0 ciz

i X�\�5�EG.H,Z;8687
2&,B.]p-5^.��#�H,B.H6�3�.H6
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ci
;�6^EG.HC�DF686�3g7�,/6�2�t�!g687�.HPr�G,B.H@�,K7I3�X�2&,B. ��;�6�C�3�,/5�6

f(z)
QMq�O�@B,B{�J�7:3�7�{�J86�.H@B@v�H;SP�.�C�5�6�7:3�P�;�,B.HP�.H6ut

+zDFEG.H,GC�q�6�6�.H6#\�,BP�58tI�zt�2Yt�01t^DF686�.HJ�Q].�6YX�28D�7�7
n
O�.�P�D�2&.g,K7:3*T�UV,BP�2&~�P�LN.H6
�IDM�z@/,B.�2&.�P

cix
i Q],43

ci = 0
�H;?2&.HPro&;�Q]QM.
EG.H@B,B.HE�,BO#J�,B6��H;&LN~8O�.H6ut

+zD12&.HP��zP�D�2]2&.�7s�y5�@/h^6�5�Q#7
f(z)
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2&;8P�{�J 7�.H,B6�.SUa.�PI3�.
f(a1), . . . , f(an)
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i=0 ciz
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f(z) = feven(z
2) + z · fodd(z
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feven(z) = c0 + c2z + c4z
2 + c6z

3 + · · ·+ c2kz
k + · · ·+ cmz

m/2 ,

fodd(z) = c1 + c3z + c5z
2 + c7z

3 + · · ·+ c2k+1z
k + · · ·+ cm−1z
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f(z) = a0 + c1z + c2z
2 + c3z

3 + c4z
4 + c5z

5 + c6z
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feven(z) = c0 + c2z + c4z
2 + c6z

3 ,

fodd(z) = c1 + c3z + c5z
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feven(z
2) + z · fodd(z

2) = c0 + c2z
2 + c4z

4 + c6z
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+ z(c1 + c3z
2 + c5z
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(n/2) .

UV,B@/@ZQ#D�6�6^;�6�2�D�7z��5�@Bh^6�5�Q
f(z)

DF6
n
��5F3�.�6��H.�6a2&.�P

n
9¥3�.�6acs,/6�J8.H,/3�7�\�;�P���.H@

ξ
D�;87�\�.�PI3�.H6YX

7�51P�.H,K{�J�3�.�7�X�2&,B.r��5�@Bh^6�5�Q].
feven(z)

;�6�2
fodd(z)

DF;&L
n/2

�y5�3�.�6��H.�6W2&.HP
(n/2)

9¥3�.H6xc<,/68J�.H,/3�7I9
\�;�P��H.�@

ζ = ξ2
D�;87��H;^\�.�PI3�.H6YT
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