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g N0hi�*����-%�+)���� n �#A`)%j(-%K*�G$'&(���_f<A7&(K*��� [n] = {1,2, . . . , n} ?E&(�(��>,1(K�KkN

l N0�,K�K��/�#A@)�j(-%K*�G$'&(���mf<A@&(K����
N = {0,1,2, . . .} N�^_A7�n2MA7�(�]oH�p���/�#A@)�j(-%K���$'&(��f<A@&(K9�(A7�(1(-%$'&��-%&#A7K;)%����=q�#A7�%�L�FA7��=O!\��67���(�(���#�r�F�;)s�(��-

0
=q.0�*�p����-%&(?7K*)

1
A7�(������-�)�N�hi���t.0��$'&3)%�*63�H)%��uR�;v

67���#�%$'&#A`dw)"����-"�#A@)�j(-%K���$'&(���xf<A@&(K����]�G�+)�=B�#A7�%�,���,�*�ty�z'{Ez
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N
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2JK*���*�B�H)%�sf<A@&(KO6E�*!()�N

� N0>"A@)�j(-%K���$'&(��f<A7&(K�����?7&(�(��>"1(K*K
N+ = {1,2, . . .} N

� N,�LA@�#4���f<A@&#K*���
Z = {. . . ,−3,−2,−1,0,1,2,3, . . .} N

� N0�,A@)���?7�#A7K*�5fOA@&(K����_��8�-%j#$'&(�M�
Q =

{a
b

: a, b ∈ Z
1(�#�

b 6= 0
} N3h5A7���+���#�������LfOA@&(K�����=3�����

����$'&�A@KG�5z��\{J�;�W�%�#z�?�����-�1(�#���#��K��G$'&(�5A7!B��-��#z�|��W��{@�G�
�'�(zshi��4�����A@K�4�A7&(K*���/�F�*)�����-��U��-���?������(v
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< b
�#A@-'�H)%��K�K*���aKGA7�%�+����=J4�1(��89���G�+b(����K

1

4
= 0,25

?�����- 1

7
= 0,

Periode︷ ︸︸ ︷
142857142857142857 . . .

� N0�0����K�K*��fOA@&(K����
R = {a, b1b2, . . . : a ∈ Z, 0 ≤ bi ≤ 9} NBhiAE�,�+���#�]������f<A7&(K�����=#�(�*�����G$'&A@KG��1(�(���#��K���$'&#�7=(�(�G$'&3)01(�J!B�p���*�#6@),b\��-%�*?����G��$'&#�Lhi��4��*��A7K*4pA@&(K������(A@-'�+)���K�K����/KGA7�%������N

� N0�i?7�Fb(K��
����fOA@&(K����
C = {(a, b) : a, b ∈ R} N#IJ?EK�$'&(�~f<A7&(K*�����%$'&(-%����!�)��FA7�a�#?7-%�FA7K*��-�.9���G���A@KG�"IJ1#���F���

a+ ib
=(.9?7!\���

i
���*�#�~�*��A767���#c@-%�~��f<A7&(K��s�F�;)5����-,uR�*6E���#�%$'&#A`dw)

i2 = −1
���+)�N

�i?7�Fb(K��
����fOA@&(K�����.���-%�(����.0�*-0���]�,!#�%$'&(�(�*)+) � N � 67���#A@1#��-�!B��)�-'A7$'&3)�����N

hi�*�p�+�L�W��?5D7��-'�%$'&(�*�p�����#���B�Uf<A@&(K����#�����(67���s���*�B��A@1B�U�(�����r1(�#�%$'&����E)'�H)'A@�#�(����=M�����F��-�27?7�Fb(K��*v
4��*��-+)%��-%���5K����G$'&J1(�(67����4�1sK��E�������W���*��&(�0}�A7!B��K*K��0 (N g ��N@hi���9��-%�+)����s��-%���(^_���(6E���

N
=
Z
1(�#�

Q
���*�B�

���¡�r�������3)�K���$'&#���]�p67K����G$'&(��c7$'&3)���6E�J¢J^_A@��2`A@�(�soH���(��-if<A7&(KOA@1#�
Q
���*�#�5���*�B����1�)%�*6E�L�#A`)%j(-�K��G$'&(�

f<A7&(KO4�1#?7-'���(���qN(h"����^]���(67���
R
1(�#�

C
�����#��A@!\��-0!\��-%���*)%�"�p�p$'&E)06E-��E£7��-'�J¤��(A7��.9��-'�����a.0��-,���

�"!#��$'&#�(�;)�) g N � !B�p�+b(-%��$'&#����N
¥aV3¦MSUX�VJX§Y©¨Wª�«`VJVJTWTWVJX§P�Q#S�T�V3X
IJ1#���F�E=<hi�*:\��-����(47=O��-%?���1(23)L1(�#�r¬i1#?@)������3)LD7?E�_4�.9���U-�����K�K*���f<A7&(K����_�G�H)L.0��������-5���*�#�s-%����K*K��
f<A7&(KkN3�"1#�+�BA@&(�F�7¢�hi�*DJ�G�+��?7�a��1(-'$'&

0
�G�+)��(�G$'&3)9��-�KGA@1(!()�®(f\.����B!\��K�����!(��67�5-�����K�K*��f<A@&#K*���

x
1(�B�

yKGA7�%�+���]�+�G$'&]D7��-�6EK*����$'&(����=(�ON�&�N#�p�,67��K*)"���3)H.9������-
x < y

?�����-
x = y

���������i!B��4����G$'&(�(��)"��A@�_A7K��
x ≤ y �9?J�(��- x > y

N(¯�?7-'�+�G$'&3)�¢��,1B�
x · y < z

de?EK*67)
x < z/y
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1 � �%$ ����� -	# 23$ �(�4�5��60
 �	�7!8$�- 9 60
 ���:!3$�- 9 6�
;� -	#

x + 1 = 0 N Z x = −1

2x − 1 = 0 Z Q x = 1
2

x2 − 2 = 0 Q R x =
√

2

x2 + 1 = 0 R C x =
√
−1 = i

< «M¦MSU¨WY©V�=U¨?>p¦MS�V�>A@L«M¨�XCBE¨ED
f\1soH���(��-,-%����K*K����_f<A@&#K

x ∈ R
67��!�),�������*�

n ∈ N
�F�;)

x < n
N

F
X<ªpV3«0G(Q#TWTWV
CUj(-�4�.9���9-�����K�K*�]f<A@&#K*���

a, b ∈ R
=
a < b

!B��4�����$'&(�#�
)s��A7�m�����/4�.0���%$'&(���
a
1#�#�

b
K�����67���#���

f<A7&(K��������*)
[a, b] = {x : a ≤ x ≤ b} = (a, b] = {x : a < x ≤ b} =�1#�+.�N

H�V3ª�«`Q([
uR��67��K;) |x| = x

dej#-
x ≥ 0

1(�B� |x| = −x dej#- x < 0
Nq�,�B��$'&#A71(K���$'&(�t89�p����1�)%1(�(6B¢q�,!#�+)%A7�#�

4�.0���%$'&(���
0
1(�B�

x
A@1�dU����-"f<A7&(K*���(67��-%AE�����qN7uR�967��K*)�¢ |x| ≥ 0

= |x · y| = |x| · |y| = |x/y| = |x|/|y|dej(-
y 6= 0

1(�#� |x± y| ≤ |x|+ |y| ��h"-%������$'2���1(�(67K����G$'&J1(�(6J��N�Iic@1�J#6E�iC#?7-%��¢ |y−x| K �,!#�+)%A7�#�4�.0���%$'&(���
x
1(�#�

y
A71�d�����-if<A7&(K����(6E��-'A7������N

L Q+MCN�O"P]T�Q(Y©Y©V3«`X bxc M�XQ= dxeCUj(-0���*�(��-%����K*K���f<A@&#K
x ∈ R

���+)

bxc := max{b ∈ Z : b ≤ x} �,!(-%1(�#�(���

dxe := min{a ∈ Z : x ≤ a} �,1�de-%1(�#�(���
.

u���67���#�%$'&#A`dw)%����¢

x− 1 < bxc ≤ x ≤ dxe < x+ 1, b−xc = −dxe d−xe = −bxc .
IJ���

n ∈ N
�����(�i�BA`)�j#-�K���$'&#�5f<A@&#KB�F�*)

2m−1 ≤ n < 2m N3h5A@�(�a!B�p�H)%��&3)0���*�i!(���#c@-%�ih5A@-'�H)%��K�K*1#�(6
DE?7�

n
A@1B��67���BA@1

m = blog2 nc+ 1 = dlog2(n+ 1)e 8��*)%��N
PRQ(SUT

πu����(�s!B�p�+?E�#����-%�~�0?EK*K�����b(�*��K;)5���*���+?E67���#A@�(�3)%���pf<A@&#K
π
�J=\���*�������SR"��dWA@�(6x�������UTqc7�(67�M�9�����(���

�L-%���G�+�p�9���*)"hi1(-%$'&#���p������- g A@�#67��!�)�N#�"K*K�67���F�����a6E�*K*)

π =

R,��dWA7�(6t�����0�L-%���G�����
hi1(-'$'&(�F���%�+��-��(���,�L-%���G�+�p� = 3,141592653589... .

89�
)%-%AE$'&3)��
)��FA7�s�����~u����(&(���;)'�+2J-%���G��=`�ON�&�N`�������L-%���G��D7?7� �,AE����1#�
1
=p��?"�G�+)

2π
6E���#A71�����-�63A@�(4��

R"�sdWA7�(6������������0�L-%���G�+�p�5���+����&#�~8���KG�� #N g ��1(�#� π/2 ���+),67���#A@1�������¯"����-�)���K��(�*�p�+�p�VR,��dWA@�(63��N
W ¨WXXMQ>'M�XQ=YP[Z\>�¨�XXMC>
h5A7��89?76E���(��A7£a���*�(�p�L�§�*�#27��KG�

αo ���+)������]Tqc7�(67� x ������8�?E67���#��=O�����n����-��§���(27��KRA@1B�������u����(&(���;)'�+2J-%���G�0�W�ON�&�N7�L-%���G�U���*)��,A7�(�*1#�
1
�UA@1#�%��$'&#�(���G���
)pN`h"��� ¯�?7K�K�.0�*�(2E��K

360o ���3)%��b(-%��$'&3)�����-
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π

π/2 =3   /2π

0  =  2παo

-

π

/2

-

x

cos

1

x

sinx

x

�Q$ � & �����0���3$���� � -�� � $ � -	�%- sin x � - & cos x
�

R"�sdWA7�(6
2π
������u����(&(���;)'�+2J-%���G�+�p��¤(�(�*�p��K*���
de��-+)"����� R,�F-%��$'&(�J1(�#6E�+de?7-%����K

αo

360o
=

x

2π
.

hi�*�tC#1(�(23)���?7�#���
sinx

1(�#�
cosx

�+���#� �*� 8���KG�  #N g D7��-%A7�#��$'&BA@1(K���$'&3)pNn�§�*-�dWAE�������r������.0��$'&�v
)%�*63�H)%����u��*6E���#�%$'&#A@dw)���������������-,C#1(�(23)���?7�(����4�1#�%A@�F�F����W�(A7!B�����G�H)

x ∈ R
���*�(�L!\��K��*��!(��67��-%����K�K��

f<A7&(Kw��¢

sin 0 = cos
π

2
= 0 ; sin

π

2
= cos 0 = 1 ;

sin
(
x+

π

2

)
= cosx ; cos

(
x+

π

2

)
= − sinx ;

cos(−x) = cosx ;
I��J�F�F�
)�-%���

sin(−x) = − sinx ;
�"�E)%���	�J�F����)�-%�*�

1 = cos2 x+ sin2 x ;
I�A`)%4�D7?E�a�
�3)%&#A@6E?7-'A7�

cos(x± y) = cosx · cos y ∓ sinx · sin y ;
�0�#���;)%�*?E�#�+)�&(��?7-%���F�

sin(x± y) = cosx · sin y ± sinx · cos y ;

sin 2x = 2 sinx · cosx ; cos 2x = cos2 x− sin2 x ;

sin2 x =
1− cos 2x

2
; cos2 x =

1 + cos 2x

2
;

sinx =
eix − e−ix

2i
; cosx =

eix + e−ix

2
.

u�1(K���-�� �%$'&(��C(?E-��F��K*�

u����(��67���r��-�)���D7?E�
sinx
1#�#�

cosx
�����#���*�]}UA@!\��K�K*�� (N l A@1�de6E��K����+)���)�N

@ Z#ªpV3XQB7VJXYMUXC=� Mq«4B7VJT�X
CUj(-

a ∈ R
=
n ∈ N+

.0��-'�s���7J#�(����-�)�¢
an = a ·a · . . . ·a � n �FA7KG�U�F�*) a0 = 1

N@>,��6EA`)%�*DE���U?7)����(4����
DE?7�

a 6= 0
���*�#����1#-%$'&

a−n = 1/an ���7J#�(����-�)�N
CUj(-

a ∈ R
=
a ≥ 0

=
n ∈ N+

67��!�)����L6E���#A71 ���*�(���B�W�%�������<z������k���`z�-%����K�K��tfOA@&(Kk=�������&#?J$'&
n
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������� ��� ����� � �+) � . �Q�"$ 
�� $�� ����� ! x = π
4

$ 
� sin x = sin(−x + π
2
) = cos(−x) = cos x � - &A& �(! � � ���

	 � -�
� ��� ��# � !�� 
 � $�� � �"! �8� - 
 sin x = cos x = 1√
2

=
√

2
2

�

α 0o 30o 45o 60o 90o

x 0 π
6

π
4

π
3

π
2

sin x 0 1
2

√
2

2

√
3

2
1

cos x 1
√

3
2

√
2

2
1
2

0

6E���(?E���F���
a
��-�6E�*!()�N(hi�*�p�+�sf<A7&(KO.0�*-'�a���*)

n
√
a
!\��4�����$'&#�(�
)p=(�ON+&�N

n
√
a = x

6E�*K*)067���#A@1��(A@�#��=�.����(�
x ≥ 0

1(�#�
xn = a

6E�*K*)�N

CUj(-�1(�#67��-'A7�(���
n
1(�#�

a < 0
���+)~A@1#$'&

n
√
a = − n

√−a ���:J#�#�*��-+)pN<CUj(-~A7K*K�� a, b, p, q ∈ R
=<dej(-

�����~�����5de?7K�67���B�������,1#�%��-%j#$'27�����7J#�(����-�),�+���#�O=(6E�*K*)

ap · aq = ap+q;
ap

aq
= ap−q; ap · bp = (a · b)p;

ap

bp
=

(a
b

)p

; (ap)q = ap·q .

hi�*�F�0�p$'&(���(-%��6E��K���dej(-5� 1(-%4���K*� ��-%67��!B���_�+�G$'&xA@1B�i����������� �0��6E��K��x��1(-'$'&x�������,!\��-%6EA7�(6tDE?7�
n
√
a
4�1

a1/n N�u���bB?E�(���3)s1#�#�n���3)'�+b(-%��$'&#���#�����r1(-%4���KR&(��!B���Z�+�G$'&©A@1(dH¤��ON�&�N��p�~6E�*K*) n
√
xn =

( n
√
x)n = x

dej(-,A7K*K��
x ≥ 0

N

�
¯�?E-%���G$'&E)i!B���U�#��6EA@)���D7���

x
¢BuR�56E�*K*)i4�N 85N √

x2 = |x| dej(-5A7K*K�� x ∈ R
¤ √

x2 = x
67��K;)5�31#-�=

.9���#�
x ≥ 0

N

��¨WXUV3Q(«MV M�XQ=��XM�Q =q«`Q�ªp¨?>p¦pSUV L T�VJ¨W¦MSXM�XU[\V3X
hi�*� T��E��1(�(6�dej#-

ax + b = 0
�F�*)

a, b ∈ R
1(�B�

a 6= 0
���+)

x = − b
a

NCR"� ���*���E1BA7��-'A`)%���%$'&(�
�5K����G$'&J1(�(6

ax2 + bx+ c = 0
�F�;)

a, b, c ∈ R
=
a 6= 0

4�1aK��E������=��%$'&(-%����!�)9��A7�a���*�54�1(��-%�+)�1(�¡���
x2 + b

ax = − c
a

1(�#���+)���K�K*)"���*��K����(27�~IJ���;)%�~A@KG�"¬i1#A7��-'A`)0�(A7-

(
x+

b

2a

)2

= − c
a

+
b2

4a2
=
b2 − 4ac

4a2
.

h5A@-'A@1#��de?EK*67)

x =
−b±

√
b2 − 4ac

2a
.

�8ZB[\Q�«`¨eªpS�Y©VJX
���x�(��-��5K*����$'&J1(�(6

ax = r
���*�B�

a
�W8�A7������=

a > 0
=
a 6= 1

�,1(�#�
r
��>,1(�F��-%1#��=

r > 0
�,67��6E��!\����N

�5�p�+1#$'&3)��G�H)R�����"f<A@&#K
x
N7hi�*�p�+�ifOA@&(K�&(���*£7)��q� ���@|����w�����J�0DE?7�

r
4�1#-�89AE�+�G�

a
N7I�$'&(-%����!3.9���G���7¢

x =
loga r

NOhi��� Tq?76EA7-��*)�&#��1#�
loge r

4�1(-L89AE�+�G�
e = 2,7182818 . . .

�eu�1(K���-�� ��$'&(�Ff<A@&(Kw�0!\��4����G$'&(�(��)
��A@� A7K��

ln r
N9��� ����-a����de?7-%��A`)���2Z.0��-'�§A@� �������+)���� ����- T�?E6EA@-%�*)�&(�s1#�

log2 r
4�1(-a8�A7���G�

2!\���J1�)%4
)�N
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logy =

1

a

a x

xy = a

y = x

�Q$ ��& ��� � ����� ��� -	�%- �5� - & 9 � #0�7!�$ ��� . �	
 �

hi�*�"�,��$'&(���(-���67��K*�s���*)8Tq?76EA7-��*)�&#�����s���*�B�s����de?EK*6E���#�(����I�A`)%404�1#�%A@�F�F���(6E�
dWAE���+)�¤M&(����-R�����#�
a, b, r, s > 1

!B��K*����!(��67�L-%����K*K���f<A@&(K����qN

W Q�ª�B����
	�� i¨�[BVJXQ>�¦MSUQ��kª�VJXY=�V3« �8ZB[\Q�«`¨eªpS�Y MQ>��MUX��Oªp¨?Z\X
�WA3�

aloga r = r
1(�#�

loga a
r = r
¤

�W!B�
loga(r · s) = loga r + loga s

1(�#�
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1 + x ≤ ex x ∈ R

1 + x ≥ ex/(1+x) x ∈ (−1,1)

1− 1

x
≤ lnx ≤ x− 1 x > 0
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n∑

i=1

xi

)
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xi

)1/n

≤ 1
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n∑
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xi xi ≥ 0

( n∑
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x2
i

)( n∑

i=1

y2
i
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≥

( n∑
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xiyi
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1 + 2 + 3 + · · ·+ n =
n(n+ 1)
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1 + x+ x2 + x3 + · · ·+ xn =
1− xn+1

1− x
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x 6= 1

1 + x+ x2 + x3 + · · ·+ xn + · · · = 1

1− x |x| < 1

1 + x+ 2x2 + 3x3 + · · ·+ nxn + · · · = x

(1− x)2 |x| < 1

1 +
1

2
+

1

3
+ · · ·+ 1

n
= lnn+ γn
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