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BDCFEHG�I�JLK�I�JMKLN�OQPHE�CFJSR/CFTUK�I�O0K�V�TSTWI/XZY[I�JU\^]SR	_a`SXFI/J)OHNaJcb'd�N�R/eM])I/Y[E#N�f#`
Y[I�JMGgCZEHI�CZJLI
hiNa]WI/XFXZI

T j C�Y n k I/CFXZI�JleSJLK
n m TLNaXZY[I�JleSJLK j CZY=nHCFJ
Y[E#_ao�I�J T (i, j) = 1 prq NaXFXFO jK�eSE#f#`

i
V'`SJSItsgI�O.YMY[I/CFXF]LNaE&CFO.Y p eLJLK T (i, j) = 0

O[V�JLO.YvuwO[CZI�`SIxhiNa]WI/XFXFItyLbZz|{9bQd�CZI
m TLN�X�Y�IgR/e j `LN}Y~NaX�O.V�o�I�JLNae τ(j) nHCZJ)O.I�Jcb
\�e q O[e jMj CFI/E[Y0�S]WI/E~NaXFXZI n m T)NaXZY[I/J�I�E[o'CZ]SYO[CFf#`tKSNa`LI/E�CZJLo�I�O�N j Y Sn = τ(1) + · · ·+ τ(n)

nHCFJLO[I/Jcb
BDCZI���CZI�XZI�nHCFJLO[I/JtI/J
Y[`)_aXZY�J�eSJtK�CFI k I/CFXZI�R�e i � d�CZI	O.I k N�`SX�CFO.Ygo�XFI/C�f#`�K�I�E^\^JSR	Na`SXK�I�E�K�eSE#f#`

i
Y�I/CFXZ]LN�E[I�J k Na`SXFI/J�CFJ {1,2, . . . , n} p Krb.`cb�CFO.Y�o'XZI�CFf#`lK�I�E�\^JSR	Na`SX

r
K�I�E

��CFI/X q N�f#`LI/J i,2i, . . . , ri ��V�J i j C�Y ri ≤ n b m V j CZYgCFO.Y^K�CZI�\�JSR�N�`SXcK�I/Egn0CZJLO[I/JxCFJxK�I�E
i � Y�I/J k I�CZXFI�o'XZI�CFf#`�K�I/E�o�E�����Y[I/J��
�}�����/� k Na`LX r j C�Y r ≤ n/i � KSCZI	O.I k Na`SXiCFO.Y�K�eSE#f#`
bn/ic ])I	O�Y�C jMj Y^u���NaeS� �2� X�N jMj I/E�J){9b	��N'f#`=K�I j PHE[CFJSR�CZT&K�I�OiK�V�TLT)I�X�Y�I/J=\�]SR�_�`SXFI/JLO
o�CFXZYgN�XFO[V
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d�CZI m e jMj I Hn =
∑n

i=1
1
i

Nae q KSI/E&E[I	f#`'Y�I/J m I�C�Y�I�C�O�YMNaX�O=�	`LN�E j V�JLCFO�f#`SI�sgI�CZ`LI��]WI/ }NaJSJ
Y	bad�CFIg\^]LO�f#`L_}Y�R/eSJLo�I/J
1+ 1

2 log2 n ≤ Hn ≤ 1+log2 n
`LNa]WI/J&GgCZE+]WI/E�I/CZY�O+CFJ

m NaY[R�¡SbZz	y j CZY.Y[I�XFO~¢£JLKSeS 
Y[CFV�J�]WI/GgCFI�O[I/J¤b
n�O�o'I/XZY[I�J�Na]WI/E�NaeLf#`�K�CZI�I�Y�G�N�O~O�f#`L_aE q I/E�I/J\^])O[f#`L_aY[R�eSJSo�I�J
lnn < Hn ≤ lnn+ 1 p K�CFI¥GgCZE�I/E#O�Y^��CFI/XiO.TL_aY[I�E^])I�G�I�CFO[I/JvG~I/E#K�I�JuwO[CFI/`SI m N}Y�R�z�¦Lb y�§a{�bLd�N x − 1 < bxc ≤ x q �LE0¨�I	K�I�E�I/I�XZXFI k N�`SX x o�CFXZY p  ���JLJSI/JvGgCFE

τ̃(n) j CZY.Y[I�XFO Hn
JLN'f#`�V'])I�JtGgCZI�Nae)f#`�JLN'f#`�eLJ'Y�I/JvNa])O[f#`L_aY[R�I/Jc©

lnn− 1 < Hn − 1 < τ̃ (n) ≤ Hn ≤ lnn+ 1 . �

:&;�>w?�ªi>@;
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nHCFJSItY�À�TSC�O[f#`SItÁSE#Nao'I�O.Y[I�XZXFeSJSo�CZJ¾K�I/EU��E#NaTS`LI/J
Y[`SI�V�E�CZI�CFO.YUK�CFI q V'XZo'I/JLKSI�©HÁi�SEMI/CFJSI/J q I �O.Y[I/J���E#NaTL`SI/J

H p GgCZI���CZI�XZI � N�J
Y[I/Jt }NaJLJvI/CFJ H ��q E[I�CZI�E���E�N�TS` j C�Y n � JLVaY[I�J j N}Â�C j N�XI/J
Y�`LNaXZY[I�J � nHCFJ���E�N�TS` G C�O�Y
H �¯Ã#Ä �/Å p�q NaXFX�O H  'I/CFJxh�I/CFXFo�E#NaTS`���V�J

G
CFO.Y�b

Æ�N�J� |N�JSJ�K�CFI�O[I�ÁLE�N�o�I�N�eLf#` q �SE~I/CFJSI/J��/ÁSE�I/eSJ)KSO[f#`)N q Y�O[o�E#NaTL`SI/JL� G = (V,E)
O�Y�I/XFXZI�Jcb

d�CZI � JLVaY[I�J u ∈ V
O[CFJLK¾P+I/E#O.V'JSI/J p eLJLKÇI/CFJSI � NaJ
Y�I {u, v} ∈ E

]WI�KSI/e�Y�I�Y p KSN�O�O u
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$'� K2,2

�#$M�[��-���� ���#�L�

j C�Y v ])I q E[I�eSJLK�I/Y�O.CFJLKrb���N}YUK�CFI�O[I/E���E#NaTS` n = |V | � JSVaY�I/J p O[V� |N�JSJÇI�O j N}Â�C j N�X��(
n
2

)
= n2/2− n/2 ÁSE�I/eSJLKLO[f#`LN q Y[I�J u � NaJ
Y[I�J){�o�I/]WI/J¤©���I	K�I/EgC�O.Y j CZYQ¨�I�K�I j ]WI q E�I/eSJ)K�I�Y	b�c±}²S¿W;! W©SBDCFI/��CZI�XZI¥ÁLE[I�eSJLKSO�f#`LN q Y[I/Jt }NaJLJ�I	Ogo�I�])I�J p G~I/JSJt �I�CZJLI�R�G�I�Cr])I q E[I�eSJLK�I/Y[I�JP+I/E#O.V'JSI/J¾��Å¯����� o�I j I�CZJ)O[N j I�J�ÁLE[I�eSJLK�`LNa]WI/J � ¢�O�Y K3

I�CZJ!" Ä ��Åw�$#$% p NaX�O.VxI/CFJ�NaeLO�K�E�I/C
]WI/JLN'f#`
])NaE[Y[I/J � JSV�Y[I/J¾]WI�O.Y[I�`SI/JLKSI/E���E#NaTS` p O.V q E#Nao'I/JÇGgCZE p GgCFI/��CFI/X � N�J'Y�I/J¾I/CFJ

K3 �q E�I/CFI/E~��E#NaTL`UI/J
Y[`)NaXZY[I/J� |N�JSJ � d�CZI�\^J
Y�G�V'E.Y�CFO.Y�`SCFI/E	©'&�C�O�R/e n2/4 � NaJ
Y�I/J)(
d�N�R/eUE�I/C�f#`
YI�O�I/CFJSI/J���V�XFX�O�Y#_aJLK�CFo�I�Jt]SCZT)NaE[Y[CZY[I/J ��E�N�TS`SI/J
Kr,r j CZY r = n/2

R/evJLI/` j I/J u*&~CZX�K�yLb y
{ �GgCFEgG�I�E�K�I�J�CFJt\^]LO�f#`SJSCZY.Y�yLb +vu*&~I�CFO[TSCFI/XcySb ¡ay
{HR�I/CFo�I�J p KSN�O�OgK�CFI�OgN�eLf#`�V'T�Y[C j NaXcC�O�Y	© � I/CFJK�E�I/CFI�f# �O q E[I�CZI�Eg��E#NaTL`� }NaJLJ j I/`LE^NaX�O n2/4 � NaJ
Y�I/JxI/J
Y[`LN�X�Y�I/Jcb�c±}²S¿W;-,¤©�BDCFI/��CFI/XFI�ÁSE�I/eLJLKSO�f#`LN q Y�I/J� }NaJSJ�I	OHo'I/]WI/J p G�I�JSJ� �I�CZJSIgR�G�I�C�u@K�CZI	O j N�XLJSC�f#`
YeSJ�]WI�K�CFJSoaY&])I q E[I�eSJLK�I/Y[I�J){¥P+I�E�O[V�JSI�J ��.0��Å�o�I j I/CFJLO[N j IUÁSE�I/eSJLKSI�`LN�])I�J � ¢�O�Y K2,2
I/CFJ

��V'XZX�O.Y�_aJ)K�CZo'I/E¥]LCZTLN�E.Y�C�Y�I/EM��E�N�TS`·Nae q 4 � JLVaY[I�J¶uwO[CZI�`SI-&~CFXFK ySb ytXZCFJS �O�{ p O[V q E#Nao'I/J�GgCZE
J�eSJ p GgCFI/��CFI/X � NaJ
Y[I�J�I/CFJ K2,2 �@q E�I/CFI/E¥��E#NaTS`�I�J
Y[`LN�X�Y�I/J  |N�JSJcb�¢£J
Y[I�E[I	O[O�NaJ
Y[I�E[G~I/C�O[I�GgCZE#KKSN�JSJvK�CZI j N}Â�C j NaXFI j �'o�XFCFf#`SI�\�JSR�N�`SXcK�I/E � N�J
Y[I/JtK�E#N�O.Y[C�O[f#`xNae q n3/2 E�I�K�eLR/CFI/E[Y�(
/ ²�¸�0�¬¤­21¤A

�'I�K�I�E
K2,2 �@q E�I/CFI^eSJLo�I/E�C�f#`'Y�I�Y�I���E�N�TS` j C�Y n � JLVaY[I�J� }NaJSJ�`S��f#`LO.Y[I�JLO n3/2 � NaJ
Y�I/JI/J
Y�`LNaXZY[I�Jcb

:&;'<=;
>@?�A
m I�C G = (V,E)

I/CFJ
K2,2 ��q E�I/CFI/E���E#NaTS` j CZY V = {1, . . . , n} b m I/CFI/J d1, d2, . . . , dn

K�CFI
��E#N�K�I�K�I/E � JSV�Y[I�J=CFJ G b}BDCFEQG~V�XFXZI�J=R�eSJL_�f#`)O�Y+R/I�CZo'I/J p KSN'O[O+KSN�JSJ&KSCZI43^JLo�XFI/C�f#`
eLJSo

n∑

i=1

(
di

2

)
≤

(
n

2

) uwyLbZz|{

o�CFXZY�b�d�NaR�e&G~I/J)K�I/J�GgCFE0KSN'O+PHE[CFJSR�CZTUK�I	OHK�V'TST)I�X�Y�I/JU\�]SR�_�`SXZI�JLOHN�JcbaBDCFE0]WI�Y[E#N�f#`
Y�I/J
JL_ j XFC�f#`·I/CFJSIvNaeLO

n k I/CFXZI�J eSJLK
m =

(
n
2

) m T)NaXZY[I/J ])I	O�Y�I/`SI�JLK�IvhiNa]WI/XFXZI
T
b+BDCZE

CFJ'Y�I/E�TSE�I�Y[CFI/E�I/JMK�CFI k I�CZXFI/J�N�XFO � JSVaY�I/J 1,2, . . . , n
eSJLK�K�CFI m TLN�X�Y�I/JUN�XFO � JSVaY�I/JSTLN'NaE�I

{x, y} j C�Y x 6= y
b)d�I/E�n0CZJ
Y[E#Nao�R�e

(i, {x, y}) CFO.Y�o�XFI/C�f#` 1 pSq N�XZX�O^K�I�E � JSV�Y[I�J i j C�Y5 ��Å*6'��� � JSVaY�I/J x eSJLK y �'I/E�]SeSJLK�I�J=C�O.Y p eSJ)K=C�O�Y0O[V�J)O�YQo�XFI/C�f#` 0
b�d�CZI^\�JSR�N�`SX |T | K�I/EnHCFJLO[I/J CZJlK�I�E¥h�N�])I�XZXFI

T
C�O�Y�N�XFO[V�o'I/JLN�e�K�CFIU\^JLR�Na`LXHK�I/E¥h�I/CFXZo'E�N�TS`SI�J

K1,2
CZJ
GuwO[CFI/`SI7&~CZX�KtySb y'{�b

B�I�o�I�JUK�I/E
K2,2 � ÁLE[I�CZ`SI�C�YH�'V�J G  }NaJSJ�¨�I	K�I m TLN�X�Y�I {x, y} ��V�J T `S��f#`LO.Y[I�JLOQI/CFJSI

nHCFJLOgI�J'Y�`LNaXZY[I�J p O[V�JLO.Y^`L_aY.Y[I�JtGgCZE^I�CZJLI � V'TSCZI��'V�J K2,2
CFJ
G
I/J
Y�K�I	f# 
Y�©SnHCFJLO[I/JvCFJ

K�I�Jxn0CZJ
Y[E#_ao'I/J
(i, {x, y}) eSJLK (j, {x, y}) q �SE i 6= j

]WI�KSI/e�Y�I/JM¨.NUK�CFI¥\^J�G~I�O[I/JS`LI/CZY
8:9<;>=@?BAC=�D@=@;>EGFIH�=@J `n

2

´

= 1
2
n(n − 1) K ;>=MLNHID�O$FIP K =@? 2 Q =@P>=�R4=@HSJT;>U�=@HWVX=�;>P>R4=@HIU�=@HZYS[�H {1, . . . , n} \�] ;>?

] =@? K =@H K ;>=�^_=a`	O$F�P>=�Hb;>RcHed$ETFI^_J_=@HfLNAI^_EGFIHI; J*JgU�=@HeO$hI=@?NAC=iJT?_O$EGFSJT=@H�j
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I/CFJSI	O
K2,2 � ��E�N�TS`SI/J {i, j, x, y} CFJ G b m V j CZY¥o�CFXZY |T | ≤ m =

(
n
2

) b�\�JLK�I/E�I/E#O[I/CZY�O pY[E#_ao�Y0¨�I	K�I�O�PQN�N�E {x, y} K�I/E���N'f#`�]LNaE�J�K�I�O � JSV�Y[I�JLO i o'I/JLN�e�I/CFJSIMnHCFJLO�CZJ�K�I�E
i �Y[I�J k I/CFXZI&])I�C@b m V j C�Y�o'CZXZY |T | = ∑n

i=1

(
di

2

) eSJ)K�K�CFI�3^JSo'XZI�CFf#`�eSJLo�uwyLbZz|{�CFO.Y¥KSN j CZY]WI/GgCFI�O[I/Jcb
d�N�JLN�f#` &~I/C�O[TSCZI�X�yLb y |E| = 1

2

∑n
i=1 di

o'CZXZY p o�I�J
�LoaY¥I�O p N�eLO�u@ySbFz	{�I�CZJLIUV�]WI/E�I
m f#`SE#NaJL �I q �SE�K�CFI m e jMj I ∑n

i=1 di
N�]SR/eSXFI/CZY[I�JcbWBDCZE� ��'JSJSI/JvV)b &�b Krb \¥b�NaJSJSI�` j I/J pKSN'O[O

di ≥ 1 q �SE&N�XZXFI i = 1, . . . , n
o�CFX�Y	bQd�N�JSJ·o�CFXZYMN�eLf#` (

di

2

)
= di(di − 1)/2 ≥

1
2 (di − 1)2 p G~N'O�R/eLO�N jMj I/J j C�Y (

n
2

)
≤ 1

2n
2 eLJLK�uwySbFz	{�KSCZI73^JLo�XFI/C�f#`
eLJSo

n∑

i=1

(di − 1)2 ≤ n2

XFCZI q I/E[Y�bS�^eLJx]WI/J�e�Y�R/I�JxGgCFE�K�CFI � NaeLf#`�À�� m f#`
G�NaE�R � 3^JLo�XFI/C�f#`
eLJSo��

n∑

i=1

xiyi ≤

√√√√
n∑

i=1

x2
i

√√√√
n∑

i=1

y2
i

j C�Y xi = di − 1
eSJLK

yi = 1 p eSJLKxI�E[`LN�X�Y�I/J

2|E| − n =

n∑

i=1

(di − 1) ≤

√√√√
n∑

i=1

(di − 1)2 ·

√√√√
n∑

i=1

1 ≤
√
n2 · √n = n3/2

eSJLKtO[V j CZYgN�eLf#` |E| ≤ 1
2 (n3/2 + n) ≤ n3/2 b

�

����� 	�

������
���������������
�� �"!#� �

m I�C X I/CFJSI&I/JLK�XFC�f#`SI&Æ�I/JSo'I j C�Y n = |X | nHXZI j I/J
Y[I�J�eSJ)K k ≤ n
b�nHCFJSI

k � �%$Z�'&����)(@Å��
�Mh¤I�CZX �
j I/JLo�I��'V�J X CFO.Y�I/CFJSI�Æ�I/JSo'I {x1, x2, . . . , xk}

NaeLO
k
��I�E�O�f#`SCFI�K�I�JSI/J�n0XZI j I�J
Y[I/J���V'J X u@K�CZI

* E#K�J�eSJSo�`SCZI�EQCFO.YQeSJ�GgCFf#`
Y�CZo ( {�b|d�CFI�\�JSR�N�`SXSO[V�X�f#`SI/E+h¤I�CZX j I/JSo'I/J=])I�R/I/C�f#`SJSI/Y j N�J j CZY (
n
k

) eLJLK
JSI�JSJ
Y�K�CFI�O[I k Na`SX 5 Å¯�,+-&=Å/.�#10S� Ä32 +��54l��Åw�/�6(�u¹V�K�I�E37^Å¯�,+8&&Åw�8$ %9+	�:4l�/Åw���)([{9b�\^X�O[V&C�O.Y

(
n

k

)
:=

\�JSR�N�`SX¤K�I�E
k � I�XZI j I�J
Y[CFo�I/Jxh¤I�CZX j I/JSo'I/JtI/CFJSI�E n � I�XZI j I�J
Y[CFo�I/JxÆvI/JLo�I�b

&~I�N'f#`
Y[I p KSN�O�O (
n
k

) N�eLf#`UK�CFI�\^JSR	Na`SXWK�I/E
0 � 1 ÁSV�XFo�I�J�K�I/E<;¤_aJLo�I n j C�Y k n0CZJLO[I/J�C�O.Y � I/CFJSI^nHCFJLO]SR�G�b�I�CZJLI��^eLXZX�NaJlP+V'O[CZY[CFV�J

i
O[N�oaY�eLJLO p V�]·KLN�O

i � Y[I�nHXZI j I/J
Y=�'V�J X o�I�G~_�`SXZY�]SR/G�biJSC�f#`
Y
o'I/G�_a`SXZY�GgCZE#KrbrnHCFJSI�N�JLK�I/E�IMGgCFf#`
Y�CZo'I &~I�V�]LN'f#`'Y�eSJSoxCFO.Y p KSN�O�O~¨�I�K�I k � I�XZI j I�J'Y�CZo'I&h�I/CFX j I�JSo�I
A ⊆ X

I/CFJLK�I�e�Y[CFotK�eSE#f#`�CZ`LE � V j TSXFI j I�J'Y p N�XFO[V�K�CFI (n − k) � I�XZI j I�J
Y[CFo�I=h�I/CFX j I�JSo�I X \ A p]WI�O.Y[C jMj Y�CFO.Y�b m V j C�Y�C�O�YUK�CFIt\^JSR	Na`SX^K�I�E k � I�XZI j I/J
Y[CFo�I�J h�I/CFX j I/JLo�I/J I/CFJSI/E
n � I/XFI j I/J
Y[CFo�I�JÆvI�JSo�I�o�XFI/C�f#`�K�I/E�\^JSR	Na`SX+K�I�E

(n − k) � I�XZI j I�J
Y[CFo�I/J�h�I/CFX j I�JSo�I�J�K�I�E�O[I/XF])I�J�ÆvI�JSo�I'b)d�NaE#NaeLO
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