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$&%�'(*)"+,+.-/%0/-/1.23-	%546'&738�8 A→ B -/1.%&-9(973:&;�-=<>$�8�8�7#23-*1.8@?	A6BC1.;�0/-/1.23-	%'D1.-=E")3%�?�;�7#FG)"8�1�?�1,H"-
<>$I8�8�7#2"- ¬B → ¬A J B�-	%&% a $�%&23-	;�7"'D-=1K8!?�4#'&7#%�%L1K8!?M7#$IN�: a2 $&%&2"-/;�73'D-"A	O!8@? a $&%&2"-/;�7"'D-348�)�1K8@? a = 2k + 1 PRQ ;>-/1.%&-�2"73%&0/-TSU73:&+ k A�VW$&;�N�:X'&7"8ZYW$�73'&;�1.-/;�-/%[-/;�:�7#+,?�-	%[(\1.;

a2 = (2k + 1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1 .

V]7 k -/1.%&-^2"73%&0/-TSU73:&+U1.8@?	4D1K8!?>73$�N�: (2k2 + 2k) -	1,%�-W2�7#%&0	-�SU73:&+_A&<>+K8@)�1.8@? a2 $&%&2"-/;�73'D-"4
(\1.-�`I-	:�7#$&F&?�-a?�A

�

VW1,-bBC1K'D-/;�8�F&;�$IN�:�8@;�-/2"-/+91.8@?c'D1,-d73ef:�g#$&h�2"8@?�-	%i`G-/%j$D?�0/?�-dk9-/(9-/1K8@;�-/2"-/+91,%l'D-	;nmo7p?�:�-/ec7p?�1,E
Q `G-/;�:�73$&FD?	AIO�%d'D1,-�8@-	eqk9$�N�:d(9-/;�'D-/%X(\1.;Z'D1.-	8�-Tr\-/2"-/+s8�-/:&;Z) P ?ZH"-/;�(*-	%�'D-/%sA&<>%t'D1.-	8�-/;Wuj?�-/+.+.-'D-	en)3%�8@?�;�1,-	;�-	%v(\1.;>'D1.-Tr\-/2"-/+wen1�?>-	1,%�-/ex(\1KN�:�?�1.23-	%buD7#?�0"A
yszD{	|t}s~,��� y5zD{�|b�I�G�C�W���5�����

� 8\2"1,`&?>$&%&-/%I'D+,1KN�:XH�1.-/+.-���;�1,en0�7#:&+.-/%5A

������ ���"�
BC1.;�`I-	(*-	1.8�-/%�'D-/%�uD7p?�0�'D$�;�N�:�-/1.%&-/%�BC1.'D-	;�8�F&;�$�N�:5AwV]7#0/$�%&-/:�e�-	%�(\1.;�'&738^�]-/2"-/%�?�-	1,+
'D-�8WuD7#?�0/-�8Z73%5A � 8]8�-/1 {p1, p2, . . . , pk} 'D1.--	%�'D+.1.N�:�-md-/%�23-73+,+.-/;>�=;�1.en0	7#:�+,-	%5AIBC1.;Z`G-a�
?�;�73N�:�?�-/%['�7#%&%b'D1.-LSU7#:&+ n = p1p2 · · · pk + 1 . � $&%b:�7#`G-/%X(\1,;\%j$&;\0	(*-	1wmd�32"+,1KN�:&E3-	1�?�-/% J� %�?!(9-	'D-	; n 1K8!?\F&;�1,ex)j'&-/;\%&1KN�:�?	ADBC1.;\0/-/1.23-	%54&'&7"8�89$&%�8�-/;�-�<>%&%I7#:&en-^1,%X`G-/1K'D-/%d��g#+.+,-	%
0/$b-	1,%&-	exBC1K'D-/;�8�F&;�$IN�: PRQ :&;�?	A��73+,+M� J <>%&2"-/%&)"e�en-	% n 1K8@?�-	1,%�-W��;�1.e�0�7#:&+_A&V]7%�7"N�:[<Z%&%�7#:�e�- {p1, p2, . . . , pk} �p���, ��;�1,en0�7#:&+.-/%¡-	%�?�:�g3+�?�4�eL$�8�8 n -/1.%&-¢H")3%¡'D1.-	8�-/%£Sw7#:&+.-/%¡8�-/1.%5A�VW7"8T1K8!?n7#`G-/;-	1,%iBC1.'D-	;@�
8�F&;�$IN�:54&'&7�%�73N�:X1.:&;�-	;>VZ-/h�%&1,?�1.)3%d'D1.-LSU7#:�+ n -	N�:�?\23;��3¤"-/;�7#+K8�¥!-	'D-T'&1,-�8@-	;WSU7#:&+.-/%X1K8!?�A��73+,+�¦ J <Z%&23-	%&)3enen-/% n 1.8@?]E"-/1.%&-���;�1.en0	73:&+�AwV]7#%&%�e$�8�8 n 'D$&;�N�:o-/1.%&-L��;�1.en0	73:&+ p)3:�%&-Wr\-�8!?*?�-	1,+.`�7#;�8�-/1.%5A � 73N�:¢$�%�8@-	;�-	;*<Z%&%�7#:�e�-We$�8�8 p -/1.%&-^'D-/;\SU7#:&+.-/% p1, p2, . . . , pk8�-/1.%v$&%�'['&7#en1,?>'&738*��;�)j'&$&E�? p1p2 · · · pk

)3:&%&-]r\-	8@?9?�-/1.+.-/%5A&V]7#%&%[-/;�231.`D?\7#`G-/; n 23-/?�-/1.+,?'D$&;�N�: p 'D-/%br\-	8@? 1 4D-	1,%bBC1K'D-/;�8@F�;�$�N�:sA
V]7v(\1.;^1,%�`I-	1.'&-/%�e��"23+.1.N�:�-/%o��g#+.+.-/%o-	1,%�-/%�BC1.'D-	;�8�F&;�$�N�:t0	$o$&%�8�-/;�-/;�<Z%&%�7#:�e�-c§�-	8

231.`D?>%j$&;\-	%�'D+.1.N�:XHj1,-	+,-���;�1.e�0�7#:&+.-/%�¨-/;�:�73+�?�-/%X:�7#`G-/%54�(973;�'&1,-�8@-T<Z%&%�7#:�e�- P 73+.8�N�:5A �

©�ª�« ¬�Z®Z¯Z°9±D²@³=T´^µ�¶w·�¶s²@¸º¹=³= ∀x P (x)

<Z+.8n%�g"N�:�8@?�-	8�(9-/;�'D-/%i(\1,;c-	1,%£-/1.% P 73N�:�-	8n7#`G-/; Q `G-/;�;�7"8�N�:�-/%�'ºecg"N�:"?�1,2"-	8�k9-/(9-/1K8@F&;�1.%&0/1.F PRQ ;<Z$�8�8�7#2"-/%X'D-/;>��)3;�e ∀n ∈ N : P (n) E3-	%&%&-	%&+,-	;�%�-/%c»['&1,-T¼¾½U¿pÀ"Á#Â�Ã�Ä#½�AUÅ
}s~,��~�Æ ÇXz&�cÈa�������w{	���I���	É�Êp����|3��É
VW1,-t�];�$&%�'D1K'D-	-b'&-/;cO�%�'D$�E"?�1,)"%�ËX`I-	;�$�:"?¢73$ P 'D-	eÌ7pÍD1.)3ec7p?�1.8�N�:&-	%Î<>$ P `�7#$l'D-/;c%I7p? Q ;�+.1.N�:�-/%SU73:&+.-/%c%�7"N�:���-�7#%&) J mt73%cE673%&%^¥!-	'&->%�7p? Q ;�+,1KN�:&-]SU73:&+I'�73'D$&;�N�:n-/;�:�7#+,?�-	%5431.%�'D-	eÏec73%543`G-/2"1,%D�
%&-	%�'den1,?]'D-	; 0 4I(\1,-�'D-/;�:&)"+�? 1 7"'&'D1.-/;�?	A � %�?�8�F&;�-�N�:&-/%I'b`I-	(*-	1.8@?Zec7#%d-	1,%&- � 1.23-/%I8�N�:�7 P ? P (n)
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�û�ü�����������������5Û#Ô@Ò/Ú�Ø�Ü�Ø�ìpÙ�Ø@êpÚ6ÝÎÜ!Ú]Ü!Ô!×äç¾Ô@Ò"êpÓpÙ�å_åÓ6×äÔ��	Ú6Ý\Ý\Ô�Ó6Ô!Õ�Ô!Õ�å�Ø�Ô!Ò
n
Ú6Ò6ç¾Ô!Õ_Ù�Ó�Ô@Ò��3Ù�ì6ãäÔ!Ò]ç¾ãäÔ!×äíîì

n2 ×äå�Ø���å_×äÔ!ì6Ô���Ú�ß.çaÙ�Û#Ô� �õ �	õ
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Der erste Stoss

P(0)

. . .

n n+1

���
	��n��� �����_���"��
p�!�����"����/�����������������!�î�!�������������	�î�!����������	
	����"�����"�������/�������î�!� �6���n���
�@�!�����j�3��
p�!�������#"
�$� ��!�ä����������� (n + 1) "����!�î�!�&%#�!�����'����	(	ä���*)�+-,., /9�"��� n "R�!�0�.� 	
	ä���

PRQ ;]¥!-�'D-[%I7p? Q ;�+.1.N�:�-dSU73:&+ n 4�1,%�'&-/e ec7#%Î0/$&-	;�8@?n'&1,- � 1.23-/%I8�N�:�7 P ? P (0) »º'D1.-b8@)�23-	%�7#%&%�?�-¼a½G¿pÀ"Á#Â_Ã�Äp½!1�2 � 1¾Ã.1Z»n`G-/(9-/1K8!?�4"$�%�'v73%�8�N�:�+,1.-/¤"-/%�'c0	-/1.2#?�4�'&7"8�8 PRQ ;�`G-/+.1,-	`&1,2"-W%I7p? Q ;�+.1.N�:�-^SU73:&+,-	% n73$�8 P (n) 7#$IN�: P (n+ 1) P )3+.2#?�»v'D-	;>8@)n23-	%�7#%�%"?�-^¼a½G¿#À"ÁpÂ_Ã�Äp½�1�1�3�4�5¾Ã�Â_Â J
6 7�7vO�%�'D$�E"?�1,)"%�8�`�738�1.8 J SG-	1,2"-34D'&738�8 P (0) 231.+�?�A
6 `87[O�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? n 7→ n+1 J � Q ;=`G-/+.1.-/`&1.23-�8 n ∈ N

0/-/1.23-"4"'&7"8�8 P (n)→ P (n+1) 2"1,+,?	A
mt73%X%�-/%&%�? n '&1,-¼a½G¿pÀ"Á#Â_Ã�Äp½!1�9 � 5¾Ã � 2 �,  )D'D-/;>'&-/%t¼¾½U¿pÀ"Á#Â�Ã�Ä#½!1;: � 5 �=<c  Â   5¾A<>$ P 'D-/%º-	;�8@?�-	%¡k9+,1KN�E�8�N�:&-	1,%�?T-/1.%i8�)3+KN�:&-	8<>;�23$&en-/%�?T-/?!(97"8TH3-	;�(\1.;�;�-	%�' J � 8�8�N�:�-/1.%"?�7#+K8)"`t(\1,;^1.%�'D-	e O�%�'D$&E�?�1.)3%I8�8�N�:&;�1�?�?^'D1.-0	$o`G-/(9-/1K8@-	%�'D-�<>$�8�8�7323-n§ ∀n ∈ N : P (n) ¨c0	$&23;�$&%�'&-+.-/2"-/%5A3VW1.-	8*1.8@?*7#`G-/;=%&1.N�:�?*'&-/;*�I7#+.+�4�'D-/%�%cen73%cEp7#%&%¢'D1.-ZO�enF&+.1.E67#?�1.)3% P (n)→ P (n+1) 7#$�N�:'&73%&%d`G-/(9-/1K8@-	%54I(9-/%�%den73%t%&1KN�:�?�8 Q `I-	;]'D-	%d?�7#?�8�g3N�:&+.1KN�:&-/%dB�7#:&;�:&-	1�?�8@(9-/;�?ZH3)"% P (n) (9-/1.¤ J> e P (n)→ P (n+ 1) 0/$b`G-/(9-/1K8@-	%54DE3�"%&%&-	%[(\1.; � ½I½   4 <c  ½I4�'&738�8 P (n) (�7#:&;\1K8!?-?
� 7"N�: 6 7�79(\1K8�8�-/%[(\1,;�4&'&7"8�8 P (0) 231.+�?�4D$&%�'X%�73N�: 6 `879(\1K8�8@-	%[(\1.;	4&'�738�8973$�N�: P (0)→ P (1)2"1,+,?	A�V]7#%&%£e$I8�8n7#$IN�: P (1) 2"-/+,?�-/% 6 en)D'D$�8nFG)3%�-/%�8�7¾AM<>$I8c'D-/;¢� Q +,?�1.23E"-/1,?nH")3% P (1) $&%�'

P (1) → P (2) E"�3%&%�-/%b(\1,;W(\1,-�'D-/;�$&e 'D1,-�� Q +�?�1,2"E3-	1�?ZH")3% P (2) 8�N�:�+,1.-/¤"-/%54&$I8@(�A�V]7c(\1.;�¥!-�'D-%�7#? Q ;�+.1.N�:&-dSU7#:�+ n '&$&;�N�:£'D1.-[(\1.-	'D-	;�:�)3+,?�-[<\'�'D1�?�1,)"%iH")3% 1 7#$�8 0 -	;�;�-/1KN�:&-/%iE3�3%�%&-/%54 P )3+.2#?'&73;�73$�8�'D1.-� Q +�?�1,2"E3-	1�?\H3)"% P (n) PRQ ;>7#+.+,- n A� 1.%£u�?�7#%�'�7#;�'D`I-	1.8�F&1.-/+�'D-/;�O�%�'D$�E"?�1,)"%¡1K8!?�-/1.%&-v$&%�-/%�'D+.1KN�:&-[��)3+.23-['&-/;LVW)3en1.%&)"8@?�-	1,%�-ven1�?
'D-	;T<>$�8�8�7#23- P (n) 1,%�?�-	;�F�;�-/?�1.-/;�?�73+.8L§6'D-/; n �_?�-¢VW)3en1.%&)"8@?�-	1,% P g#+.+,?$&ec¨ 6 k91,+K'¡¦DAä¦�7aAsVZ1.-cO�%D�
'D$�E"?�1,)"%�8�`�738�1.8�1K8!?[§6'&-/;vu�?�-/1.% 0 P g3+,+,?¢$&ec¨ 6 '&7�(\1.;¢1,:�%£73%�8!?�)3¤"-/%87aA�VZ-	;¢O�%�'D$&E�?�1,)"%�8�8�N�:&;�1�?�?
P (n)→ P (n+ 1) 1K8!?W§6'&-/;Zu�?�-/1.% n+ 1 P g3+,+,?>$&eb4 P 73+,+K8\'D-/;Zuj?�-/1.% n $�e P g3+,+,?�¨jAk9-	7"N�:"?�-34M'&7"8�8�ec7#%Î%&1.N�:�?c$&%j`G-	'D1.%&2#?nH3)"% � $&+,+W8!?�7#;�?�-/%Îe$�8�8	A�BC1.+.+\en73%Î-	1,%�-X<Z$�8�8�7#2"-
∀n ≥ m : P (n) 4�73+.8�)d'D1.-v<>$�8�8�7#23-¢§ P (n) 231.+�? PRQ ;7#+.+,- n ≥ m ¨ PRQ ;-	1,%�- P -	8@?�-¢%�7#? Q ;�+.1.N�:&-SU73:&+ m `G-/(9-/1K8@-	%54�8�)L1K8!? P (m) 'D1.-�O�%�'D$�E"?�1,)"%�8�`�738�1.8	A
� 1KN�:�?c1,enen-/;c1K8!?¢-�8�1,e O�%�'D$&E�?�1.)3%I8�8�N�:&;�1�?�?�-	1,% P 7"N�:54�7#+.+.-/1.%&-[H")3% P (n) 7#$ P P (n + 1) 0/$8�N�:&+.1,-	¤3-/%sA"k9-a?�;�7"N�:"?�-a?=ec73%v'D-/%vO�%�'D$&E�?�1.)3%I8�8�N�:&;�1�?�?*23-	%�7#$�-/;�438@)�8@1.-/:�?9en73%54j'&738�8�ec7#%v-/1.23-/%�?��

+.1.N�:�8@)"2"7#;]'D1.-�� Q +,?�1.23E"-/1,?]H")3% P (0) ∧ · · · ∧ P (n) 7#+K8&@M)";�73$�8�8�-a?�0/$&%�2¢%j$D?�0	-/%oEp73%&%5AUVA�:5AU-	8
;�-/1KN�:�?	4&'D1.-T� Q +�?�1,2"E3-	1�?>H")3%

P (0) ∧ P (1) ∧ · · · ∧ P (n)→ P (n+ 1)

PRQ ;>73+,+.- n 0	$b0/-/1.23-	%5A&VW1,-�8@-A@�7#;�1K7#%�?�-^%&-	%&%�?>en73%B9   5 �p��� C� �<n  Ã�½   5¾Â   ¼a½G¿pÀ"Á#Â_Ã�Äp½�A
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}s~,��~.} ÇXz&���^Êp����|3��É � � �����5� � �����	{ � ��� � Ê���Ê �	��
�� Êp���
� 8T231.`D?L7#$IN�:�-	1,%&-[7#%�'D-	;�- @�73;�1K7#%�?�-c'D-	;TO�%�'D$�E"?�1,)"%54s'D1.-¢) P ?T+,-	1.N�:�?�-	;7#%�0/$j(*-	%�'D-	%�1K8!?�A5BC1.+,+
ec7#%£'D1.-b� Q +,?�1.23E"-/1,?¢'D-/;n<>$�8�8�7#23- P (n) PRQ ;c7#+.+,- n `G-/(9-/1K8@-	%54M8@)�Ep7#%&%Îec7#%i-	1,%�-/%iBC1K'D-	;@�
8�F&;�$�N�:�8�`I-	(*-	1.8 PRQ :&;�-	%5AsSG-/1.23-0/$&-	;�8@?	4G'&738�8 P (0) 2"1,+,?	A � 1.ene '&7#%&%�7#%54U'&738�8 P (n) ½IÃ 3�4DÂ PRQ ;73+,+.- n 231.+�?�AIV]7#%&%deL$�8�8>-	8>'D1.-�Á �,  Ã�½!1¾Â   SU73:&+ n 23-	`I-	%54 PRQ ;W'D1,-L'D1,-L<>$�8�8�7323- P (n) %�1.N�:�?Z2"1,+,?�'D1.-	8�-[SU73:&+ n %&-/%&%�?Tec7#%¡'�738T§�Ej+,-	1,%I8!?�-[�]-/2"-/%j`I-	1.8�F&1.-/+K¨v)D'D-	;T'D-/%i§�Ej+.-/1.%�8@?�-/% @M-	;�`&;�-	N�:�-/;�¨DA
V]7 n 'D1.-cEj+,-	1,%I8!?�-n8�)3+KN�:&-¢SU7#:�+M1.8@?	45eL$�8�8 P (m) PRQ ;7#+.+,- 0 ≤ m ≤ n − 1 23-	+�?�-/%5A � 8�;�-	1.N�:�?'&73%&%X0/$b`I-	(*-	1.8�-/%s4&'&738�8�-	8�E"-/1.%&-/%b8@)"+.N�:�-/%d§�E�+.-/1.%�8@?�-	% @M-	;�`&;�-	N�:�-/;�¨23-	`I-	%[Ep73%&%5A
B�7#;�$&e 1K8@?='D1,-�8@-�8M��;�1,%�0/1.Fn'�738�8@-	+,`G-\(\1,->'&1,-\O�%�'&$&E�?�1.)3%��]uj-/1 n -	1,%¢§�Ej+,-	1,%I8!?�-/; @M-	;�`&;�-	N�:�-/;�¨DASG$�%�g3N�:�8@?=e Q 8�8�-/%c(\1.;�'D-/%v�I7#+.+ n = 0 7#$�8�8�N�:�+,1.-/¤"-/%54#$�%�'¢'&7"8=1K8!?923-	%�7#$¢'D1.-ZO�%I'D$&E�?�1.)3%�8�`�7"8@1K8/A� Q ; n > 0 (\1K8�8@-	% (\1,;�4�'&738�8 P (n − 1) 231.+�?�49%�1.N�:�?X73`I-	; P (n) A > e -	1,%&-	% BC1K'D-/;�8@F�;�$�N�:

0	$�-	;�:I7#+,?�-/%s45;�-	1.N�:�?�-	88@)"e�1,?'D1.-[� Q +,?�1.23E"-/1,?'D-/;TO�enF&+.1.E67#?�1.)3% P (n − 1) → P (n) 4�73+.8�)d'D-/%O�%�'&$&E�?�1.)3%�8�8�N�:�;�1,?@?\0/$X`G-/(9-/1K8@-	%5A

}s~,��~�� ��z&��� ��
���� � �� ��������� � �
> eÌ'D1.-d�]- P 7#:&;�-/%Î`I-	1><>%j(9-/%�'D$�%&2�'&-	8nO�%�'D$�E"?�1,)"%�8�F&;�1.%&0	1,F�8�0	$i0/-	1,2"-/%54�`G-/2"1,%&%�-/%£(\1,;nen1�?
-	1,%&1.23-	% P 73+.8�N�:&-	%X<Z%�(9-/%I'D$&%&2"-/%5A
��� ���	É�� � �*}5~��w�

> %I8@-	;�-^-/;�8@?�- 6 %&1KN�:�?>-/;�%�8@?�2"-/en-/1.%�?�-*7*k9-	:�7#$&F&?�$&%&2n1K8!? J ¼¾½   Ã�½   ½���Ä��   50: � 1�1   ½oÀD½   ½U¿ �
� Ã 3�4 9�Ã  /�, "!\�3� 5   96Ä#½�#UÄ-3�Á   ½%$§ak9-	(*-	1.8�¨>'D$&;�N�:O�%I'D$&E�?�1.)3% J O�%I'D$&E�?�1.)3%�8�`�7"8@1K8 J n = 1 A � 1.%�F�7373;MuD)jN�E"-/%TFI738�8!?�1,%�-/1.%&-	%+.-/-/;�-/%'&W))(U-/;�A
O�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? n 7→ n+1 J O�%L-	1,%&-	e*&Z)+(G-	;M8@1.%�' n �M737#;Muj)DN�E3-	%5A � 1.%LF�7"7#;Muj)DN�E3-	%F�7"8�8@?=1.e�en-	;*%&)DN�:c;�-/1.%54"'&1,-�8�1K8!?9-/1.%&-W73+,+.23-	e�-	1,%�2 Q +,?�1.23- � ; P 7#:�;�$&%�2�A"<Z+.8�)8�1,%I'c%j$&% n+1�M7373;Zuj)DN�E3-/%[1,%d'D-	e,&W))(U-/;�A

�B�)]1K8@?M'&-/;M�&-	:&+,-	;-�>VZ1.-\O�%�'D$&E�?�1,)"%L1K8!?M-	1,%¢Á3Ä#½!1¾Â;5¾À"ÁpÂ_Ã�9   1\k*-	(*-	1.8�H3-	; P 73:&;�-/%�$&%�'�8�)3+KN�:&-k9-/(9-/1K8@-L-/; P )3;�'D-/;�%o73$�N�:tE3)"%�8@?�;�$&E�?�1.H3-L<Z;�2"$&en-/%�?�-"AIO�e uj)DN�E3-/%j`G-/1K8@F�1,-	+�(�7#;]'&738^<>;�23$&�
en-/%�?v§6'D1.- � ; P 7#:�;�$&%�2�8�7#23?	4�'&738�81.enen-/;n%&)DN�:i-	1,%£F�7373;�uj)DN�E"-/%ien-	:&;n1,%£'D-/%�&Z)+(G-	;
F�7"8�8@?�¨�%&1KN�:�?vE3)"%�8!?�;�$�E"?�1,HUA � 1,% E")3%�8@?�;�$&E�?�1.H3-�8c<>;�23$&en-	%"?X8@)"+,+,?�-t2"-/%�73$C8�7323-/%/.=Ä£¿pÃ  021 3�Á  43 1 5¿ � 15.   Ã�Â   5  6!\�3� 5"#UÄ-3�Á   ½ 1   Ã�½7.MÃ�5�¿ ?

mt73%[H"-/;�231K8�8@?�) P ?	4I'D1,-�O�%I'D$&E�?�1.)3%�8�`�7"8@1K890/$bH3-	;�1,h�0/1.-/;�-/%sA
��� ���	É�� � �*}5~985�

uj-	1 P (n) '&1,-Z<Z$�8�8�7323->§ ∀n ∈ N : n = n+1 ¨jA3VW-/;*O�%�'D$&E�?�1.)3%I8�8�N�:&;�1�?�? P (n)→ P (n+1)1K8!? PRQ ;\7#+.+,- n -/1.%&-](973:&;�-W<>$�8�8�7323-"4�'D-	%&% n = n+ 1→ (n+ 1) = (n+ 1) + 1 231.+,?	AD<>`G-/;
P (0) 1.8@? P 7#+K8�N�:s4&'&7 0 = 1 %&1.N�:�?>2"1,+,?	A

BC1.+,+Dec73%L-	1,%&-\<Z$�8�8�7#2"- ∀n ≥ m : P (n) `I-	(*-	1.8�-/%s4#8@)]e$�8�8�'D-/;MO�%I'D$&E�?�1.)3%�8�8�N�:&;�1,?@? n 7→ n+1
PRQ ;W7#+.+,- n ≥ m 4I7#+K8@)n7#$�N�: PRQ ; n = m 23-/+,?�-	%5A
��� ���	É�� � �*}5~�:w� �W� �<; z&�U{ � �

BC1.;*`G-a?�;�7"N�:"?�-/%¢'D1.-W<Z$�8�8�7323- P (n) = §�(*-	%&%v8�1.N�:¢$�%"?�-/; n > 1,-	;�-	%c-/1.% � +.- P 7#%�?9`I-/h�%�'D-/?	4'&73%&%d8@1.%�'X7#+.+,-�'D1.-	8�- > 1,-	;�- � +.- P 73%�?�-/%�¨DA
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p�!�������3�������������6�	� ∀x P (x) ���

O�%�'D$�E"?�1,)"%�8�`�738�1.8 J n = 1 J B�-/%&%ºH")3%�-/1.%&-	e > 1.-/;T-	1,%&-�8�-/1.% � +.- P 73%"?L1.8@?	4�'&7#%&%º8�1,%I'7#+.+.-^'&1,-�8@- > 1.-/;�- � +,- P 7#%�?�-	%5AO�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? J n 7→ n+1 A"uD-/1�$�%"?�-/; n+1 > 1.-/;�-/%n-/1.%&-	8=-/1.% � +.- P 7#%�?�A"BC1.;*8@?�-	+,+.-/%
'D1.- > 1.-/;�-*8�)Z1.%-	1,%�-*r\-	1,:&-"4p'&738�8�8�1KN�:'D1.-	8�-/; � +,- P 7#%�?�$&%�?�-/;�'D-	%T-/;�8!?�-/% n > 1,-	;�-	%T`I-/h�%�'D-/?	A
� 7"N�:t'D-/;ZO�%�'D$&E�?�1.)3%I8�73%&%�7#:�e�-T8�1.%�'t'&73%&%d7#+.+,-'&1,-�8@-T-	;�8@?�-	% n > 1.-/;�- � +.- P 73%�?�-/%sAIV]7#en1�?`G-ah�%�'&-a?*8�1.N�:c73`I-	;=7#$�N�:�$&%�?�-	;='D-	%c+,-/?�0a?�-/% n > 1,-	;�-	%L-	1,% � +,- P 7#%�?	4"(*)"e�1,?='D1.-	8�->7#$�N�:n7#+.+.-� +.- P 73%"?�-/%d8�-/1.%[e Q 8�8�-/%sA&<>+K8@)¢8�1,%I'[73+,+.- n+ 1 > 1,-	;�- � +.- P 73%"?�-/%5A �B�)d1.8@?L'&7"8T<>;�23$&en-	%"? P 73+.8�N�:��¢O�e �I7#+.+ n + 1 = 2 Ep7#%&%�ec7#%¡'D-	% � +,- P 7#%�?�-	%º0/(�7#;8�)[8@?�-/+.+.-/%54w'&7"8�8Z-/;]`I-	1�'&-/%o-	;�8@?�-	% n = 1 > 1.-/;�-/%o8@?�-	:�?	AU�&)3+.23+.1KN�:o8@1.%�'t73+,+.- > 1.-/;�-$�%"?�-/;'D-	%i-/;�8@?�-/% n = 1 > 1.-/;�-/% � +.- P 73%�?�-/%sA�<Z`I-	;�'&-	8�:�7#+.`¡`G-ah�%�'&-/%Î8�1KN�:¡$&%�?�-	;�'D-	% �,  Â��aÂ   ½
n = 2− 1 = 1 > 1.-/;�-/%X%&1KN�:�?�%�)#?!(9-/%�'D1.2 � +.- P 7#%�?�-/%5A�V]7#:�-/;\231.+,? P (1)→ P (2) %&1KN�:"?�A

md1,?�'D-/;^O�%�'D$�E"?�1,)"%oEp7#%�%oec7#%o<Z$�8�8�7323-/%o%&1.N�:�?^%j$&; Q `I-	;]%I7p? Q ;�+.1.N�:�-nSU73:&+,-	%54w8@)"%�'D-	;�%o73$�N�:
Q `G-/;�'D1.- � +.-/en-	%"?�-Z-	1,%&-	;=`G-/+.1,-	`&1.23-/%[md-/%&2"- M `G-/(9-/1K8@-	%5A3BC1.+,+Uec7#%c-	1,%�-W<>$I8�8�7#2"-Z'D-/;9�&)";�e
§ PRQ ;>73+,+.- x ∈M 231.+�? Q(x) ¨L`G-/(9-/1K8@-	%54&8�)�(�g#:�+�?\ec7#%X0/$&%Ig3N�:�8@?9-	1,%�-T<>`&`&1.+K'D$&%&2 f : M → N73$�8/4�'&1,-n¥!-�'D-/e��W`D¥!-/E�? x ∈ M 8@-	1,%&-t§��sg#%�23-	¨ f(x) 0	$j(*-	1.8@?	4M$&%I'ÎF�;�)"`&1,-	;@?c'D1.-t<>$�8�8�7#23-
∀n ∈ N : P (n) en1,?

P (n) = § PRQ ;Z73+,+.- x ∈M e�1,? f(x) = n 231.+�? Q(x) ¨ 6 ¦&A,�*7
en1,?@?�-	+.8¢O�%�'D$&E�?�1.)3%l0	$Î`G-/(9-/1K8@-	%5A�O!8@?¢0/$&e k*-	1.8�F&1.-/+ M 'D1.-tmd-/%&2"-d7#+.+,-	;v�];�73F&:&-/%£en1�?¢`G-a�
8@?�1.eneT?�-	% � 1.23-/%I8�N�:�7 P ?�-	%54I8�)cEp7#%&%tec73%b73+.8 f(x) 'D1.-<>%&0�7#:&+�'D-/; &^%&)#?�-/%b)D'D-/;]'D-/; &�7#%�?�-	%1.% x %&-/:&en-	%5A&O�%b'D1,-�8@-	;Zuj1,?�$�7#?�1.)3%b1.8@? n %j$&;\-	1,%b�M7#;�7#en-/?�-/;�4D'D-/;>'&-/;\2"73%&0/-	%Xmt-/%&2"- f−1(n)'D-	; � +.-/en-/%�?�-T73$�8 M 0	$&23-	(\1,-�8@-	%[1K8@?	A

� O�%�8@)"+.N�:�-/%��g#+.+.-/%TeL$�8�8�ec7#%�7#`G-/;�8@-	:&;�H")3;�8@1KN�:�?�1.2>en1�?M'D-	e O�%�'D$&E�?�1.)3%I8�8�N�:&;�1�?�? n 7→ n+1$�e�2"-/:&-	%5A
� 1.% :�g3$Dh�2"-/;[��-/:&+.-/;[1.8@?X'&-/; P )"+,2"-/%�'&-3A�mt7#%C%&1.eneT?X-/1.% `I-	+,1.-/`�1,2"-	8 � +,-	e�-	%�? x ∈ M 'D-/;
��g#%&2"- f(x) = n + 1 $�%�'º§�en73%&1.F&$&+.1,-	;@?�¨v-	8	4w$&e -/1.% � +.-/en-	%"? x′ 'D-	;��sg3%&23- f(x′) = n 0	$
-	;�:�73+�?�-/%5AGVW7 x′ -/1.%&-Ej+.-/1.%&-/;�-	��g#%&2"- f(x′) 7#+K8 f(x) :�7#?	4U8�N�:&+.1.-/¤#?Wen73%t'&7#;�7#$I8/4G'&738�8Z§�%�7"N�:O�%�'&$&E�?�1.)3%�8�H3)";�73$�8�8�-a?�0/$&%�2"¨�7#$�N�: Q(x′) 23-	+�?�-/%�e$�8�8/AwVW1,-�8]e$�8�8W73`I-	;^%&1.N�:�?^$&%j`I-�'D1.%&2#?�'D-/;�I7#+.+�8�-/1.% J V]738�%&-/$�- � +.-/en-	%"? x′ e$�8�8�1,%l'D-/;nmd-	%&23- M +.1,-	23-/%s4�'&-/%&%£'D1,-d<Z$�8�8�7#2"- P (n)8�F&;�1.N�:�?�%�$�; Q `I-	;Z'D1.- � +.-/en-/%�?�-�1.% M ?�mt7#%Xe$I8�8\73+.8�)n%&)DN�: x′ ∈M %�73N�:j(9-/1K8@-	%5A
��� ���	É�� � �*}5~�
5� � � {�|#{c�5��z&����{ � �cz � � Ê¢Êp� ��
 {�� ��

BC1.;>(*)"+,+.-/%b'D1.- P )3+.23-/%I'D-^H3-/;�`&+ Q (U-/%�'D-�<Z$�8�8�7#2"-T§/`G-/(9-/1K8�-/%�¨ J
<>+.+.-]%I7p? Q ;�+.1.N�:�-/%tSU7#:&+.-/%b8�1,%�'X2"+,-	1.N�: .

O�%n'D1,-�8@-	e ��73+,+D1K8!? M = N×N
'&1,-\md-	%&23-�7#+.+,-	;���7"7#;�- x = (a, b) 'D-	;�%I7p? Q ;�+.1.N�:�-/%�SU73:&+.-/%$&%�'�(\1.;�(*)"+,+.-/%�0/-/1.23-	%54w'&738�8 a = b PRQ ;T73+,+.-�8�)3+KN�:&-��M737#;�-2"1,+,?	A5V]7#0	$�%�-/:&en-/%�(\1.;T'D1,-

�sg3%&23-	% P $&%&E�?�1,)"% f(a, b) = max{a, b} $&%�'X`G-a?�;�73N�:�?�-/%b'D1,-�<Z$�8�8�7#2"-/%

P (n) = § PRQ ;Z7#+.+.- (a, b) ∈ N× N
en1,? max{a, b} = n 2"1,+,? a = b ¨ .

O�%�'D$�E"?�1,)"%�8�`�738�1.8 n = 0 1K8@?W;�1.N�:�?�1.2�4G'D-/%�%o7#$�8 a, b ∈ N
$&%�' max{a, b} = 0 P )"+,23? a = 0$&%�' b = 0 4�7#+K8@) a = b A
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O�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? J n 7→ n+ 1 A � -	:&en-/%[(\1,;�7#%54j'&7"8�8 P (n) 231.+�?�4"$�%�'¢`G-a?�;�7"N�:"?�-/%¢-	1,%`G-/+.1,-	`&1,2"-	89�M7373;=H3)"%XSU73:&+,-	% a, b ∈ N
en1�? max{a, b} = n+ 1 ADVW73%&%v1K8@? max{a− 1, b−

1} = n $&%�'X%�7"N�:[O�%I'D$&E�?�1.)3%�8�7#%�%�7#:&en-^231.+,? a− 1 = b− 1 $�%�'b'&7#en1,?Z7#$�N�: a = b A �B�)Z1K8!?�'D-/;��&-	:&+,-	;-�9<Z$�8 max{a, b} = n+1 P )3+.2#?�0/(�7#; max{a−1, b−1} = n 4�73`I-	;�'D1.-O�%�'D$�E"?�1,)"%�8�H3)3;�7#$I8�8�-a?�0/$&%&2W(\1,;�'�'&7#en1,?�%&1.N�:�?M$&%j`G-	'D1.%&2#?�-	; PRQ +,+,? J B�-/%�%�(\1.;M0/$�e k9-/1K8@F&1.-/+
a = 0 $&%�' b = 1 `G-a?�;�7"N�:�?�-/%s4I'&73%&%d1.8@?Z0	(973; max{a− 1, b− 1} = 0 1,enen-/;W%&)DN�:d-/1.%&-%�7#? Q ;�+,1KN�:&-SU73:&+�4&'&1,-LSU73:&+ a− 1 = −1 7#`G-/;\%&1KN�:�? ?

> e -	1,%&-[<>$�8�8�7323- P (n) H3)3%º'D-	;�&)";�e 6 ¦&A,�*7]0/$º`G-/(9-/1K8@-	%54s(\1.;�'�73$�N�:�23-	;�%&-¢'&-/; P )"+,2"-/%�'&-��-/:&+.-/;\2"-/ec73N�:�?	Ajmt73%[%&1.eneT?\-/1.%b`I-	+,1.-/`�1,2"-	8 � +.-/en-/%�? x′ '&-/; �sg3%&23- f(x′) = n 4Dec7#%&1.F&$&+.1,-	;@?-�8/4�$&e -/1.%¡-/`G-/% P 73+,+K8n§/`G-/+.1.-/`&1.23-�8�¨ � +.-/en-/%�? x 'D-	; ��g#%&2"- f(x) = n + 1 0/$¡-	;�:�73+�?�-/%54�$&%�'
(9-/1K8!?n7#%�8�N�:&+.1,-	¤3-	%�'¡'D1.-[O�enF&+.1.E67#?�1.)3% Q(x′) → Q(x) %I73N�:5A�O!8@?n'&7"82"-/+.$&%&2"-/%54�8@)�§ P )3+.23-	;@?�¨ec7#%Î'&7#;�7#$�8	4�'�738�8L'D1.-[<Z$�8�8�7323- Q(x) 7#$�N�: PRQ ; �#���,  � +.-/en-/%�?�- x 'D-/; �sg3%&23- n + 1 2"-/+,?�-/%
eL$�8�8	A 6 VZ1.-	8�-	8'@M)3;�(9g3;@?�8!�#@M-/; P 7#:&;�-/%�1.8@?ec7#%b¥@7o8�N�:&+.1.-/¤3+.1KN�:�H")3%º'D-/%ÎSw7#:&+.-/%�:&-	;23-	(*)":&%�?	A 7VW1,-X� Q +�?�1,2"E3-	1�?TH")3% Q(x) PRQ ;L'&1,-cE")3%�8@?�;�$&1.-/;�?�-/% � +.-/en-/%�?�- x 2"73;�73%�?�1.-/;�?^73`I-	;7#+.+,-	1,%�-c%&)DN�:
%&1KN�:�?	4G'&738�8\'D1.-<>$�8�8�7#23- Q(x) 73$�N�: PRQ ; �#���,  � +.-/en-/%�?�- x 'D-	; �sg3%&23- n+ 1 23-/+,?�-	%de$�8�8	A � 8Ep7#%�% � +.-/en-	%"?�-�'D-/; �sg3%&23- n+ 1 1,% M 2"-/`G-/%54&'D1.-^%&1KN�:"?\'D$&;�N�:['&1,-�8@-6&Z)"%�8@?�;�$&E�?�1.)3%¢-	;�;�-/1KN�:�?
(9-/;�'D-/%sA
��� ���	É�� � �*}5~��5�

B�-/%&%n-/1.%�$&%&23-	;�1KN�:�?�-/?�-/;M�];�7#F&: G = (V,E) 0/$I8�73e�en-	%&:�g#%�23-/%I'T1K8!?�4#7#+K8@)](*-	%&% PRQ ;M0/(9-/1`G-/+.1,-	`&1,2"- &^%&)#?�-/% u, v ∈ V e�1.%�'D-�8!?�-/%�8^-	1,%�B�-/2bH3)"% u %I73N�: v -aÍD1K8!?�1,-	;@?�45'&7#%&%�eL$�8�8¥!-	'&-/;�&^%�)#?�-	%�en1�?sen1.%�'D-�8!?�-/%�8s-/1.%&-/e 7#%�'&-/;�-/%5&^%&)3?�-/%^`G-/%�7"N�:j`�7#;�? 6 'wA�:5A	7"'6¥@7#0	-/%�?�758@-	1,%5A
O!8@?�'D1.- > enE3-/:�;�$&%�27#$�N�:v;�1KN�:�?�1.2<� � 7p? Q ;�+,1KN�:¢%&1KN�:�? J <>+K89�]-	23-/%j`G-/1K8@F�1,-	+IEp7#%�%¢ec7#%¢-	1,%&-	%�];�7#F&:&-	%C%&-/:�e�-	%54\'D-/;[%j$&;[73$�8¢0	(*-	1WEj%&)3?�-/%I'D1.8�¥!$&%&E�?�-/% &�7#%�?�-/%C`G-	8@?�-/:�?�A > ;�)#?�0�'D-/e(9)3+.+,-	%[(\1.;>'D1.- P )3+.23-/%I'D-�<>$�8�8�7323-�§	`I-	(*-	1.8�-/%�¨jA
���<
 z&��É�{���� �¡}s~�Æ��5�]�W��� �'; z&��� ��
����L�	
 z&��É�{���� � 

B�-/%&%i¥!-	'D-	;�&^%&)3?�-	% 1,% -/1.%&-/e $&%�23-/;�1KN�:"?�-a?�-/% �];�7#F&:&-	% en1�?ben1,%I'D-	8@?�-	%�8X-/1.%&-/e
7#%I'D-/;�-/%�&^%&)#?�-/%X`I-	%�73N�:j`�73;@?\1K8!?�4&'&7#%&%b1K8!?Z'&-/;Z�];�7#F&:X0/$�8�7#enen-/%�:�g#%&2"-/%�'5A

���   .   Ã.1�	 J BC1.;n23-	:&-/%Î1,%�'&$&E�?�1.HºH3)3;�$&%�'i(9g3:&+.-/%i'D1.-tSU7#:&+ n '&-/; &^%&)#?�-/%Î73+.8LO�%�'D$�E"�
?�1.)3%I8@Hp7#;�1K7#`&+.-3A5VW1,- ��g#%&2"-n-/1.%&-	8�];�7#F�:&-/% G = (V,E) 1K8!?73+.8�) f(G) = |V | A�uj-/1 P (n)'D1.- P )3+.23-/%I'D-�<Z$�8�8�7323- J B�-/%&%�1.%�-	1,%�-/e �];�7#F&:�-/% G en1�? n &^%&)3?�-	%¢¥!-	'&-/;5&^%&)3?�-/%�en1�?
en1,%I'D-	8@?�-	%�8�-/1.%&-	e 7#%I'D-/;�-/% &^%&)#?�-/%�`I-	%�73N�:j`�73;@?^1.8@?	4�'&7#%&%�1K8!? G 0/$�8�7#enen-/%�:�g#%&2"-/%�'5A
BC1.;>(*)"+,+.-/%d§�0/-	1,2"-/%�¨j4&'�738�8 P (n) PRQ ;>7#+.+.- n 231.+,?	A� Q ;�'D1.-\O�%�'D$&E�?�1,)"%�8@`I738�1.8 n = 1 1.8@? P (n) )+(G-	%�8@1KN�:�?�+.1.N�:�;�1.N�:�?�1.2�4p'&7^-�8�E3-	1,%&-	%�73%�'D-	;�-	%&^%&)3?�-/%v231.`D?	ADVW-/;\��73+,+ n = 2 1K8!?\7#$IN�:¢))(U-/%�8�1KN�:"?�+,1KN�:54j'&7T1.%['&1,-�8@-	e ��7#+.+U'D-/;\�];�73F&:v%j$&;
7#$I8�-/1.%&-/; &�73%"?�-^`I-�8!?�-/:�?	A
O�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? n 7→ n+1 A"BC1.;�%&-/:&en-	%v-/1.%&-	%¢`I-	+,1.-/`�1,2"-/%[�];�7#F&:�-/% Gn = (V,E)en1�? |V | = n &^%&)3?�-/%s4�1.%L'&-/el¥!-	'&-/; &^%&)#?�-/%Le�1,?Men1,%�'&-	8@?�-/%I8�-	1,%�-/e 7#%I'D-/;�-/% &^%�)#?�-	%`G-a�

%�7"N�:�`I7#;�?�1K8!?�A3V]7#%&% PRQ 23-	%n(\1,;M-	1,%&-	%L%�-/$&-	% &^%�)#?�-	% x 6∈ V :&1.%&0/$sA3VW7 x en1,?�e�1.%�'D-�8!?�-/%�8-/1.%&-	e 7#%�'D-	;�-	% &^%&)3?�-/%o`I-	%�73N�:j`�73;@?W8�-/1.%teL$�8�8W$&%�'�7#+K8 � 73N�:j`�73;�%d%j$&;6&^%&)#?�-/%o73$�8 V1.%o�&;�7#2"-�E3)3enen-/%s4�H3-	;�`�1,%�'&-/%d(\1.; x en1,?Wen1.%�'D-	8@?�-	%�8>-	1,%�-/e &^%&)#?�-/%t73$�8 V Awuj-	1 Gn+1'D-	;='&7#`G-/1�-/%�8@?�-	:&-/%�'&-\�];�7#F�:�en1,? n+1 &^%&)3?�-	%5ApBC1,;=(*)"+,+.-/%c§�0/-	1,2"-/%�¨j43'�738�8M7#$�N�: Gn+10/$I8�73e�en-	%&:�g#%�23-/%I'X8�-/1.%be$�8�8	A�VW7 PRQ ;Z`G-a?�;�7"N�:�?�-/%b(\1.;>0/(9-/1s`I-	+,1.-/`&1.23-5&^%�)#?�-	% u $&%�' v7#$I8 V ∪{x} AD�]-/:&�";�-	%c'D1,-�8@-W`I-	1.'&-/% &^%&)3?�-/%c0	$ V 4�8@)e$�8�8�-�8�%�7"N�:cO�%�'D$&E�?�1.)3%I8@H")3;�7#$�8@�8�-a?�0	$&%&2c-	1,%&-	%bB�-	2cH3)3% u %I73N�: v 6 1.e �];�73F&:&-/% Gn
$&%�'d8�)3en1,?Z7#$�N�:X1,% Gn+1

7�2"-/`G-/%5A
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x

���
	��n��� ������������� ���" �	�����
#� 	������	�*��� M4
�������_�¾�"���=�������	�\�"�	�!���L����������
0��$� ��� �!�� ��/����������������	�

M3
�D���î�!�� p� �	�"������������� ���" ���� �!��$� p�!���

uj-	1D%�$�% v 6∈ V 4#'wA�:5A v = x A � 73N�:LVW-ahI%&1�?�1,)"%LH")3% Gn+1
eL$�8�8�'&-/; &^%&)#?�-/% x e�1.%�'D-�8!?�-/%�8-/1.%&-	% � 73N�:j`�7#;�% y ∈ V :�7#`G-/%sA � 73N�:�O�%�'D$�E"?�1,)"%�8�H3)3;�7#$I8�8�-a?�0/$&%&2ve$�8�8]-	8�'&73:&-/;^-/1.%&-	%B�-/2cH3)"% u %�73N�: y 1.% Gn

23-	`I-	%54�'D-	;Z8@1KN�:d'D$&;�N�:X'&1,- &�73%�?�- {x, y} 0/$b-/1.%&-/eqB�-	2¢H3)"%
u %�7"N�: x 6 Q `I-	; y 79-/;�(*-	1�?�-/;�%v+Kg38�8!?�A&<>+K8@)n1K8!?Z'D-	;Z�];�73F&: Gn+1

0	$�8�73ene�-	%&:�g3%&23-	%�'wA
�B�)º1.8@?['D-	;¢�&-/:�+,-	;-��uj-/1 Mn

'&1,-omt-/%&2"-b73+,+.-/;X�];�73F&:&-/%£en1�? n &^%&)3?�-	%54�1.% 'D-/%&-	%
¥!-	'&-/; &^%&)3?�-/%Xen1�?>en1.%�'D-�8!?�-/%�8�-	1,%&-	ex7#%I'D-/;�-/%�&^%&)#?�-/%X`I-	%�73N�:j`�73;@?�1.8@?	ADO�%b'D-	ex)3`�1,2"-/%
§ak9-	(*-	1.8�¨v2"-/:�?Tec7#%¡'&76H")3%�7#$�8	4s'&7"8�8^ec73%��   ¿   ½C�];�7#F&:&-	%�1,% Mn+1

7#$�8Te�1.%�'D-�8!?�-/%�8
-/1.%&-	e �];�7#F�:&-/%d1.% Mn

73$ P 'D1.-`G-	8�N�:&;�1.-/`G-/%�-TB�-	1.8�-E")3%�8@?�;�$&1.-/;�-/%bEp7#%&%sAGVW1,-�8Z1K8@?]7#`G-/;
P 7#+K8�N�: ?Iuj)c2"-/:&�";@?\0/(�7#;>'&-/;>1.%tk91,+K'd¦DA �L+.1.%&ED8>23-	0/-	1.N�:&%�-a?�-T�];�7#F&:b0	$ M4

4&-	;>Ep7#%&%d7#`G-/;
7#$I8>E3-	1,%�-/e 'D-/;^�];�73F&:&-/%d1.% M3

E3)3%I8!?�;�$&1.-/;�?Z(9-/;�'D-/%s4�'&7 M3
%j$&;W73$�8Z'D-	%d1,%�k*1.+K'o¦DA �

;�-	N�:�?�8�2"-/0/-	1.N�:�%&-a?�-/%v0	(*-	1s�];�73F&:&-	%[`G-	8@?�-	:"?�A

}s~,��~,� �[� ��
 {	� � � � � �� ������� � � �

� $&% 6 -	%�'D+.1.N�: 7 P )3+.23-	%d-/1.%&1.23-k9-/1K8�F&1,-	+,- PRQ ;]'&1,-nuDgp?�0/-34G'D1.-ec7#%d+.-/1KN�:�? 6 $&%I'd;�1KN�:�?�1.2�? 7�en1�?�?�-	+.8
O�%�'&$&E�?�1.)3%X`I-	(*-	1.8�-/%bEp7#%&%sA
yszD{	|d}s~�ÆGÆI� �L� Êp���G�����������X���G� � � ��
 ��� �

� Q ;M¥!-�'D-^;�-	-/+.+,-SU73:&+ x ≥ −1 $&%�' PRQ ;�¥!-	'D-�%�7#? Q ;�+.1.N�:&-TSU73:&+ n ≥ 1 231.+�?

(1 + x)n ≥ 1 + nx .

������ ���"�
BC1.; PRQ :&;�-/%b'D-/%dk9-/(9-/1K8�en1�?�?�-	+.8\O�%I'D$&E�?�1.)3% Q `G-/; n AO�%�'D$�E"?�1,)"%�8�`�738�1.8 J � Q ; n = 1 231.+�? 1 + x ≥ 1 + x AO�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? n 7→ n+ 1 J �]1,+,? (1 + x)n ≥ 1 + nx 4�8�)n231.+�?Z73$�N�:

(1 + x)n+1 = (1 + x)n · (1 + x)

≥ (1 + nx) · (1 + x) 1 + x ≥ 0

= 1 + nx+ x+ nx2

= 1 + (n+ 1)x+ nx2 nx2 ≥ 0

≥ 1 + (n+ 1)x .
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BC1.;=0	-/1.23-/%n%j$&%cen1,?@?�-	+.8=H3-	;�73+,+.23-	e�-	1,%�-/;�?�-/;�O�%�'&$&E�?�1.)3%54�'&738�8U¥!-	'&->%�7p? Q ;�+,1KN�:&-WSU73:&+�4�'D1.-\23;��3¤3-	;)D'D-	;92"+,-	1.N�: 2 1.8@?	4&8�1KN�:[7#+K8���;�)D'D$&E�?\H3)3%X��;�1,en0�7#:&+.-/%X'&7#;�8!?�-/+.+,-	%[+Kg38�8@?	A � � 8�231.+�?\0/$�exk9-/1K8@F&1.-/+
1815 = 3 · 5 · 11 · 11 A
yszD{	|t}s~�ÆD}s� �^Ê6���¡|3z 
 ����zDÊp�	{ � ������� �

uj-	1 n -	1,%&-�%I7p? Q ;�+.1.N�:�-TSw7#:&+_4D$&%�' n ≥ 2 A�V]7#%�%[1K8!? n ��;�)j'&$&E�?>H3)3%X��;�1,en0�7#:&+.-/%5A

������ ���"�
BC1.; PRQ :&;�-/%d'D-	%Xk9-/(9-/1K8�en1�?�?�-	+.8\H"-/;�7#+.+,2"-/en-/1.%&-	;@?�-/;9O�%�'D$&E�?�1.)3%sAO�%�'D$�E"?�1,)"%�8�`�738�1.8 n = 2 J V]7 2 -/1.%&-c��;�1,en0	73:&+M1K8!?�451.8@? 2 ?�;�1,Hj1K7#+.-	8^��;�)D'D$&E�?TH3)"%�8�1KN�:8�-/+.`�8!?�4�7#+K8�)L��;�)D'D$&E�?>-/1.%&-	;\��;�1.en0	73:&+�A
O�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? n → n + 1 J uj-	1 n `G-/+.1,-	`&1,2X$&%�'�%&-	:&en-/%�(\1,;�7#%s4U'�738�8 �#���,  Sw7#:D�+.-/% H")3% 2 `&1K8 n 8�1.N�: 73+.8v��;�)j'&$&E�?�-tH")3%C��;�1,en0�7#:&+.-/% 8�N�:&;�-/1.`I-	%C+.7"8�8�-/%5A*BC1,;X0/-	1,2"-/%54

'&7"8�8�'&73%&% n + 1 -/`G-/% P 73+,+K8�-/1.%���;�)D'D$�E"?TH")3%���;�1.en0	73:&+,-	%�1K8@?	AsV]7#0	$�ec73N�:�-/%�(\1,;�-	1,%&-��73+,+.$&%�?�-	;�8�N�:&-	1.'D$�%&2�A
��73+,+�� J <>%&2"-/%&)"e�en-	% n+1 1K8!?9-/1.%&->��;�1,en0�7#:&+_A"V]7#%&%c1K8@? n+1 '&1,->-	1,%�0/1.23->��;�1.e�0�7#:&+_47#$I8\'D-/;>'&7"8���;�)j'&$&E�? n+ 1 `I-�8!?�-/:�?	A��73+,+w¦ J <>%�23-/%�)3enen-/% n+ 1 1.8@?*E"-/1.%&-Z�=;�1.en0	7#:�+�AjVW73%&%v2"1,`&?*-	8*0/(9-/1I-	N�:�?�- > -	1,+.-/;9H3)"%

n+1 4373+.8�)�%�7#? Q ;�+,1KN�:&-WSU73:&+.-/% a $&%�' b en1,? 2 ≤ a, b < n+1 4�8@)�'&7"8�8 n+1 = ab 2"1,+,?	A�VW7
a $&%�' b `G-/1K'D-ZEj+.-/1.%&-/;97#+K8 n+1 8�1,%I'w4"E"�3%&%�-/%n(\1,;�'D1.->O�%�'D$�E"?�1,)"%�8�H3)3;�7#$I8�8�-a?�0/$&%&2^%j$D?�0/-/%$&%�'v'D1,-^SU7#:&+.-/% a $&%�' b 73+.8=��;�)j'&$&E�?�->H")3%n��;�1,en0	73:&+.-/%¢8�N�:&;�-	1,`G-/%sA"V]7#%&%¢1K8@? n+1 = ab7#$IN�:[-	1,%b��;�)D'D$&E�?>H3)"%v��;�1,en0�7#:&+.-/%5A

�

VW1,-T��)3+.23-�'D-	;>8@)"23-/%I7#%&%�?�-	% 4 � 5 < Äp½�Ã.1�3�4   ½�� � 4 �.  ½ H1, H2, H3, . . .
1K8@?Z'D-ah�%�1,-	;@?>'D$&;�N�:

Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
.

yszD{	|t}s~�Æ �s� �dzDÊ��¡�I����� ��
���	 z 
 � � �
� Q ;Z73+,+.- n = 0,1, . . . 231.+�? J

1 +
n

2
≤ H2n ≤ n+ 1 .

������ ���"�
O�%�'D$�E"?�1,)"%�8�`�738�1.8 J � Q ; n = 0 231.+�? 1 + 0

2 ≤ H20 = 1 ≤ 0 + 1 AO�%�'D$�E"?�1,)"%�8�H3)3;�7#$I8�8�-a?�0/$&%&2 J � 8\231.+�? 1 + n
2 ≤ H2n ≤ n+ 1 PRQ ;\-/1.% P -	8@?�23-	+,-	2#?�-	8 n A > %�?�-/;<>%j(9-/%�'&$&%&2c'D-/;\O�%I'D$&E�?�1.)3%�8�H3)";�73$�8�8@-/?�0/$�%&2 P )"+,23?

H2n+1 =

≥1+ n
2︷ ︸︸ ︷

1 +
1

2
+ . . .+

1

2n
+

2n Zahlen︷ ︸︸ ︷
1

2n + 1
+ . . .+

1

2n+1
.
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VW1,-\+.-a?�0a?�->uj$�e�en-�`G-	8@?�-/:�?=73$�8 2n Sw7#:&+.-/%L$&%�'n'D1.-9Ej+.-/1.%�8@?�-\'&76H3)"%T1K8!? 1
2n+1

A3uj)"e�1,?M?�;�g#23?
'D1.-	8�-Tuj$&enen-�e�1.%�'D-�8!?�-/%�8 2n · 1

2n+1 = 1
2
`G-/1_4&(�738�'D1.-�-/;�( Q %�8�N�:"?�- > %&23+.-/1KN�:j$&%&2

H2n+1 ≥ 1 +
n

2
+

1

2
= 1 +

n+ 1

2

-/;�231.`D?�A&VW7 1
2n+1

'D1.-�23;��3¤3?�-^'D-/;\+.-a?�0a?�-/% 2n SU7#:&+.-/%X1K8!?�4&231.+�?Z73$�N�:

H2n+1 ≤ n+ 1 +
2n

2n + 1
≤ n+ 2 = (n+ 1) + 1 . �

� $&%�0/-/1.23-	%�(\1,;�4w(\1,-cec73%�-	1,%�1,2"-c(\1.N�:�?�1.23- � 1.23-	%�8�N�:�7 P ?�-/%�H3)3%ºk�g#$�e�-	%�en1,?@?�-/+K8TO�%�'D$�E"?�1,)"%;�-/+K7p?�1,H¢+.-/1KN�:�?\`I-	(*-	1.8�-/%XEp7#%&%5A
yszD{	|t}s~�Æj���

� -	'D-	;>k973$&e en1,? n &^%&)3?�-	%[:�7#? n− 1 &�7#%�?�-	%5A
������ ���"�

BC1.;9`G-/(9-/1K8�-/%v'D-	%XuD7#?�0We�1,?@?�-/+K8�O�%�'D$&E�?�1,)"% Q `G-/; n AjO�%�'D$&E�?�1.)3%I8@`�7"8@1K8 n = 1 1.8@?�))(U-/%j`�7#;;�1.N�:�?�1.2�AUBC1.;�%&-/:�e�-	%�%�$�%�73%545'&738�8^'D1.-n<Z$�8�8�7323-n'D-	8TuD7#?�0	-	8](973:&;^1.8@? PRQ ;T73+,+.-�k�g3$&en-en1�?*:&�DN�:�8!?�-/%�8 n &^%�)#?�-	%5A"uj-	1 B -/1.%c`G-/+.1,-	`&1,2"-/;=k�73$&e en1,? n+1 &^%&)#?�-/%5A3V]7 n+1 ≥ 2 4`G-	8�1�?�0a? B en1,%I'D-	8@?�-	%�8\-/1.%dk9+.7#?@? 6 8�1.-/:&-T<Z$ P 2"73`I-n�3A���7a4�7#+K8�)L-	1,%&-	% &^%&)#?�-/% v H3)3e �];�7"'
d(v) = 1 A�uj-/1 e 'D1.-¢0	$ v 73'p¥@7#0/-	%�?�- &�7#%�?�-ce�1,?L'D-	e 0	(*-	1�?�-/% � %I'DF&$&%&E�? u 4s73+.8�) e =
{v, u} 4j$&%�'X8�-/1 B′ 'D-/;\k�7#$�e en1�? n &^%�)#?�-	%54&'D-	;�'&$&;�N�: � %�?�%I7#:&en-�'D-	8 &^%�)#?�-	% v $&%I''D-	; &�73%�?�- e -	%"?�8!?�-/:�?	ADV]7#%&%[:�7p? B′ %�7"N�:¢O�%�'D$�E"?�1,)"%�8�7#%&%�73:&en-Z:�7#? n− 1 &�73%�?�-/%sA�� Q ;
B -/;�231.`D?>8�1.N�:b'&7#en1,?>-/1.%&-"&�7#%�?�-	%&0	73:&+wH3)"% (n− 1) + 1 = n A �

O�%lHj1,-	+,-	%C<>%j(*-	%�'D$&%�23-/%l1K8!?¢-	1,% &^%�)#?�-	%£'&-	8¢k�7#$�e�-�8 B 7#+K8vu�?�7#;�?�Ej%&)3?�-/%l7#$I8@2"-/0/-	1.N�:�%&-a?�
'&73%&%o8�F&;�1.N�:�?Wec73% Q `G-/;]-/1.%&-/%��À 5 �  a� 2 � À < AGO�%t-	1,%&-	e 8@)"+.N�:�-/%tk�7#$&e Ep7#%�%o'&738 @M-/;�:�g3+�?�%&1.8
'D-	;^-/1.%&0/-	+,%&-	% &^%�)#?�-	%�'D-�8^k973$&en-	8]0/$�-/1.%�7#%�'&-/;]`I-	23;�1��c1KN�:o23$&?^`G-	8�N�:&;�1,-	`I-	%o(9-/;�'D-/%sAUV]7#0	$
`G-/%j$D?�0a?>ec7#%b'D-/%dk9-/2";�1 (o'D-	;
	5Ã   3a  -/1.%&-	8 &^%�)#?�-	%�8	A<>+K8�	5Ã   3a  -/1.%&-�84&^%&)3?�-/%I8 v H3)3% B (\1,;�'¢'D-	;*<>`I8!?�7#%�'cH")3% v 0/$&;*B�$�;�0	-/+ 6 'wA�:5A�'&1,-]<>%&0�7#:&+'D-	;"&�7#%�?�-	%t1,%�'D-	e -/1.%�'D-/$&?�1.23-/%�B�-/2XH3)3% v 0/$&;^B�$&;�0	-/+�7>`G-/0	-/1KN�:&%&-/?	A5VW1,-�	sÃ   3a  t(B) H3)"%
B 1K8!?c'D1.-Xec7#Íj1.ec7#+.- > 1.- P -b-	1,%&-�8 &^%&)#?�-/%�8LH3)"% T AM<>+.+,- &^%&)3?�-	%i23+.-/1KN�:&-	; > 1.- P -b`&1.+.'&-/%£-/1.%
�L½GÄ#Â   ½�½IÃ�9  �� ÀDAI<>+K8 �LÃ�½U¿   5\-/1.%&-	8 &^%&)#?�-/%�8 v H3)"% B (*-	;�'&-/%t8�g#eT?�+,1KN�:&-5&^%&)3?�-	%d`I-	0/-/1KN�:&%&-/?	4
'D1.-¢0	$ v `G-/%�7"N�:j`�7#;�?T8@1.%�'�$&%�'i'D-/;�-/% > 1.- P -['&1,-¢H")3% v $�e -	1,%�8 Q `G-/;�8!?�-/1.2#?� v :&-	1,¤3?� � Â   58�-/1.%&-/; &^1.%�'D-	;	A &^%�)#?�-	%[)":&%&-"&^1.%�'D-/;\:�-/1.¤3-/% � ��� Â_Â   5 6 k91,+K'd¦DA ��7¾A
O�%�-/1.%&-/e 2/Ã�½ � 5   ½ � � À < :�7p?9¥!-	'D-	;W1.%&%&-	;�- &^%&)3?�-/%o23-/%I7#$o0	(*-	1 &^1.%�'D-	;	AGB�738]Ep7#%&%�en73%

'&73%&% Q `I-	;�'D1.- > 1.- P - t(B) -/1.%&-	8�`�1,%�g3;�-	%Lk�7#$�en8 B 8�7#2"-/%546(9-/%&%�ec7#%n'D1,-\<Z%&0	73:&+&'D-/;Mk9+Kgp?@?�-/;
|B| E3-	%&%�?-��mt7#%oE673%&%t+.-/1KN�:�?W0/-	1,2"-/%54U'&7"8�8Z-	8]8@)p(9)3:&+�k9g3$&en-en1,? t(B) = |B| − 1 (\1,-n7#$�N�:k�g#$�e�-^en1,? t(B) = log2 |B| 2"-/`G-/%bEp7#%&%

6 8@1.-/:&-Tk91.+.'d¦&A ��7¾ADBC1.;>(*-	;�'&-/%X%�$�%X`G-/(9-/1K8�-/%54�'�738�8
log2 |B| `G-/;�-/1,?�8\'D1.-�$&%�?�-	;�-TuDN�:&;�7#%�E3- PRQ ;Z'D1.- > 1,- P -�1.8@?	A
yszD{	|d}s~�Æ �w�

� Q ;M¥!-�'D-/%b`&1.%�g#;�-/%[B�$�;�0	-/+.`�7#$&e B 231.+�? J t(B) ≥ log2 |B| 4�'wA@:sA

Tiefe(B) ≥ log2(
<Z%&0	73:&+s'D-	;>k*+Kgp?�?�-	; ).
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���
	��n��� �����������������b��� ����	
���/��� ���ä���3�����b��� ����	 r  ��a�=�"�����������K� 3 � u �"�j� w �����j���\�����"���=�3�����\����"
�!����� v �"����� v �D�����ä� ���*�"�����������.� 1 � a � b �"�j� v �"�
	,�3��������� �\���	�!�������
�6���	����j� c, b, u, w�����j�n�3���>� 	 �a���!�����

r

r

���
	��n��� � �������������D�����"��� ������� �!���n� �	�����9 �� �D��� |B| = 4 � 	(�a���!��� � �3�������!�î�!�>� �/���  ��a�=�"�����������K�
3 = |B| − 1 ��� �	 ��!���j���3��� ���������!�>�3�����������K� 2 = log2 |B|  ��a���

������ ���"�
BC1.; PRQ :&;�-/%d'D-	%Xk9-/(9-/1K8�en1�?�?�-	+.8\O�%I'D$&E�?�1.)3% Q `G-/;>'D1.- > 1.- P - t = t(B) Ak�738�1.8 t = 0 J O�%�'D1.-	8�-/e �I7#+.+�`G-	8@?�-	:�? B %�$�;]73$�8Z-	1,%�-/e &^%&)#?�-/%5AwVW1,-�8@-	; &^%�)#?�-	%t1K8!?
-/1.%�k*+K7p?�?	4U-	8]2"1,+,?T7#+K8@) |B| = 1 AwV]7 1 ≤ 20 `&0/(�A log2 1 ≤ 0 2"1,+,?	4U1K8!?T'D1.-ck*-	:�7#$�FD?�$&%�2
PRQ ; t = 0 (�7#:&;�AO�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? t − 1 7→ t J uj-/1M'D1.-nk*-	:�7#$�FD?�$&%�2v`G-/;�-/1,?�8 PRQ ;�7#+.+,-L`&1,%Ig#;�-/%ok�g#$�e�-'D-	; > 1,- P - ≤ t−1 `I-	(\1,-�8@-	%n$&%�'c8�-/1 B -	1,%c`G-/+.1,-	`&1.23-/;M`�1,%�g3;�-	;�k�7#$&e 'D-/; > 1.- P - t = t(B) ABC1.;>(*)"+,+.-/%X0/-	1,2"-/%54&'�738�8 |B| ≤ 2t(B) 231.+,?	4D(�738\g���$&1.Hp7#+.-/%�?\0/$ t(B) ≥ log2 |B| 1K8!?�Auj-	1 r 'D1.-nB�$&;�0/-	+MH3)"% B $&%�'�8@-	1,-	% {r, u} $&%�' {r, v} 'D1.-�`G-/1K'D-	%�en1,? r 1.%&0/1K'D-/%�?�-/%&�7#%�?�-/%5AwBC1.;T`G-a?�;�73N�:�?�-/%�'D1,-c`G-/1K'D-	%�1.% u $&%�' v (\$&;�0/-	+,%�'&-/% > -	1,+.`�g#$�e�- Bu

$�%�' BvH3)"% B AUk9-/1K'D-L'&1,-�8@- > -	1,+.`�g#$�e�-L:�7#`G-/% > 1,- P -L:&�DN�:�8@?�-	%�8 t − 1 $�%�' PRQ ;^'D1.-L<Z%&0	73:&+�'&-/;k9+.g#?@?�-/;\231.+,? J |Bu|+ |Bv| = |B| A � 73N�:XO�%�'D$&E�?�1,)"%�8�73%&%�73:&en-]2"1,+,?>7#+K8@)

|Bu| ≤ 2t(Bu) $&%�' |Bv| ≤ 2t(Bv).

BC1.;>-/;�:�7#+,?�-	%X'�7#en1�?

|B| = |Bu|+ |Bv| ≤ 2t(Bu) + 2t(Bv) ≤ 2 · 2t−1 ≤ 2t. �

©�ª
	 ¬�Z®Z¯Z°9±D²@³= ¯ZW®��b*±#·£¯���c¹*³=�������³��²�±���� ¶s
<Z%�(9-/%I'D$&%&2"-/%i'D-	;LO�%I'D$&E�?�1.)3%ºhI%�'D-a?nec7#%¡1.%Î73+,+.-/%ien7#?�:&-	ec7p?�1K8�N�:&-/%Î�]-	`&1.-a?�-	%54�H3)"%¡md-/%D�
2"-/%&+.-/:&;�-b`&1K8¢�]-/)3en-/?�;�1,-"4�H3)"%£VW1 (U-/;�-/%�0/1K7#+.;�-�N�:&%j$&%&2�`&1.8vSw7#:&+.-/%�?�:�-/)3;�1.-3A=uj)"2"7#;c'D-	;¢k9-/(9-/1K8
'D-�8]23;�)3¤3-	%o�&-	;�ec7#?�� 8�N�:&-	%�uD7#?�0/-�8 6 <>%I'D;�-	( BC1.+,-�8/4������ ��7\H"-/;�(*-	%�'D-a?^'D1.-�O�%I'D$&E�?�1.)3% 6 %&-	`I-	%
Hj1.-/+.-/%b7#%�'D-	;�-	%X<Z;�2"$&en-/%�?�-	%87¾A
VW1,-XO�%�'D$�E"?�1,)"%Î1K8@?n73$�N�:i1.%Î'D-	;nO�% P )3;�ec7p?�1.Eº(\1KN�:"?�1,2I4�'&-/%&%£;�-	Ej$&;�8�1.H3-v<Z+,2")3;�1�?�:&en-/%Î8�1.%�'
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1 2 3

���
	��n� � � �����/��% ������	�� �	���!�����6�	��
��	���	����

Ã�½U¿pÀ"Á#Â�Ã�9   k*-�8�N�:�;�-	1,`&$�%&23-	%LH")3% �W`D¥!-/E�?�-/%5A3VW-	8�:�73+,`c1K8!?*O�%�'D$&E�?�1.)3%c%�1.N�:�?�%j$&; PRQ ;='D-/% �   .   Ã.1¾4'&7"8�8�-/1.%�23-/2"-/`G-/%&-	;�<Z+,2")3;�1�?�:&e$I8sE")3;�;�-	E"?�1.8@?	4p2"-/-	1,2"%&-a?s»^ec7#%�Ep7#%&%�8@1.-�7#$�N�: PRQ ;�'D-/%��9½�Â .MÀ 5 3'D-	;¢<>+.23)";�1,?�:&en-	%i`G-/%j$D?�0	-/% ?*VW7"8c7#+.+,2"-/en-/1.%&-duDN�:&-/ec7t»i7#+K8t¿��p½ � < Ã.1�3�4   1 ! 5�Ä C 5 � < < Ã   5   ½`G-/Ep7#%�%"?�»¢1K8!?>'&7"8 P )3+.23-	%�'D- J
Ç��5��z �¡��� ��
�� � �^Êp���IÊpz � �¡� � Ê � � > e -/1.% ��;�)3`&+.-/e 0	$ +.�"8�-/%54�+.�"8�-o0/$�-/;�8!? 	   Ã � : 5�Ä�2 �,  <c $&%�'bE")3eL`&1,%�1,-	;�-^'D1.-	�5��8@$&%�23-/%b'D-	; > -	1,+.F&;�)3`&+.-/en-�0/$b-	1,%&-	; �5��8@$�%&2c'D-	8�$&;�8�F&; Q %&23+.1.N�:�-/%��;�)3`&+.-/ec8	A
}s~9�5~�Æ ����Ê�� � �I�G� �dz&���I�
V]738 P )3+.23-	%�'D-dujF&1.-/+Z§ >�Q ;�en-bH3)3%��Z7#%�)31.¨o(\$&;�'D-������ �tH")3% � 'D$�7#;�' �s$�N/7"8�-/; P $&%�'D-	%5AMBC1,;
:�73`I-	%d'D;�-	1�u�?�g#`G- 1 4 2 $�%�' 3 A > ;�8�F&; Q %&2"+,1KN�:[`G-	8�1,?�0a?]'D-/;L�3AIu�?�7#` n r\1.%&23-"4&(*)"`I-	1s'D1.-r\1.%&23-1.%c7#`�8@?�-	1,2"-/%�'D-	;��];��"¤3-\7#$ P 'D-	e u�?�7#`c7#$ P 2"-/;�-/1.:�?�8�1,%I' 6 en1�?*'&-/e 2";��"¤#?�-/%Lr>1,%&2T73+.8�$�%"?�-/;�8!?�-/e
r\1.%&2�7¾A#VW1,-Zu�?�g#`G- 2 $�%�' 3 8�1,%�'�+.-/-	; 6 8@1.-/:�-�k91.+.'c¦&A ��7¾A � 1,%vSG$&2]`G-	8@?�-/:�?='&73;�1.%546-/1.%&-	%�0	$&)3`G-/;�8@?+.1,-	23-	%�'D-/%cr\1.%&2TH")3%c-	1,%&-	e uj?�7#`c0	$c-/1.%&-/e 7#%I'D-/;�-/%n0/$c`G-/(9-/2"-/%5A�VZ-	;�SG$�2�1.8@?*7#`G-/;*%j$&;='&73%&%
-	;�+K7#$&`&?	4D(9-/%&%X'D-/;>r\1.%&2c7#$ P -/1.%&-	%X2";��"¤3-	;�-	%¢r\1,%�2�2"-/+.-/23?�(\1.;�'v)D'D-	;9(9-/%�%X'D-	;Zu�?�73`[+.-/-	;\1.8@?	AV]738�ujF�1,-	+D1.8@?M-/; P )3+.23;�-/1KN�:T`I-	-/%�'&-a?	43(*-	%&%L73+,+.-\r\1,%�23-�H3)"%�u�?�7#` 1 %I73N�:�uj?�7#` 2 `I-	(*-	2#?�(\$&;�'&-/%5Amt73%XEp73%&%X'&1,-�8@-�8*�=;�)"`&+,-	exen1,?@?�-	+.8�O�%I'D$&E�?�1.)3%b+.�"8�-/%5A�uj-	1 P (n) 'D1.-�<>$�8�8�7323- J §�BC1.;>:�73`I-	%
-	1,%&-	%X<Z+,2")3;�1�?�:&e$I8/4&'D-	;>'&738��=;�)"`&+,-	e PRQ ; n uDN�:&-	1,`G-/%X+.�"8@?	A�¨O�%�'D$�E"?�1,)"%�8�`�738�1.8 J P (0) 1.8@?\(973:&;	4&'�7L(\1.;>'&73%&% Q `I-	;�:I7#$&FD?\E"-/1.%&-TuDN�:&-/1.`G-/%b:�7#`G-/%sAO�%�'D$�E"?�1,)"%�8�8�N�:&;�1,?@? J <Z%&23-	%&)3enen-/%s4�(\1.;n(\1.8�8�-/%£`I-	;�-	1�?�8/4�(\1.-Xec73%£'&7"8���;�)"`&+.-/e PRQ ; n −
1 uDN�:&-	1,`G-/%£+,��8@-	%ÎEp73%&%Î$�%�'i(9)3+.+.-/%i-	1,%�-/%l<>+.23)3;�1,?�:&eL$�8 PRQ ; n uDN�:&-	1,`G-/%£-/%�?!(9-/; P -/%5AMV]7#0	$`G-/)"`�73N�:�?�-	%d(\1,;�4U'&738�8W'�738W��;�)"`&+.-/eb4 n u&N�:&-/1.`I-	%tH3)"%�u�?�7#` 1 0	$�u�?�7#` 2 0/$�`I- P �3;�'D-/;�%54I8�1KN�:(\1.- P )3+.2#?>+.�"8�-/%X+.g"8�8@? J
�3AZSG$&%Ig3N�:�8@?MH3-/;�+.-/23-�'D1.-\)3`G-/;�8!?�-/% n−1 uDN�:&-	1,`G-/%nH3)"%�u�?�7#` 1 0/$&e 7#+K8��>1.+ P 8�8!?�7#`n23-	%j$D?�0/?�-/%u�?�7#` 3

6 %�7"N�:[O�%�'&$&E�?�1.)3%�8�7#%&%I7#:&en-^(\1.8�8�-/%X(\1,;�4D(\1,-T'&1,-�8�0/$X?�$&%b1K8!?�7 J

31 2

¦DA\V]7#%&%bH3-	;�+.-/2"-]'&1,-9¥!-a?�0a?Z0	$&)3`G-/;�8@?�+.1.-/23-	%�'D-TuDN�:&-	1,`G-^H3)"%bu�?�7#` 1 %�73N�:du�?�7#` 2 J

31 2

�&A\<>%I8�N�:&+.1.-/¤3-	%�'lH3-	;�+.-/2"-d(\1,-�'D-/; n − 1 uDN�:&-/1.`G-/% H")3e��>1.+ P 8�8!?�7#` 3 %I73N�: u�?�7#` 2
6 %�73N�:

O�%�'D$�E"?�1,)"%�8�7#%&%�73:&en-^(\1.8�8@-	%[(\1.;�4D(\1,-T'D1.-	8�0	$X?�$&%b1K8!?�7 J
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31 2

V]7#en1,?XE"�3%&%&-	% (\1.;[-	1,% ;�-	Ej$&;�8�1.H3-	8v��;�)323;�7#ene �Z73%&)31 (n; a, b, c) 4�'�738b'D1.-�2"-/23-	`I-	%&-/% nuDN�:�-/1.`I-	%XH")3%bu�?�73` a 7#$ P u�?�73` b `G- P �3;�'D-	;@?�4D(\1,- P )"+,23?�`G-	8�N�:&;�-/1.`I-	%5A
� � �G��Êp�R{ 
 �����L}s~�Æ 85� �Z7#%�)31 (n; a, b, c)�"A\r\$ P -��W7#%&)"1 (n− 1; a, c, b) 73$ P 6 `G- P �";�'D-	;�-T'&1,-T)"`I-	;�8@?�-	% n− 1 uDN�:&-	1,`G-/%dH")3%tu�?�7#`

a 0/$tu�?�7#` c 7¾A¦&A0@M-/;�+,-	23-�'D1.-]0	$&)3`G-/;�8@?�+.1.-/23-	%�'D-TuDN�:&-	1,`G-�H3)"%buj?�7#` a %�7"N�:buj?�7#` b A��A\r\$ P - �W7#%&)"1 (n − 1; c, b, a) 73$ P 6 H3-	;�+.-/2"- n − 1 uDN�:�-/1.`I-	%CH3)3e �>1.+ P 8�8@?�7#` c %�73N�:u�?�73` b 7¾A
SG$L`I-�73N�:�?�-	%1K8!?M'&73`I-	1�4#'&7"8�8�8�1.N�:�'D1,-\r\)"+,+.-/%�'D-/;M'D;�-/1&u�?�g#`G- 6 <>$�8�2"73%&2"8@��4pSG1.-/+,�w$&%�'��>1.+ P 8�8@?�7#` 78@?�g3%�'D1.2�(9-	N�:I8@-	+,%5A
}s~9�5~.} ÇXz&� �v� � �5�	z � �wÉ�Êp� ��� � �
� Q ;�'D1,-@¥!-/%&1.23-	% �5-	8�-/;�4s'D1.-v'&7"8�H3)";�:�-/;�1,2"-�k9-/1K8�F&1,-	+*73+.8�0	$i§68@F�1,-	+,-	;�1K8�N�:�¨[-	e�F P $&%�'D-	%º:�7#`G-/%542"-/`G-/%X(\1,;>-	1,%�-]-	;�%I8!?�:�7 P ?�-/;�-^73+,2")3;�1�?�:&en1.8�N�:&-]<>%j(*-	%�'D$&%�2n'&-/;\O�%�'D$�E"?�1,)"%d7#%5A� 1.%&-[en7#?�:&-	ec7p?�1K8�N�:&-¢md)D'D-/+.+.1,-	;�$&%�2t-/1.%&-/;�7#+.+�?�g#2"+,1KN�:&-/%¡uj1,?�$I7p?�1.)3% J �]-	:"?�-/1.%¡k9-/;�2"8@?�-/1.23-	;73$ P -	1,%&-^en-/:�;@?�g#231.23-]B�7#%�'D-	;�$�%&2�4j:�7#?�-	;>8@1KN�:v;�-/1 � 1KN�:[0	$ Q `I-	;�+.-/2"-/%54j(9-/+KN�:&-]VW1.%&23-�-	;9$�%�`G-a�'D1.%&23?>e�1,? PRQ :&;�-	%d8@)"+,+,?�-"A&VW73`I-	15e$�8�8�-/;>'&1,-�`G-/2";�-	%&0a?�- > ;�7#2 P g3:&1.23E3-	1�?�8@-	1,%�-	8 &W�3;�FI-	;�89`G-	73N�:&�?�-/%54�8�-/1.%br\$�N�ED8�7"N�E¢8@)"+,+,?�-�73+.8�)n%&1.N�:�?\0/$d8�N�:j(*-	;98�-/1.%5A

&�73%&%$&%I8@-	;�k9-	;�2�8!?�-/1.23-/;�$&%�?�-	; n �]-/2"-/%�8@?�g3%�'D-	%L7#$I8@(�g#:&+.-/%s4�:I7p?U¥!-	'D-	;=�]-/2"-/%�8@?�73%�' j -	1,%�-`G-	8@?�1.eneT?�-^mt7"8�8�- 6 )j'&-/;\�]-/(\1KN�:"?�7 gj
$&%�'¢-	1,%�-/% PRQ ;\'D1.-]B�73%�'D-/;�$&%&2L(\1.N�:�?�1,2"-/%¢B�-/;�? wj

4j-	8
-	;�2"1,`D?^8@1KN�:�8�)3en1,?]-	1,% �WFD?�1.en1,-	;�$�%&2"8�F&;�)3`&+.-/ebAUSU$�8�g#?�0	+,1KN�:t(9)3+.+,-	%o(\1.;]'D1.- > ;�7#2 P g#:&1.23E"-/1,?W'D-	8k9-/;�2"8@?�-	1,2"-/;�8�%&1.N�:�?*73$&¤3-	;=<\N�:�?=+K738�8@-	%�$�%�'c%&-	:&en-/%¢7#%s4"'&7"8�8�'&-/;*k9-	;�2�8!?�-/1.23-/;M:��jN�:I8!?�-/%�8M-	1,%�-
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P (m,G) := max
{ ∑

i∈I

wi : I ⊆ {1, . . . ,m} $&%�' ∑

i∈I

gi ≤ G
}


