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W:XZYE[&\�]$^5]3_Z`&a/XZb+Y�]3Yc`&dfe�g�hji�k�lnm�oEg@hqpr]3Y�s+]3YcY�]3Y�Y
a�tu`&Yv`+dEw?xvy&z{\?`&|�xE]�YE}�~���b+_�w?x�]$^5]3_Z`&a/XZb+Y�]3Y
� X�Y)��`+Y � w?xE`&d�_ZX�w?xvd�YE����XZ]�_ � ]3X�a�X�sc`+Y
�:]�Y)�f�E`&\�~�� � s'X��fa���d�Y��
a/]v�L��hj���"g�h��:d�Y)�r��XZY�X�]3YE�u�����&hE��"g@h����3�5X � w?x�]�Yr]3X�YEX�s']�Yq�fXZ] � ]�\���d�Y��
a/]��nW:X�_����'~  
��~)z{\?`&|�xE]�Y � X�YE� � bc��XZ]�_ � ]3X�a�X�s)¡E�:]�XZ_¢�fXZ]¤£1�f]3]
� bu]�XZYfen`+w?xrX � a3¥E� � s+XZ�fa$]3X�YE]¦pr]�YEs+] V �'b+Y¨§S�f©1]3�'a�]�Y��n��X�]9ª«Y�b&a�]�Y)�@¡Ed�YE�¬�3��]3XVª«Y�b+a/]�Y � XZYE�]3Y'a1�:]3��]�\9�+]�\���d�Y)�f]�Y­bf�f]3\�Y�XZw?x
a�~Jz{\?`&|Ex�]�Y � XZYE�®�fXZ]¬�5XZw?x
a�X�s � a�]�Y¯§S�f©1]3�
a/]¬�f]�\9£"Yfe°b+\�tu`�a�X��
± �j]�\�xE`+d�|fa3~
�=XZY¨²'g�³�lnm?o��"g@�"g@³uz{\?`&|�x

G = (V,E)
X � a�s+]3s+]��j]�Y¬�fd�\?w?xr�fXZ]¤pr]�Y�s'] V � ]3X�Y�]3\�ª«Y�b&a�]�Y¬d�YE��fXZ]¤pr]3Y�s+]

E ⊆ V × V � ]3X�YE]�\�ªG`&Y
a�]�Y�~�pq`+Y � `&s+a3¡���` �/� ��X�]¤ªG`+Y'a�] e = (u, v)
�fXZ]¤ª«Y�b&a�]�Y

ud�Y)�
v
�']�\���X�Y)�f]@a�´+�fXZ]$ª«Y�b&a�]�Y

u, v � ]�_Z� � a � XZYE�¶µ�hji3·&hj�&�¸g�hv�'b+Y e ~�¹j�:]�Xjª«Y�b&a�]�Y�¡'�fX�]$X�Yc]3X�YE]�tz{\?`&|�xE]�Yc�fd�\?w?xc]3X�Y�]{ªG`&Y
a/]S�+]3\/��dEYE�f]�Y � XZYE��¡
x�]�XZº+]3Y»�+i1¼��3½�g@h)��bf�f]3\«¾?g�hj�+m?o�¾?�&³���~f¿SX�]«À�Y���`&x�_`+_�_Z]�\�Á$`'w?x
�)`&\�Y­�+b'Y
u
Y�]�Y�Y
a�tu`&YÂ`+_ �ÄÃ ³/�'i­�'b+Y u �°]3Y�s+_L~=z{\�`'�¯ÅÆ��]�s+\�]�]4��~�£"YÂ�f]3tÈÇE`+_�_

�'b+Y¯Éfh
²
g@³�lnm?o��"g@�"g�hÂz{\�`+|�x�]3Y»Y�XZt�t¤a¤tu`&YÄ��d � [&a/��_ZX�w?xÄ`+Y�¡V��` �/� �fXZ]c^5]�_�`�a�X�b'Y E `+Y'a�X�\�]@Ê)]@ËfX��
�
(v, v) 6∈ E e ± \�`&_Z_�]

v ∈ V �{d�YE� �	Ì t�t�]@a�\/X � w?xÍ�°�:]�YEY
(u, v) ∈ E ¡¢��`&Y�Y�`+dEw?x (v, u) ∈ E �X � a�~¢£"YÂ�fX�] � ]3tÎÇ)`&_Z_ � XZYE�­`&_ � bqªG`&Y
a/]3Y 2 Ï ]�_Z]�t�]�Y
a/XZs+]cª«YEb&a/]3Y�t�]�Y�s']�Y {u, v} t�X�a u 6= v

~¢£"Y
]3X�Y�]3tÐd�Y�s+]3\/X�w?x
a/]�a/]�Y®z{\?`&|Ex�]�Y � X�Y)�­�fXZ]¶ªG`&Y
a�]�Y�t�X�a���XZY�XZ]�Y­d�Y)�­XZY­s+]3\/X�w?x
a/]@a�]�Y­z{\?`&|�x�]3Y
� X�Y)� � XZ]ut�X�a9s+]�\�X�w?x'a�]@a�]�Y��Je°]�XZ_Z]�Y��+]3\/�Ed�YE�f]3Y�~V�=XZY�]3YÒÑEg�lÓk ²+³/��ÔEo�g�hO]�\�xE[&_�a¤tu`&Y�¡¢X�YE��]�tÎt�`+Y
]3X�Y�XZs+]GªG`+Y'a�]�Y�d�YE�)Õ�bf�f]�\�]�XZY�XZs+]¤ª«Y�b+a/]3YÄ�nt9X�a���d¬XZx�Y�]3Y¶XZY���X��f]3Y'a�]�YrªG`&Y
a�]�Y)��]�Y
a/e°]�\�Y'a�~
£"Y®�f]3\�z{\?`&|Ex�]�Y
a/xE]�b+\�XZ]ud�Y
a/]�\ � dEw?x
a¦tu`&Y­�']�\ � w?x�XZ]3��]�Y�]¶Ö�xE`+\�`+�
a/]�\�X � a�X��']�YÄ�+b+Y®z{\?`&|Ex�]�Y�~

¿SX�]�t�]�X � a�]�Y¦Ç)`&�
a/]3Y¦�fXZ] � ]�\¢×�xE]�b+\�XZ]=��]3\���]�YGXZY¤��]3X�a�]�\�]�YG£"Yfe°b'\/tu`&a/XZ� Ï¸Ø b+\�_Z] � d�Y�s+]3YS�'b+\�s+] � a�]�_Z_�a�¡� |E[�a�] � a/]3Y � �E`&Y�Y�¡��:]�Y�Y¶tu`&Yv�3d¬z{\?`&|Ex�]�YE`+_�s'b+\�X�a�x�t�]�Yu�'b+t�t¤a�~�¿{`&xE]�\��)] � w?xE\�[+Y��+]3Yu�5X�\�d�Y �x�XZ]�\5Y�d�\�`+dfe ]�XZY�X�s']GW�]3s+\�X�Ù�]+¡f�fXZ]G�5XZ\5X�Yr�fXZ] � ]�tÚW�d)w?x¶�j]�Y�dfa���]�Y¬�:]�\?�f]�YV~
ÛcÜ�ÝßÞ à�Ýßá4ÝßÞ1á$â:ã4ä�äLÞ1á$á4Ýßå¸æ@ç¢è�á3é&Þ1ê4Ýßá4ë?ç¢ë�Þ1ìLí?ê4Þ�äLÞ1Ýßá$è4á4êSî�ï�á4á4Þ1á«äLÝßåLæ{äLåLæ4á4Þ1Ýßê4Þ1á
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�=XZY�]	� k�l�
@ÉEgrX�YÂ]�XZY�]�tÈz{\?`&|�xE]�Y
G = (V,E)

X � a�]�XZY�]¬×V]3X�_Zt�]�Y�s'] S ⊆ V
�'b+Y®ª«Y�b+a/]3Y�¡

� b���` ��� ���5X � w?xE]�Y»©1]r���:]�X$ª«Y�b+a/]3YÂXZY
S
]3X�YE]¬ªG`+Y
a/]¬_�XZ]�s+a3~=£"YO�f]3\¶��b'��XZb+_Zb+s+XZ]���]3\��f]3Y¯W:] Ï�3X�]3x
dEY�s � s+\?`&|�xE]�Y��)]3xE`&YE��]�_�a3¡���` � xE]�XZº&a{ª«YEb&a/]3Y �	Ì t¦�jb+_ZX � XZ]�\�]�Y¬� ]�\ � b'Y�]�YrdEYE�rªG`&Y
a/]3Yr]�Y�s']W:]��3X�]3x�d�Y�s+]3Y�~&¿{`&t�X�a=�5XZ\?���fXZ]�W:]��3]�X�w?x�Y�d�Y�sGy+Ö�_�X
�
d�]3}{`&Y � w?xE`+d�_ZXZw?x��
_�`&\�~+Ö�_�X
�
d�]�Y�t�X�a s ª«Y�b Ïa�]�Y¬�)]3��]3XZw?x�YE]@a5tu`&Yr`&dEw?x¬�fd�\?w?x

Ks
��W�XZ_��»�'~��+��~

¿{` � z{]3s+]�Y
a�]�XZ_��+b+YqÖ�_ZX��
d�]GX � a¤Éfh��+¾?o��&h
²+l�²'g��¨g@h�²'g��v��` � X � a�]�XZY�]¤×V]3X�_Zt�]�Y�s'] T ⊆ V �f]�\
ª«Y�b+a/]3Y�¡ � bu��` �/� �3�5X � w?x�]3Yv�+]3X�YE]�Y¬���:]�X�ª«Y�b+a/]3Y¶XZY T ]�XZY�]¤ªG`+Y'a�]S_ZXZ]�s&a¦� � XZ]�xE]«W:XZ_Z�Ä�'~  
��~�=XZY�]qXZY
a/]3\/] �/� `&Y
a/]rª«_�` ��� ]r�'b+Y z{\?`&|�x�]3Y � XZYE�O�fXZ]Â¾�l Ô��&³���lÓ�"g@h Ã ³/��ÔEo�g�hE~�¿$XZ] � ]»z{\?`&|�xE]�Y
G = (V,E)

xE`&�j]�Y��fXZ]��=X�s']�Y � w?xE`&eÓa3¡���` �/� ] � ]3X�YE]c¹�]�\�_�]3s+d�Y�s¬�f]3\¤ª«Y�b&a�]�Y�t�]�YEs+] V XZYÄ���:]�X
�fX � ©1d�Y��
a/]�×V]3X�_Zt�]�Y�s']�Y A d�Y)�

B
s+XZ�fa�¡ � b¨��` ��� e ± \$©1]3�f]�ªG`&Y
a/]c��]�\¦]3X�YE]v�=YE���
YEb&a/]3Y���d As']�x��'\	aud�YE�Í�f]3\v`&Y)�f]�\�]¬��d

B
~�W:XZ|E`&\/a/X�a/]¨z{\?`&|Ex�]�Y¯xE`&�j]�YÍ]3X�Y�]rs'\/b'º+]¬W:]3�f]3dfa/d�YEsE¡=_ZX�]�e°]�\�Y

� X�]S�fbfw?x9dEY�t�X�a/a/]�_Z�E`+\�]�XZY�] Ø ]3\�`+Y � w?xE`&d�_ZX�w?x
dEY�sG�f]�\=�EX�YE[+\/]3Yc^5]�_�`�a�X�b'Y�]�YV~+×¢`&a � [+w?x�_ZX�w?x9���+Y�YE]�YYE[+t�_�X�w?x¨�fXZ]¦�=_Z]�t�]3Y'a�]�]3X�YE]�\u¾�g�k�lng�¾@l�²
g�h®^5]�_�`�a�X�b'Y
R ⊆ A × B `+_ � ªG`&Y
a�]�Yr�+b'Y¨ª«Y�b+a/]�Y»`&d �

A
YE`'w?x�ª«YEb&a/]3Y�`+d � B `&dfe°s']@en` ��� a��:]�\?�f]3YÄ��W�XZ_��»�'~ �
��~z{\?`&|�xE]�Yu�:]�\?�f]�Ycs']����+x�YE_�X�w?xut�X�a���XZ_�e°]{s+]3b+t�]@a�\/X � w?x�]�\=¿SXZ`+s+\?`&t�t�]S��`+\/s'] � a/]3_�_�a3~f§$eÓa�`+�)]3\�5XZ\��c���5X � w?x�]3Yc]�XZY�]3t z{\�`+|�x�]�Yvd�YE�c]3X�YE]�t �fXZ] � ]�Y�z{\?`&|Ex�]�Yv�E`&\ � a�]�_Z_�]3YE�f]�Y¶¿$X�`&s'\�`+t9t Y�X�w?x
a

�f]3dfa/_ZX�w?xrd�Y
a/]�\ � w?x�X�]��f]�YV~�� � t�d ��� `&�j]�\$`+d � �f\ ± w?�
_ZX�w?x���`4�'b+\5s']���`&\�Y'a5�:]�\?�f]�YV¡)z{\�`+|�x�]3Y�dEYE�¿SXZ`+s+\?`&t�t�]�s+_Z]�X�w?x���d � ]@a���]3Y�~+��|j]���XZ]�_Z_Z]5s+]�b't�]@a/\�X � w?x�]�¿{`&\ � a�]�_Z_�d�YEs+]�Y9���'Y�Y�]3Y��E` � Ø b+\�xE`+YE�f]�Y Ï� ]�XZY �+b'YO�=XZs+]�Y � w?xE`&eÓa/]3Y � dEs+s+]3\/XZ]�\�]�YV¡��fXZ]»�f]3\���`+\/s'] � a/]3_�_�a/]»z{\?`&|Ex `&_ � ]3X�Y�]��
a/\�d��
a/dE\3¡��fXZ]_Z]3�fXZs+_ZX�w?x�`+d � ]3X�YE]�\�ª«Y�b+a/]3Y�t�]�Y�s']5d�YE��]�XZY�]3\�^5]3_Z`&a/XZb+Y ± �j]�\���X�] � ]3\�pr]�YEs+]5�j] � a/]�x
a�¡'s
`&\JY�X�w?x
a�j] � X�a���]3Yr�4`+Y�Y�~�¹jd�t W:]�X � |�XZ]�_V�4`+Y�Yq]3X�Yqª«\�]�X � �f]3\S�V[+Y�s+] 5
`+_ � 5 Ï �3`+w?��XZs+]3\5��a/]�\�Yq��`+\/s'] � a/]�_Z_�a�:]�\?�f]�Y�� � XZ]�x�]�W�XZ_����+~ �'��~��$t �']�\ � w?xEX�]��f]�Y�]G`+�)]3\S�f]3t � ]�_Z�j]�Y¨z{\?`&|�x�]3Y¬]�Y
a � |�\�]3w?x�]3YE�f]G¿$X�` Ïs'\�`+t9t�]¦`+_ � ]�XZYÄ§S�f©1]3�
aS��d¨�)]�a/\?`+w?x
a/]3Y�¡E�j]�Y�dfa��@a«t�`+Y¨�f]3Y¨W:]�s+\�X�Ù��f]3\«y@£ � b't�b+\�|�x�XZ]3}�¥�¹���]3Xz{\?`&|�xE]�Y � XZYE�Äl
�@�! ��&³LÔ�of¡�en`&_Z_ �5� XZ] � X�w?xvY�d�\5��X � `&d�e��fXZ]GÁ�d�t�t�]�\�X�]3\/dEY�s�X�x�\�]�\5ª«Y�b+a/]3Y¶d�Y
a�]�\ Ï� w?x�]�X��f]3Y�~

�=XZY#"�g¸²��°]3Y�s+_L~��:`+_����$�+b+Y»ª«Y�b&a�]�Y
u
YE`'w?x»ª«Y�b+a/]�Y

v
XZY¨]3X�YE]�t z{\?`&|�x�]3YqX � aG]�XZY�]�Ç�b'_�s']

u0, . . . , ur
�'b+Y»�nY�X�w?x'a5Y�b+a1��]3YE�fXZs¦�']�\ � w?x�XZ]3��]�Y�]3Y)��©1]3��]3X�_ � �)]3YE`+w?x��E`+\	a�]�Y¶ª«YEb&a/]3Yvt�X�a u = u0d�Y)�

v = ur
~�¿$XZ]%$&��h�²'g:�fXZ] � ] �(' ]3s+] � X � a���X�]�À$Y��3`+x�_ r−1

�f]3\¢ªG`&Y
a�]�Y�¡���X�]�]�\�]3\/xE[+_�a�~3W:]3`'w?x
a/]+¡
��` �/� X�~�À¤~
]�XZY ' ]�s � b��:b+x�_E]�XZY�]�Yvª«YEb&a/]3Yu�5X�]{`&dEw?xv]�XZY�]SªG`+Y'a�]) ug�of³* ��&k��{�fdE\�w?x�_�`&d�e°]�Yc��`+\	e,+
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�ED F"� � F !1� ��� �?�u� ��F > �'� � F � � 6f����� � ��! � >������ ��F C	�
�?�9<5�
>3!1���� �@���

������� �������&� ����� 5 � �?C�� � (��
	�!1���1� ��F !��?% F � ��� �?�'��73�'(��?� � D � ��� �5��A ���+F !1���1����6f����� � C/��!��
�=XZY ' ]3sSX � a$g�lÓh
�@�'m�of¡�en`&_Z_ � ]3\��']�XZY�]�Y9ª«Y�b&a�]�Y�t9]3x�\J`&_ � ]3X�YEt�`+_��fd�\?w?x�_�[&dfeÓa�~���X�Y9]�XZYfen`+w?xE]�\ ' ]3st�X�a

u0 = ur
x�]�XZº&a���³/g�l
�ubf�f]�\����3·&k�É ��~��=XZY®z{\?`&|�x

G = (V,E)
x�]�XZº&a9½�É ���   ug@hfo���h�²'g�hji&¡

�:]�Y�Y®] � e ± \��3��]3X��j]�_ZX�]3��XZs+]¶ª«YEb&a/]3Y u, v ∈ V
t�X�YE��] � a/]�Y � ]3X�Y�]3Y ' ]�s¨�'b+Y u YE`+w?x

v
s'X��fa

��W�XZ_��»�'~����'�@~v�=XZYqz{\�`+|�x¶xE]�XZº&a{½��3·�kZg@h��?³/g@lÓ¡)��]3Y�Y�]�\5�+]3X�YE]«ª«\�]�X � ]{]3Y
a/xE[+_�a�~�=XZY��$�&É  �¡­X � a«]3X�Y»d�Y�s']�\�XZw?x
a/]�a/]3\3¡j� Ì ��_�]3Yfe°\�]�XZ]�\{d�YE�»��d � `&t�t�]�Y�x)[&Y�s']�YE�f]3\«z{\?`&|Ex�~��=XZYa Ì |�X � w?xE]�\uW�`&d�t X � a�XZYOW:X�_�� �'~��'���E`&\�s+] � a/]3_�_�a�d�YE�ÍW:X�_�� �'~���� � a/]3_�_�av`&_Z_Z]�YEXZw?x
a Ï X � b't9b'\/|Ex�]�YW�[&dEt9]«t�X�a���ª«YEb&a/]3Y��E`&\�~
£"Y¬�+]3\ � w?x�XZ]3�f]3Y�]�Y�À�Y���]3YE�fd�YEs � s+]��EX�]�a/]�Y��f]�\5£"Y�e°b+\�t�`&a/XZ� � |�X�]3_�]3Y���X�]¤W�[&dEt9]«]3X�Y�]«x�]3\�`+d � Ï\?`&s']�YE�f]9^5b+_Z_Z]+~�prX�a«�fXZ] � ]�Y�z{\�`+|�x�]3Y¨_�` ��� ]3Y � X�w?x¨�3d�t W:]�X � |EX�]3_��j] � w?x�\�]�XZ�)]3Y�¥�� Ì Y
a�`�Ëf�E[+d�t�]� � XZ]�x�]»W�XZ_�� �+~Z�
�'�@¡�¿{`�a/]3Y � a/\�d��
a/d�\�]�Y � ��]3`+| � ¡���XZYE[&\�]»��d)w?x
�)[&d�t�]+¡�À Ø � Ï W:[+d�tc��¡:À�� � a�`+t Ït�d�Y�s � �E[+d�t�]9��¿S`&a/]�XZb+\�s'`+Y�X � `&a/XZb+YvXZY ��Y�X�Ë�Ç�XZ_�] �	Ì a�]�tc��¡�d � �G~
��tÐ]3X�Y�\�]�]3_�_Z] � �=\�b+�E_�]3t t�X�a ��XZ_�e°]¶�+b'Y�z{\?`&|Ex�]�Y���d�_�� � ]�YV¡�t¦d ��� tu`&Y��3d�YE['w?x � a¦��X�] � ] ��=\�b+�E_�]3t `&_ � ]�XZY¬s+\?`&|�xE]�Y
a/x�]3b+\�]@a�X � w?x�] � �=\�b+��_Z]�t  ���i+g�kÓk�lng�³/g@h)~j¿{` � X � a�]�XZY��5X�w?x
a/XZs+]3\$�fw?x�\�X�a/aXZY9©1]3�f]3\$À�Y��:]�YE�fdEY�sE~ ' XZ\��:b+_Z_�]3Y¶Y�d�Yr�fXZ] � ]�Yr�fw?x�\�X�a/a$`&Y¬]�XZY�]3t ]�XZYfen`'w?x�]�Y¬W:]�X � |�XZ]�_���]�t�b+Y Ï� a/\�X�]3\/]3Y�~

��� �"!
#$�%�'&)(+*-,/. 0��%13254/67� &%&"�"�'8:9$17;<!�=>�'�%!�#?�"� &
��Y � ]3\«¿S]���`+YE`�aG�5XZ_�_ ]�XZY�]3Y�¹j]3X�a�|�_�`&Yqe ± \¤ª«_Z`+d � dE\/]3Yq]�\ � a�]�_Z_�]3Y�~�¿S` � ¹jX�]3_ X � a3¡�`+_�_Z]9ª«_�`&d Ï� d�\/]3YrX�Y � bu� ± \���]�\«¹j]�X�a$�5XZ]¤t �+s+_ZX�w?x��3drb+\�s'`+Y�X � XZ]�\�]�Y�~�pq`+Yr���'Y�Y
a/]¤`&_Z_Z]¦ª«_Z`+d � d�\/]3Y�`+Y]�XZY�]3t ×�`&su|E`+\�`+_�_Z]�_��fdE\�w?xfe ± x�\/]3Y�~�¿{` � �=\�b+�E_�]3t X � a$��`+�)]3X�¡)��` ��� ]�XZY�XZs+]¦�
a�dE�fXZ]�\�]�YE�f]¤`+Yt�]�x�\�]�\�]�Y¬ª«_�`&d � d�\�]�Yca�]�XZ_�YE]�x�t�]�Y¬�:b+_Z_�]3Y�~¿SX�] � ] � �=\�b+��_Z]�t ��`&Y�Yutu`&Yc`+_ � ]�XZYA@ �&³�¾@Éfh�² �LÔ�³/�+¾�k�g, e ± \:z{\?`&|�xE]�Y��)]�a/\?`+w?x
a/]3Y�~+pq`+Y
Y�XZt�t¤a¤e ± \$©1]3�f]¶ª«_Z`+d � dE\G]�XZY�]�Y�ª«Y�b+a/]�YV~¢pq`+YÄ�']�\���XZYE�f]@a¤�3��]3X�ª«Y�b+a/]�Y u dEYE�

v
¡Ven`&_Z_ �] � t�XZYE�f] � a�]�Y � ]3X�Y�]3Y���a/dE�f]3Y
a/]�Y�s'X��fa�¡��f]�\¤`+Y»�j]�X��f]3YÄª«_�`&d � d�\�]�Y u d�YE�

v
a�]�XZ_�YE]�x�t�]�Y

�5XZ_�_L¡&d�YE�u�E`&t�X�a�� ± \	e°]3Yu�fX�]5�j]�X��f]3Y�ª«_�`&d � d�\�]�Y9Y�X�w?x
aJ`+t � ]�_Z�)]3Yu×¢`+s{b'\/s
`&Y�X � X�]3\	a ��]3\���]�Y�nªG`+Y
a/]�Y�]�Y
a � |�\�]3w?xE]�Y¬`&_ � b�B��j]�\ � w?xEY�]�X��fd�Y�s']�Y�¡���X�]«��d¬�']�\�t9]3XZ��]�Y � XZYE�E�@~Ç ± \S©1]3�f]3Y®t �+s'_�X�w?x�]�Y­ª«_�`&d � d�\/a�`+sqY�XZt�t¤a�t�`+Y­]�XZY�]�ÇE`&\��j]v�+~ W{~ s+]�_Z��e ± \�prb'Y'a?`&s)¡s+\ ± Y®e ± \u¿$XZ]�Y � a�`+sE¡ \�b&a¦e ± \cprX�a/a1��bfw?x�¡�d � �G~ ' X�\�s']�x�]3Y­x�XZ]�\��)]3X���`4�+b'Y­`&d � ¡J��` ��� `+Y©1]3��]�t ×�`&s��j]�_ZX�]3��XZs9��XZ]�_Z])� �'\ � [&_Z]S�3d�\ Ø ]�\/e ± s'd�Y�s � a�]�x�]3Y�~Á�dEY�|�\/b'��XZ]�\/a«tu`+Y���X�]vª«YEb&a/]3Y�t9X�a��fXZ] � ]�Y�Ç)`&\��)]3Y � br��dÄen[+\/�j]�Y�¡���` ��� ·'g@lÓh�g�½�C�g�l
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'�
�?� � 73% � � � � !��S<5�
>�!1�?�)�

¾?g@h��+m?o�¾?��³��"g�hr��h����"g@h�i�lng ��g@k�¾?g @¢��³�¾?g��L³/��²
g@h�´jt�`+Y � `+s&a$��`+Y�Y�¡j��` ��� �fXZ]�Ç [&\���d�YEsrk�g¸²'�&kX � a�~�¿S`9`&_Z_�]«ª«_�`&d � d�\�]�YcXZY¶t �'s+_ZXZw?x � a���d�\���]3\5¹�]�X�a�`+��s+]3�5XZw?�']�_�a � ]�XZY � b+_Z_�]3Y�¡��+]�\ � dEw?x
a:��` �¿S]���`&YE`&a$�f]�Yry@ª«_�`&d � d�\�s+\?`&|Ex�]�YE}¤t9X�a�t �+s'_�X�w?x � a:�:]�Y�XZs+]3Y�Ç)`&\��)]3Y¶�3d�en[&\��)]3Y�~
£"t À�_Z_Zs+]�t�]3X�Y�]3YcX � a:]�XZY�] Ç [+\/��dEY�s¦�f]3\�ª«Y�b+a/]�Yv]�XZY�] � z{\�`+|�x�]�Y G = (V,E)

k�g¸²'�&k�¡
en`&_Z_ � �+]3X�Y�]�3��]3X `'�4©	`&�3]�Y
a/]3Y»ª«Y�b+a/]3Y»�fXZ] � ]�_Z�)]uÇ)`&\��)]�a/\?`&s']�Y�~�¿SX�]���_�]3X�Y � a�]9À$Y��3`+x�_=�f]�\GÇ)`&\��)]3Y�¡je ± \¤�fXZ]] � ]�XZY�] � b+_�w?x�]¤Ç [&\���d�YEscs+XZ�fa3¡)�)]3��]3XZw?x�YE]@a$tu`&Y¨t9X�a χ(G)
dEYE�¬Y�]�YEY'a � XZ]¶m?o�³/�! ��&��l
��m?o�g�� �3o�k

�'b+Y
G
~

��br��`+Y�Y­tu`&Y��3d�tÎW:]3X � |�XZ]�_�©1]��f]�Y®��X�|)`&\/a/X�a/]�Y®z{\?`&|Ex�]�Y�t�X�a9Y�d�\
2
Ç)`&\��)]3Y�en[&\��)]3Y�~¢¿S]�\

�'b+_Z_ � a�[+YE�fXZs+]Gz{\�`+|�x Kn
�j]�Y��+a/XZs&a$`&�j]�\5�j]�\�]�X�a � n ÇE`+\/�j]�YV~¿{` � �=\�b+��_Z]�t¬¡J�f]�YÂs+]3s+]��j]�YE]�Y®z{\?`&|�x�]3Y

G
t�X�a

χ(G)
ÇE`&\��j]�Y­�3d­en[&\��j]�Y�¡ X � a�X�~�À¤~ � ]�x�\

� w?x���]3\3~�£ � a¬tu`&Y `+�)]3\¬t9X�aqy�]@a1��` � }­t�]�x�\¬`&_ � χ(G)
ÇE`+\/�j]�Y ��dfe°\�X�]��f]�YV¡��E`&Y�Y �4`+Y�Y tu`+Y

�f]3Y¬e°b+_Zs+]3YE�f]�Y�� � ]3x�\�]�XZYfen`'w?x�]�Yr`&�j]�\$X�Yq�f]3\��=\?`�ËfX � b&eÓa$Y ± a���_ZXZw?xE]�Y)��y�s'X�]3\/XZs+]3YE}��°]�YEs+_L~)y�s+\�]�] Ï� Ì }&�«À$_�s'b+\�X�a�x�t¦d � `+Y���]3YE�f]�YV~¢¹jd�]�\ � a��EË�XZ]�\�]�YÄ�5XZ\¤]�XZY�]��)]3_�XZ]��EX�s']c^5]�XZx�]�Y�e°b+_Zs+]u�f]�\�ª«Y�b&a�]�Y
v1, . . . , vn

~E¿S`+Y�Y�en[&\��fa��f]�\�À$_�s'b+\�X�a�x�t¦d � �fX�]¤ª«YEb&a/]3Y¶s']�tu[&º��fXZ] � ]�\�^5]3X�xE]�Yfe°b'_�s']+¥
�+~5ª«Y�b+a/]�Y

v1
]�\�xE[+_�a$�fXZ]GÇE`+\/�j]

1
~

�f~ ' ]�Y�Y v1, . . . , vk
s+]�en[&\��fa � XZYE��¡J��`&YEY®]�\�xE[+_�a

vk+1
�fXZ]q·�k�g�lÓh����"grYE`&a ± \�_ZXZw?x�]r¹�`&xE_

j
`&_ �ÇE`+\/�j]+¡)�fX�]«Y�bfw?x�Y�X�w?x'a$`+Y¶]3X�YE]�YrÁ$`'w?x
�)`&\�Yv�+b'Y

vk+1
�+]3\/s']��j]�Yv�5dE\��f]'~

pq`+Y«�4`+Y�Y � XZw?x«_Z]�X�w?x'a ± �)]3\/�3]�d�s']�Y�¡3��` ��� �fXZ] � ]�\VÀ$_�s'b+\�X�a�x�t¦d � e ± \�©1]��f]�Y¦z{\?`&|Ex�]�Y«]�XZY�]=_Z]�s
`&_Z]Ç [&\���d�YEsct�X�a{x��fw?x � a�]�Y � d + 1
Ç)`&\��)]3Y��EYE�f]�a3¡��:b+�j]�X

d
�f]�\Stu`�ËfX�tu`+_�]�z{\?`+�¬]3X�YE] � ª«Y�b&a�]�Y �XZY

G
X � a�~VÀ�Y�s']�Y�b't�t9]3Y�¡�] �G� XZYE�¨�j]�\�]�X�a � d + 1

ÇE`+\/�j]�YÄ�j]�Y�dfa/��a¤d�YE�Ä�f]�\¤À$_�s'b+\�X�a�x�t¦d �G� b'_�_�f]3Y»ª«Y�b+a/]3Y
v
en[&\��)]3Y�~ ' ]�YEY v �°_�`&dfaGÀ�_Zs+b'\/X�a/x�t�d � ���fXZ]9Ç)`&\��)] d + 2

]�\�xE`&_�a/]3Y � b+_Z_�a�]+¡���`&Y�Y
� b+_Z_�a�] v t�X�a d+ 1

ª«Y�b&a�]�Yc�j]�YE`'w?x��E`&\/a � ]�XZY�~�¿$XZ] � X � a5`&�j]�\:d�Y�t �+s'_�X�w?x�¡���`5©1]��f]�\5ª«Y�b+a/]3Yv�f]�Yz{\?`+�¶x��fw?x � a/]�Y � d xE`�a�~
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a

+

*

b c

������� �������&�f, � ��	 �+��!	�	�+6���% ��

� � � ��� ��% F1� �1%'C�� a + b ∗ c �

A

f
-1

B

V(  )V

������� �������'� �5� F�� �16 ����� A�>�� V %
��!1��� f �

HJI�� �������������SU �=TVU"!$# �SU %'&(�*)�U$TVU,+
�=XZY�]�^5]�_�`�a�X�b'Y

f ⊆ A × B �f]3\�`+\	a�¡¢��` �/� e ± \�©1]��f] � a ∈ A
s+]3YE`&d�]3X�Y��=_Z]�t�]3Y'a

b ∈ B
t�X�a

(a, b) ∈ f s+XZ�fa3¡3x�]�XZº&a.-«¾�¾�lÓk�i�Éfh�²��°bf�f]�\?@�Éfhf·��Lln��h��j�+b'Y A YE`+w?x
B
´
A
X � a¢�f]3\0/�g21=h)lÓ��ln�&h���¾?g@³�g@lnm?o�f]3\�À$����XZ_Z�fdEY�s¦d�Y)�

B
XZx�\ ��lÓk�i+¾?g�³/g�lnm�o��nbf�f]�\ "9g�³��¸g�¾?g@³/g�lnm?oE�@~�W:]3XE]�XZY�]3\�À��E��X�_��fd�YEs¦�5XZ\��u`+_ � b©1]��f]�t ��_�]3t9]3Y
a

a
`+d � A XZY9]�XZY�]�\ ]�XZYE�f]3dfa/XZs+]3Y ' ]�X � ]:��` � �=_�]3t�]�Y
a b = f(a)

XZY
B
�3d�s+]3b+\?�fY�]�a3~

�=XZY�]¤À��E��X�_��fd�YEsu���+YEY�]�Y¶�5X�\5d�Y � `&_ � y3��_�`+w?�v�)b4Ë�} x 7→ f(x)
�'b+\ � a�]�_Z_�]3Y�¡�X�Y¬�fXZ]{�5XZ\5]@a1��` �x�XZY�]3X�Y � a/]�w?�+]3Y d�YE� ��`�e ± \�]�a1�:` � Á$]�d�] � x�]�\?`&d � �j]��+b't�t9]3Y�~�W�]3X � |�XZ]�_L¥ x 7→ x2 ]3\/s'X��far��` �

3 dE`'�f\?`�a�]3X�YE]�\S¹�`+x�_�¡
A 7→ |A| ��X�]Gpq['w?x'a�X�s'�+]3X�a:]�XZY�]�\�pr]3Y�s+]{d�YE� x 7→ |x| �f]3Y�W:]�a/\?`&s¦]3X�YE]�\¹�`+x�_L~�W�]3XJ]�XZY�]�\¤ÇEd�Y��
a/XZb+Y�X � a¤] � �5XZw?x
a�X�s¬��dÄ�5X �/� ]�Y�¡���` � tu`+Y»x�XZY�]3X�Y � a/]�w?�+]3YÄ��`+\	e:d�YE��`&d ��:]�_�w?x�]�t W�]3\/]3XZw?x���` � ��\/s']���Y�X � X � a�~ ' X�\ � w?x�\�]�XZ�)]3Y

f : A→ B
bf�f]�\

A
f→ B

d�t `&Y��3d���]3X�s']�Y�¡���` ��� �fXZ]«ÇEd�Y��
a/XZb+Y f �=XZY�s
`&�j]�Y¬`&d � �f]�\�pq]�Y�s'] A `&����]3|fa/XZ]�\/a�d�YE�v��X�]GÀ�d � Ïs
`&�j]
f(x)

�3d��f]3\Jpr]�Y�s']
B
s+]3x��+\/a3~4¿$XZ]5pr]�YEs+]�`+_�_Z]�\ À��E��X�_��fd�YEs+]�Y9�+b'Y

A
Y)`+w?x

B
�j]���]3XZw?xEY�]@a

tu`&Y�b&eÓa�t�X�a
BA ~EÇ ± \ U ⊆ A xE]�XZº&a

f(U) = {f(a) : a ∈ U}
�5lÓk�i��'b+Y

U
dEY'a�]�\

f
~�Ç ± \

V ⊆ B x�]�XZº&a

f−1(V ) = {a ∈ A : f(a) ∈ V }
4¢³�¾�lÓk�i��+b'Y

V
d�Y
a/]3\

f
� � XZ]�x�]¤W:XZ_Z�Ä�+~Z�	5���~�Ç ± \ b ∈ B � ]@a/��a�tu`&Y

f−1(b) = {a ∈ A : f(a) = b} .


