TRANSFER OPERATOR FOR THE GAUSS’ CONTINUED FRACTION MAP.

I. STRUCTURE OF THE EIGENVALUES AND TRACE FORMULAS

ABSTRACT. Let L be the transfer operator associated with the Gauss’ continued fraction map, known
also as the Gauss-Kuzmin-Wirsing operator, acting on a Banach space. In this work we prove an
asymptotic formula for the eigenvalues of £. This settles, in a much stronger form, the conjectures
of D. Mayer and G. Roepstorff (1988), A. J. MacLeod (1992), Ph. Flajolet and B. Vallée (1995), also
posed by several other authors. Further, we find an exact series for the eigenvalues, which also gives

the canonical decomposition of trace formulas due to D. Mayer (1976) and K. I. Babenko (1978).
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This crystallizes the contribution of each individual eigenvalue in the trace formulas.
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1.1. Introduction. Let D be the disc {z € C : |z — 1| < 3}. Let V be the Banach space of

functions which are analytic in D and are continuous in its closure, with the supremum norm. The
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FEIGENVALUES AND TRACE FORMULAS 2

Perron-Frobenius, or the transfer operator for the Gauss’ continued fraction map, also called the
Gauss-Kuzmin- Wirsing operator, is defined for functions f € V by [27, 34, 35, 42, 43, 51, 31]

£ = 3 o () 1)

Our chief interest is the point spectrum of this operator.

As was shown in [8, 9], the operator L is then of trace class and is nuclear of order 0. Thus, it

possesses the eigenvalues \,, n € N, which are real numbers, |A,| > |A\n+1], A1 = 1, and

oo
Z | An|€ < 400 for every € > 0.

n=1

In fact, the Hilbert-Schmidt operator X, defined by

i Q\ﬁ)
/ NCECE 1)U(y) dy,

for u belonging to the Hilbert space L*(Ry,m), dm(y) = 545
counting algebraic multiplicities [8, 42, 43]; here J; (%) is the Bessel function with an index 1. Numer-

dy, has the same point spectrum,

ically, eigenvalues are presented in the Table 1. Pascal Sebah [48] provided high-precision numerical
calculations. We note that sometimes other authors present not accurate numerical results (con-

cerning 10*" or higher significant digits).

n (—=1)" N, n (—=1)" N, n (1)), - 108
1 1.0000000000000000 | 9  0.0002441314655245158 | 17 0.1010905532214992
2 0.3036630028987326 | 10  0.00009168908376859330 | 18  0.03834969795026564
3 0.1008845092931040 | 11  0.00003451654616385425 | 19  0.01455613838668023
4
5
6

0.03549615902165984 | 12 0.00001301769787702303 |20 0.005527567937997608
0.01284379036244026 | 13  0.000004916782302464491 | 21  0.002099913582972687
0.004717777511571031 | 14  0.000001859307351509042 | 22 0.007980457682720196
7 0.001748675124305511 | 15 0.0000007038113430870398 | 23 0.0003033862949098575
8 0.0006520208583205029 | 16 0.0000002666413434479564 | 24 0.0001153695418144668

TABLE 1. The eigenvalues A\, for 1 < n < 24, with 16 significant digits.

The transfer operator £ arises from the Gauss map F(x) = {1/z}, =z € (0,1], F(0) = 0, in the
following way: for functions f € L'[0,1] it is defined by

yeF—1(2)

which agrees with (1). Let further F() = F, and F®®*) = Fo F(*=1 for k > 2. As is now well-known,
due to important contributions by C. F. Gauss, R. O. Kuzmin, P. Lévy, E. Wirsing, K. I. Babenko,
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K. I. Babenko and S. P. Jur’ev, D. Mayer, we have

(@ e (0,1]: F®(q) < 2) = logl 1g; : Z Mo, )

Here () stands for the Lebesgue measure, and for each n > 2, the eigenfunction ®,,(z) is defined
in the cut plane C\ (—oo, —1], it satisfies the conditions ®,,(0) = ®,(1) = 0, the regularity condition

sup |(z + 1)U (2)| < +o0. (3)
R(2)z—3

where U(z) = ®/,(z), and the functional equation

Bz +1) — Bn(2) = — - D, (L)

An z+1
Thus, ®1(2) = % A1 = 1. The eigenfunctions of £ are then given by ®/ (z), n € N. Moreover,
every function U(z) which satisfies, for a certain A € R\ {0}, the functional equation
1 1
U(z) = U(z+1 U( ) C\ (=00, —1], 4
©)=Ve+ )+ 5V (). #eC\ (] (4)

and the regularity property (3), is the eigenfunction of £ with the eigenvalue A\. More details can
be found in [8, 35, 51].

The nature of the eigenvalues A, for n > 2 is unknown. It is widely believed that these constants
are unrelated to other most important constants in mathematics. In particular, it is expected that
they are neither algebraic numbers nor periods [36]. We remind that a period is a value of an
absolutely convergent integral of a rational function with algebraic coefficients, over a domain in R”
given by polynomial inequalities with algebraic coefficients. All periods form a ring P. However, we
will soon see in the item (ii) of Theorem 2 that these eigenvalues are deeply related to an extended

ring of periods 73[%] in a direct way.

1.2. Trace formulas. Now, more that 480 digits of A2 have been calculated [12], but one can get
rigorous certificates only for the several first few digits of Ao and A3 [19, 35, 40, 42, 52]. On the
other hand, the trace of the operator £ can be given explicitly. As was shown in [41] (see also
[17, 18, 37, 42, 43]), we have

- Z‘” [ a(2e) _Z‘X’ 1

e = nzlA"_O/ex—ldx_Uffﬂ 5)
_ b EZOO k-1 2k _
2 2 5+2k:1( ) 1<k>(4(2k) &

z7y)? s
Tr(L?) = ZA%://(ele(iﬁ) 3 dzdy = Z;. (6)

n=1 0 D ij=1 (5@,]5]1) -
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Here
111 V02 +4—¢ P44+ 0/02+4
gf = o 7 i ’ §ZQ+1: R ki ’ €€N7
O+ 0+ 0+ 2 2
1111 L D  ij+2 L 9 .
i = T T T T e, IS —1=— D, D = 2 _47 ) N.
&ij ittt gt (- &) g T g " (i +2) hIe

These are quadratic irrationals whose continued fraction expansion are strictly 1 and 2—periodic.
That is, they are all fixed points of F' and F?2, respectively. The formula for Tr(£) which involves
zeta values was derived in [17, 19]. In Subsection ?? we will derive similar formula for Tr(£2), and
this is very useful computationally.

Proposition 1. We have an identity:

2 1 4 3
+ + +
5+3vV5  3+2V3  21+5V21 16+ 12v2

> 2k — 5 2 2 3
D YE CN IGURIEE SR
k=2
= 1.103839653617 ;.

Tr(L%) =

The kth term of this series is asymptotically equal to %(%)k(ﬂ'k)_l/2.

We have many formulas to calculate zeta values with very high accuracy, and this gives a fast
method to calculate Tr(£?). As is clear from [19], the authors of that paper had already derived this
formula, though this was not written down explicitly. The importance of this formula is apparent
in numerical calculations, when one extracts approximations to the eigenvalues A\, as eigenvalues
of a certain high-order matrix; usually about the order 300-400. While increasing this order some
eigenvalues do stabilize, thus it can be guessed that they correspond to some real \,, while others
(“spurious” ones) tend to disappear. The invalidation of the formula for Tr(£?) also shows that
these “spurious” eigenvalues should be ruled out - this fact was noticed by all mathematicians who
tried numerically to operate with similar matrices.

In general, for a; € N, 1 < ¢ < k, we put

éal,ag,...,ak = [Oa ai,az,...,ag ]

This number is a fixed point of F*), Then we have the fundamental result [43]:

[e.o]

ZAk Tr [’k Z {H syistlyeenyihsblyenyis—1 (_1)]{} _1' (7)

11,82,...,0=1 s=1

We will see in Subsection 7?7 that for the number in the square brackets, denoted there by o, we

have a very simple formula. Indeed, let p = &;, ;,...;,, and

()

b b p P
o+ = p, where a, b, c,d € Ny, a _ k—1 (3 7
v c d Qr—1 Qk
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where % is the sth convergent to p, % = % Then
b D a+d
-2 k 2 k
Hgis7is+17---7ik7i17---7i371 - (=" = 9 + 92 \/5’ D = (a+d)” —4(=1)".
s=1
This, of course, does not depend on the cyclic permutation of {iq,is,...,%x}, since the matrix

< “ 2 ) is then replaced by a similar matrix. Indeed,

c
Per P\ (01 0 1 0 1
Qr-1 Qk 1 4 1 iy 1o )’
and the fact becomes obvious.

Without going into details, we note that these trace formulas and the field itself is deeply and
intricately related to the Selberg zeta function [32], the Riemann zeta function, Maass wave forms
and modular forms for the full modular group [2, 37, 39, 44, 52| - see Subsection ?7.

1.3. Previous conjectures. Throughout this paper, we fix the notation

1+/5
b= +2f‘

The constants A, have received a considerable amount of attention in recent decades. Nevertheless,

there remained three outstanding unresolved problems. No theoretical progress was made towards
any of them, only a computational one. As was said before, we henceforth arrange the eigenvalues
according to their absolute value:

A1 > |A2] > | A > -+

Of course, in case A\, = +A,41 for some n, this arrangement is not uniquely defined. Despite this,
we have

Conjecture. The following three statements are true:

i) Simplicity. The eigenvalues are simple, |\,| strictly decreases.
ii) Sign. The eigenvalues have alternating sign: (—1)"T1X\, > 0.

iii) Ratio. There ezists lim )\’\—” = —% = —¢2.
n—oo ‘n+l

The first conjecture can be attributed to Babenko [8] and Mayer and Roepstorff [43], the second -
to Mayer and Roepstortf too, also reiterated by MacLeod [40]. The last was raised by MacLeod (only
with a constant ~ —2.6), and seconded by Flajolet and Vallée [17, 19, 20, 21], with the constant
—¢?. Several other authors also claimed to believe these conjectures, or state that “for the time
being [2014], no way for obtaining [formula for the eigenvalues] can be expected” [30].

The ratio conjecture has the following explanation. The spectrum of the operator

Ll O = 5! (55

’ GV,
z—l—l) /
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is given by \2 = (—=1)"*1¢=2" n € N, with the corresponding eigenfunction being

(Z _ (bfl)nfl
Gr ®)

(see Section ?7). It is expected that the terms in (1) for m > 2 act only as small perturbations to

ug(n,z) =

Lo; we will show (using algebra and combinatorics, but no functional analysis) that this is indeed
the case. Of course, the “Sign” and “Simplicity” conjectures follow from the “Ratio” conjecture for
sufficiently large n, provided it is effective and we can verify these conjectures for the first ititial
values of n.

2. MAIN RESULTS

2.1. Formulation. It is surprising that in fact the real asymptotics of the sequence A,, minding
the above remark about Ly, is the simplest imaginable from the ratio conjecture.

Theorem 1 (Asymptotics). We have the formula
—2n —2n
—nntly, = o7 C.L d(n) - ¢
(-1) 60 S dn) L
V5 - ((3/2
where the constant C = \[sz(/) = 1.1019785625880999 ;
™

here ((x) is the Riemann zeta function, fand the function d(n) is bounded.

Based on high precision numerical computations of P. Sebah [48], we calculated the function d(n) in
Table 2. Since %380 ~ 0.13-107%4, this table overwhelmingly convinces in the validity of Theorem 1.

Indeed, suppose we change the constant “2” in the denominator of the fraction which defines
C with 1.9 and 2.1, respectively. The values of the so obtained functions dj 9(n) and da(n) for
n = 148,149, and 150 would then be, respectively,

—0.346715, —0.349104, —0.351485; and 0.997259, 0.999403, 1.001539.

In the first case, the value for dj 9(n) decreases by approx. 6.8%o (per mille) at each step, and in the
second ds 1(n) increases by approx. 2.1%.. Whereas for the correct constant 2, we see the decrease
of d(n) = da.0(n) by only 0.025%0 at each step.

d(n) n  d(n) n  d(n) n  d(n)
0.51605 | 5 0.43430 | 40 0.36268 | 130 0.359061
0.60424 | 10 0.38504 | 50 0.36159 | 148 0.358871
0.52221 | 20 0.36884 | 70 0.36040 | 149 0.358862
0.46629 | 30 0.36460 | 100 0.35952 | 150 0.358852

w3

TABLE 2. The function d(n).

Theorem 1 is much stronger than the ratio conjecture. Seemingly, the apparent distance from
A\1¢? = 2.61803, to 1 prevented other mathematicians from posing a much stronger conjecture on
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the asymptotics. Nevertheless, for example, we have: |Ai50| - $3%° = 1.0923,.

Our second result gives the much more refined structure of the eigenvalues. Let Py(na’ﬂ ) (x) stand
for the classical Jacobi polynomials [49]; see Subsection A.1 for more details.

Theorem 2 (Arithmetic and decomposition of trace formulas). The following holds.
(i) There exist functions Wy(X), v > 0, defined by Wo(X) =1, Wi (X) = 2 '¢_2XP§2ﬂ(3/2), and
then by a certain explicit recurrence - this will be given later, see (22) - such that

(1) A = 6720 S W),
(=0

For the functions Wy(n) we have an asymptotic formula
BB
NN A
where the function B = B({,n) is bounded.

We(n) forn, £>1,

(i) This decomposition is compatible with (7) and gives the decomposition of trace formulas for the

powers of L: for the first, the second, and the third powers we have, respectively,

- 1
()" Wy (n) = ——\ £>1,
nzl &i+1
S 1
2 2 0T Wia(WWia) = ) ey (22, (9)
it n=1 ol (&,;&.0)72—1
3 1
_1 n+1¢76nWi_ n W‘_ n W 3 n _ 7 Z 2 3
Z-%_e;( ) 1 () W1 (n) Wi () iﬂ%_z o) 24

Analogously for higher powers of L, for LF.
(iii %' Further, let a = {€1,0o,..., s}, {; € N. Let us define

Qa(w) = i (f[wgi(n))w", w| < 1.

n=1 =1

Then all Qa(w) = Q, 4,0, (w) are arithmetic functions.

(iv) The solution to (4) for the nth eigenvalue, the nth eigenfunction, can be canonically normalized,

so that there exists a sequence of structural constants {U,(¢~1),n € N}.

So, the fundamental trace formulas (7) are split into a countable number of formulas each. More-
over, we will see in the Subsection 3.4 that, due to combinatoric reasons alone, one further refined
decomposition occurs. Concerning the item (iv), one canonical normalization of U,, comes from (2),

but it is ineffective. The normalization we propose is effective and the most natural in deriving

IThis part will be explained, proved and expanded in [1].
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formula in the item (i), as will be soon clear; see Proposition 2.

The simplest examples of (iii) are

Polw) = 7=
_ ¢ +w 1
BT P e R Y

So, in the trace formulas now we are able to crystallize the contribution of each individual eigenvalue.
Thus, this defines an infinite matrix
((_1)n+1¢72nwf_1 (n)>

o0

n,f:l7

whose elements in rows add up to eigenvalues, elements in columns add up to (£, 24 1)~!, and the
sum of all real numbers in the matrix is equal to Tr(£). At the same time we are able to define a

unique two variable function which governs the whole collection of eigenvalues and trace formulas:

O(w, w) = ZZw" WwW_ () = ZQg(w) Wb w] <1, Jw| <1
=0

n=1 /=1
For example,

[e.o]

B0 W) = Y M) =L =Y = / ne g,
n=1

£=1§£_2+1 0 e —w

The operator L, will be soon defined in Subsection 2.2. It is important to observe that Theorem
2, for the first time, gives rigorous certificates (though considerable computational time and space
resources are needed) to calculate numerically the first few digits of an eigenvalue with any index.

2.2. The approach. Our method of proving these results is constructive. Consider a function
f(w, z), which is analytic in w for |w| < 1, and for every such w, f(w,z) € V as a function in z.
Denote the set of all such functions by V. Then

Iflg = sup [f(w,2)]

lwl<1
3
|Z—1‘§§

makes V into a Banach space. Let us define the operator L, : ViV by

m—1

Lolf(w.)2) = 3 2t (v ) (1)

zZ+m "z4+m

If G(w, z) is an eigenfunction of this operator, then a function G(w, z) is defined up to a “scalar”
multiple, which (in this case) is an arbitrary function in w, holomorphic for |w| < 1. Thus, if A\ w)

is an eigenvalue of this operator, then

1

Mw)G(w, z) = w)\(w)G(w,z—kl)—i—m-G(w,ﬁ

), 2€C\ (=00, ~1], |w| <1 (12)
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We note that though G(w, 2) is initially defined for |z — 1| < 3, eigenfunctions automatically extend
to the region {C\ (—o0, —1]}.

For a two variable analytic function g(w,z), let g(w, z)[z™] = Bn(w) is the coefficient at ™ in
a Taylor series expansion of g(w,z) around = = 0. All our results follow from the following explicit
construction.

Proposition 2. For every n € N, there exists the unique analytic function \,(w) and the unique
analytic function Gp(w,z), |w| < 1, Rz > —%, whose Taylor coefficients in the variable w are
explicitly constructable (see Section ?7), which satisfies in conjunction the functional equation (12)
and the regularity condition (3) (uniformly in w), with the following initial value and normalization

properties:
i)
An(0) = (=1)"Hg72n,
ii)

_ (Z _ ¢—1)n—1

Gn(0,2) = W,

iii)
) CCQb + ¢_1 -1
Tl e
(1—x)2"" A ="
here 1 = 1wW% + 0w +0w? + - -+ is a constant function in w.
In terms of Section 77, the last item will correspond to the choice q(()n) =1, qq()n) =0 for v > 1.

We include the second property for clarity only, since it is the consequence of the first property, the
regularity condition, and the three term functional equation (12). Thus, for every n, we construct
explicitly A\, = A\,(1) and the solution U,(z) = G,(1, z), therefore canonically normalized which
together satisfy (4). The existence of this canonical normalization, alternative to the one implied
by (2), is also a novel feature in the theory of the transfer operator £. This means that for each
eigenvalue A, there exists the canonical solution to (4); for example, this reveals a set of new struc-
tural constants {U,(¢~!) : n € N}, as claimed by the item (iv) of Theorem 2. The specific choice of

z = ¢! will become clear from Subsection (?7).

Comparing trace formulas we will see that there are no other eigenvalues and eigenfunctions apart
from those explicitly constructed. A priori, eigenvalue §(w) of some operator Ty, : V — V, which

is analytic in w, can be expressed as a Puiseuz series, thus containing fractional powers of w:

w) = Zakwk/L, ar € C, for some L € N.
k=0

Corollary. Puiseuz series for the eigenvalues and eigenfunctions of (12) contain only integral powers
of w.
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Thus, collecting everything together, we obtain
Corollary. All three claims of the Conjecture are true.

Note that we prove the eigenvalue simplicity conjecture independently of the asymptotic result:
the proof of simplicity, as well as the decomposition formulas are based on Proposition 2, but
follow independently. Indeed, this proposition shows that for one particular eigenvalue only one
eigenfunction can be constructed, and there are no other, since that would invalidate the trace
formulas. For the sign conjecture there is no direct proof, so we must rely on computer resources
and explicit bounds for the function B(¢,n) from the Theorem 2.

3. EXAMPLES AND DECOMPOSITIONS

3.1. Initial cases of decomposition. In the next examples k£ always means which power of the
operator £ we are looking at, and ¢ - the sum of partial quotients in the period of the quadratic

irrational.

The decomposition identities of Theorem 1, (ii) can be checked to hold true for, say, £ = 1,2 (in
the first case which describes £!), £ = 3 (in the second case which describes £2), and ¢ = 4 (in the
third case which describes £3), if we use the generating function for Jacobi polynomials (31):

n+1 —2n __ 1 — 1 — (_1)1 _H2
?i n+1¢—4np(0 1)(3/2) — 1 — 1 — (_1)191(_¢—2)
4= 44+2v2 &P +1 ’
b —6n (07 ) — 1 _ 1 — (_1)2 —4
Z O (32) 6+4v3  (&261)2 -1 (L hte™),
§ i(_1>n+1¢—8np(071) (3/2) — 1 — 1 _ (_1)391(_¢—6)'
4=~ n-l 20+ 6v10  (&112812,162,10) 72 +1

MAPLE re-confirms this, too. In general, we will see in Subsection ??, and this can be calculated
directly from (10), that
1

R (G R

Here Fj, is the standard Fibonacci sequence with the (standard) seed values Fy = I = 1.

¢ =3, k=1.| Next, though we do not have explicit values for Wy(n) in a closed form (but see

(27) and Section 7), but numerical values can be calculated easily to a very high precision. So, in

U =2F2, — 2(—=1)" + 2Fp 14/ F2,, — (—1)F. (13)

particular, the first identity of (ii) for £ = 3, minding the values in Table 4 and further calculations,
give the correct anticipated value, and this shows that our method indeed works! Thus, MAPLE

does indeed confirm that
o0

> (=1 Wa(n)¢ 2" = 0.0839748528310781 . =

n=1

2 1
134313 &2
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¢ =4, k=2.| A still more interesting example occurs in the second identity of (ii) in case ¢ = 4.

Numerically, we have:

A = Z Wa(n)¢™ 1" = 0.0428848639793538

B = Z W2(n)¢™" = 0.0356498091111648,, ,

2 1
C = = = 0.0455447255899809 .,

21 +5v21 (&13831)2—1
1 1
— — = 0.0303300858899106., .
16 +12v2  (&22802)72 — 1 !

And thus, we get the correct identity (compare (19) and (20) below for k = 2)
2A+ B =2C+ D = 0.1214195370698725 . (14)

As can be anticipated, this identity apparently does not decompose into two identities, since there
is no a priori reason why A or B should be algebraic numbers. In fact, we know the formula (32),

where B is expressed in terms of complete elliptic integrals of the first and the third kind. In our

case w = ¢~ % So, z = 2w = é, Zw = ¢7 , and consequently,

3

Vb 2 -2
(o)) = k) () -2

We recall that

1

/ d L K(k) = T1(0, k).
, 1—vt2) /(1 —2)(1 — k2t2)

So, according to the notion of Zagier-Kontsevitch [36], which we mentioned in the end of Subsection

1.1, the number B is arithmetic in the sense that it belongs to the extended ring of periods P = 73[%],

and then so does A, since algebraic numbers are also periods. In general, in the next subsection we

will see that

QQ(H)%—%) e P forkeN.

This is exactly what we mean by the item (iii) in Theorem 2. An alternative approach is presented

in Section 7.
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¢ =75, k = 3.| Further, the last identity of (ii) in case ¢ = 5 gives the following. Let us define

o0

E = > (=1)""'Wy(n)¢ " = 0.0144368544431652.,
n=1

F o= 3 (-1 W (n)¢ 6" = 0.0123983653921924,
n=1

G = L _ ! = 0.0149287499273340
34+ 8V17  (&11381,318311) 2+ 1 ’ +

2 1
H = = 0.0119064699080236.,..

85+ 9v85 (€12,2822182,12) 72+ 1
Then

E+F =G+ H =0.0268352198353576,..

In fact, the numbers G and H are special cases of the numbers which will be investigated in Sub-
sections 7?7 and 77, respectively: 1/G is given by the formula (??) (N =3, k = 3), and 1/H - by
the formulas (??) and (??) (k = 3, 7 = 2). As noted above, E, F € P.

f =06, k=4.| This is a final example from the ones with ¢/ — &k = 2. We will see now the sum of

three quadratic irrationals. Indeed, let

I = " Wa(n)¢*" = 0.0057706896109551
n=1

[e.9]

J = ) Wi(n)¢~®" =0.0048993082411535,,
n=1

2 1
K = = = 0.0060243137049899
165+ 13v/165  (§1,11,3811,3181,31,183,1,11) 2 — 1 -
2 1
L = = = 0.00450459549723434  ,
221 4+ 15v/221  (§2211821,12611,2261221) 2 — 1 *
1 1

= = 0.0051814855409225., .
96 + 56v3  (&212181,2128212181212) 72— 1 "

Again, we used formulas (??), (??) and (??). MAPLE confirms that

21 +3J =2K 4+ 2L + M = 0.0262393039453711 ..

(=4, k=1and ¢ =5, k=2. ‘ Since there are infinitely many identities involving the three func-

tions Wy, Wy, and W3, we will confine to the last three examples, now involving W3. First, we will
check the validity of the first two identities of (ii) for £ = 4 and ¢ = 5, respectively. Using the values
in Table 5 and further calculations, we thus get the correct value:

o0
D (=1 Wa(n)¢ " = 0.052786404500042 =

n=1

1 1
10+4v5  &2+1
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Next, let us define

(0.]
N = > Ws(n)¢*" = 0.0268901808819348
n=1

o
O = ) Wi(n)Wa(n)¢ *" = 0.01983768450229800.,
n=1

1 1
P = = = 0.0303300858899106  ,
(&148641)72 -1 16+ 12v2 +

1 1
QR = = = 0.0163977794943222 , .

(£23832)72—1  30+4+8V15

Note that, according to the formula in Subsection ??, £39822 = £1,4€4,1; and so D = P. Then we
get the correct identity:

N+ 0O =P+ Q =0.0467278653842328 .

¢ =6, k = 3.| This is the final example. Let

R = 3 (~1)""'Wi(n)¢ 0" = 0.0090670451347138 .,
n=1

S = 3 (1" Wi(n)Wa(n)e~ o = 0.0069673221927849

n

I
_

(=)™ W (n)¢5" = 0.0059673995757538

N
I
hE

n=1
v o= = ! = 0.0097096621545399,
52 +10v26  (&11,48140800,1) 72+ 1
1 1
Vs VR T Gte T = M0U6s030350839281
W= o 12 =T 53’271;1,3)2 — = 0.0068030350839251.,
1 1

= = 0.0050252531694167 .
100 +70v2  (§22262228222) 72+ 1 -

Quadratic irrationals can be calculated directly, but it is most convenient to use formula (?7?), s = 1.
The correct identity, confirmed numerically, is

3R+ 6S +T =3U + 3V +3W + X = 0.0074972468136605 .

3.2. Overlapping values. One interesting question which arises while inspecting the above exam-
ples and Theorem 2 is as follows.
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Some values of Qa(w) at w = (—1)*¢~2¥ are left out. Namely, only values for k& > s occur in
Theorem 2, where a = {/1,...,¢;}. Hence, we pose the following problem, which we intend to

investigate in the second part [1].
Problem 1. Describe the arithmetic meaning of the values
Q&l,zg ,,,,, ‘s ((_1)k¢72k)7 1<k<s

For example, let

o0

Y = D (-)"Wi(n)¢™*" = 0.0375599260123177,,
n=1

Z = 3 (~1)" T Wi(n)Wa(n)d " = 0.0426001777719431.
n=1

However, MAPLE package IntegerRelations and the PSLQ algorithm does not seem to find that
the number aY + bZ for small a,b € Z might be an algebraic number of degree 4; this includes the
sum of two quadratic irrationals. It might happen that some combination of R and S is the sum of
three quadratic irrationals, like in the example {¢ = 6, k = 4} above. However, even for the sum of
two quadratic irrationals, the coefficients of the 4th degree polynomial are in the range of 10.000,
hence much more powerful numerical calculations are needed to detect any algebraicity.

3.3. Arithmetic of decomposition formulas. The main Theorem 2 is derived while investigating
the g—coefficients of a function U(z) which satisfies the functional equation (4) and the regularity
property (3); see Subsection ?? and Sections 7?7 and 4. In fact, there exists the second way to
get information on the functions Wy(n), and it is based on the trace formulas of D. Mayer. This
second method of approach towards the whole problem of determining arithmetic and structure of
the eigenvalues reduces to investigation of high powers of the operator £, (see (11) and Section 4)
and then at inspecting the small powers of w.

For example, take the k" power of £,,. First, we have [41, 43]:

0 k
. , -1
Tr(ﬁlfd) = Z TR [ H fi—s?isﬂ,---7ik7i1,---7isf1 B (_1)11 : (15)
01,2 ,0eyi=1 s=1
On the other hand, by our result (??),
o0 o0 o0 k
Tr(ch) = 3O Xi(w) = Do (1) Wt W)

= YWy (YRR YT W () W (). (16)

=0 n=1 Jibetin=t

Now we proceed with comparing the corresponding coefficients at w’. First, the coefficients at w?
of (15) is equal to (¢?* — (—1)¥)~1, while the coefficient at w® of (16) is equal to
oo

(_1)nk+k¢—2nk —

n=
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so both values do match.

Now look at the first non-trivial case, namely, the power w!. This way we find the function which
interpolates a class of quadratic irrationals as follows. Let

§.1,...,1°61,2,....161,1,....2 = Tap

k k k
(For the notation “I'y}”, see Subsection ??). Then (see (10))
1
DR ((-)f ) = 17
(V97 = = a7)

In the formula (13), we denoted v, = I'; 7 — (—1)*. The identity (17) corresponds to the case when

the sum of £ summands is equal to k + 1.

3.4. Refined decomposition. Now, look at w? of the expansions (15) and (16). This corresponds
to the combinatoric case when the sum of k£ summands is equal to k + 2. So, this can happen either
in the case 3+ 1+ ---+ 1 (k unities), or one of the cases 24+2+1+4---+1,24+14+2+1+4+---+1
(k — 1 unities), and so on. Thus, the decomposition of trace formulas gives in this case the following

identity:
Do (FrEgTEE N T Wy () - W, (n)
n=1 e =2

k
-1
— Z [H gi_s?isﬂ7.”’%2.1’.”71.3_1 — (—1)'“} , for any k£ € N. (18)

i1+ig+-+ig=k+2 s=1

So, the left hand side, minding the identity Wy(n) = 1, is equal to

SR DE s SORYCI 1 D DEE A
n=1

= 0t (0o ) + (e (-0t ), (19)

On the other hand, using the notation of Subsections ?? and ??, we get that the r.h.s. of (18) is
equal to

—1)kE 1< —1)kE
O3 ((_1)k¢—2k> ~, ((_1)k¢—2k>
where the first summand corresponds to the case 34+ 1+ --- 4+ 1 and all its cyclic permutations,
and the second sum - to the cases 2+2+14---+1 (II2),24+1+2+1+--- 41 (Il3), and up to

24+1+---4+142 (IIx). The factor “%” arises from the fact that any of the two “2”s can be cyclically
permute to start the sum. Obviously, I, (w) = II;_,4o(w). Since the Taylor coefficients of €21 1 (w)

are equal to W£(n) = O(n™!), we can also calculate the asymptotics of the Taylor coefficients (in
w = (—1)¥¢~%) of the function (20), and this gives the exact asymptotics of the function W(n).
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Moreover, the formula (19) further decomposes as follows.

We see from (19) that the identity which equates it to (20) can be written in the form
kA((—l)kczf%) + k2B((—1)’“¢r2’f) - kC((—l)kdfzk) + kQD((—l)%*%), keN,
where A(w), B(w),C(w), D(w) are analytic functions for |w| < 1. This implies

B(A = O)((-1)F¢) = (D - B)((-1)F¢).
Now the assumption that A is not identical to C, after investigating the first non-zero Taylor coef-
ficient of A(w) — C(w), leads to a contradiction. Thus, A = C and B = D.

This is the general outline how our second way to calculate the functions Wy(n) works, and the first
few steps are presented in Subsections 7?7 and ?7. This method is the main topic of the forthcoming

paper [1]. As mentioned, the first way by which we prove all our main results is presented in Section
2?7

4. GENERALIZED OPERATOR

Now, we need to investigate the following question: how we can be sure that (—1)"*1A(n) gives all
eigenvalues of £, that there are no “sporadic” ones? The answer is provided by the trace formulas,
and for this purpose we will employ a generalized operator L, : V \7, w € C, |w| <1, which has
been already defined by (11). Then £[f(t)](z) = L[f(t)](2). If G(w, 2) is the eigenfunction of this
operator with the eigenvalue A(w), then it satisfies the regularity condition (3), and the functional
equation (12). In fact, the whole essence of our first method (as said before) can be expressed in the
following way.

Let us rewrite the functional equation (12) in terms of a function g, where

B 1 z—¢ ! B xp+ ¢t
Glwn)=rgpo(w ) =T,
We then obtain
¢2 _ 5 201 41
g(w,:L") = A(w)g(w’ _¢ 2$)+ (2¢ _wx)z g(wa f$+2¢ ) (21)

A function g(w,x) is analytic for |w| < 1, |x| < 1 (excluding only z = 1 which corresponds to
z = 00), sup|y<1 [(1 — 2)g(w,x)| < +oo. This is just a reformulation of a regularity property for
G(w, z). Note that since G(w, z) is analytic in the cut z—plane C\ (—oo, —1], then ¢g(w, x) is analytic
in the cut z—plane C \ (—oc, —¢?] U [1, o0).

We will explicitly construct n solutions to the above functional equation, given by

B o0 0 ) 0 i B (_1)n+1¢—2n
gn(w,ﬂf)—ZZQg (n)wx ) An(w)_ 00 '
=0 i=1 1— Y Yy(n)wt
=1
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comparing coefficients at w'z/~! for v > 1, j > 1o, f the above functional equation we obtain

a(n +ZY n)al,(n) = 34 a () KGl), v=0, i1
J =1

(22)

4.1. The recurrence. Hoiw the recurrence (22) works? Let v = 1 in (22). Then this reads as
0 + V1 = i (1) XY 4 K (j, X). (23)
When j = n, we obtain
Y] = K(n,n).

Note that this will correspond t the second largest contributor to the exact value of \,; it is equal

to ¢~ 2K (n,n), which is of size ‘C;: - this guarantees the success of our approach! When j # X,
(23) gives

(0 _
Ao — A

K(j,n).

As we now see, the value of qu) cannot be extracted from (23), and it can be defined arbitrarily.
Indeed, choosing another value for qé X), £ > 1, leads to a function ﬁ( X, z) which is different from
U(X,z) by a constant factor Zezo qéx), provided the last series is absolutely convergent. We
therefore always choose qé X) =0 for ¢ > 1. In terms of the ariable w this means the following. The
equation (12) remains valid even if we multiply it by any function ¢(w), analytic for |w|] < 1. A

(X)

posteriori, the choice q;" =0 gives the canonical normalization of the function U which satisfies

(4) for the nth eigenvalue, and this proves item (iv) of Theorem 2.
The initial conditions are

@ (n) =6, ¢Mn)=0 (v>1). (24)

In the resonant case j = n, this gives
o .
= Z q1(;221(”) K(n,1), v>1. (25)
i=1

For j # n, the recurrence (??) gives

(2

) = 32 qu L) KGoi) = 55 3V ) o) (26)

r=1

We can step-by-step solve these recurrences. In particular,

Yi(n) = K(n,n), Zan ,n) -
i#n

An — i
Proposition 3. For every fired v > 1, as n — 0o, we conjecture that

Yo(n)~ Y K(ni) K(iy, i) - K(iy-1,n).

1 yeenyly—1>N
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Moreover, for j > n,

¢ (n) ~

while for j < n,

af’ (n) = Bo~*0"7)

Ul yeenylp—1>M

> K(jir) K(iy,ig) - - K(ip—1,m).

n Wi(n) Wi(n)yn n Wi(n) Wi(n)yn
1 0.4774575140626314 0.47745751406263 14 0.1132518994300057 0.42374980606847
2 0.3191519488288150 0.45134901449152 15 0.1093746232463436 0.42360609433078
3 0.2525179078163117 0.43737384615885 16 0.1058705808693317 0.42348232347732
4 0.2157725901346884 0.43154518026938 17 0.1026834287993105 0.42337462294015
5 0.1917523856954763 0.42877136926285 18 0.0997680672051097 0.42328006119965
6 0.1744105888874710 0.42721694851264 19 0.0970879075478749 0.42319637764101
7 0.1610997341266682 0.42622983277780 20 0.0946129110363578 0.42312180125288
8 0.1504537306202003 0.42554741270543 21 0.0923181531988805 0.42305492505240
9 0.1416824491533456 0.42504734746005 22 0.0901827554098868 0.42299461723883
10 0.1342909272767424 0.42466519929053 23 0.0881890773429909 0.42293995713338
11 0.1279504805135870 0.42436373560926 24 0.0863220981936739 0.42289018820186
12 0.1224328715287222 0.42411990800860 | 100 0.0422070239152352 0.42207023915235
13 0.1175738863751953 0.42391867598136 | 1000 0.0133401861665838 0.42185372697076

TABLE 3. The function Wi (n) for 1 <n <24, n = 100, 1000.

Proposition 8 tells that

The convergence rate is n

4.2. v =2 and asymptotic results for Wy(n). As a next step, let us read the recurrence (22) in

Wi(n)

case v = 2. This gives:

& & gD, 4 g

When 57 = X, this yields

—3/2

51/4 1

T oym/n Jn

—= - 0.4218301030679226 .

. The numerical data is presented in Table 3.

Wy = ¢ (—1)XH 2 X2 1 K(j, X)Wy + qu)K(J} i)
=1

Wy =K)(X,X)+ >

i#X

K(X,i)K(i, X)

1— (—1)FXg2X=2

(27)
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For example, this gives

25 25s
WQ(l) = @ + ; 45+1¢4(¢25—2 _ (_1)s+1)

= 0.267632296633129768709622137665599100606923184706474041907380+,

352 5(25s — 15)2
Wa(2) = 5+ — .
288 ; 223+5¢8(¢25 4_(-1) )
= 0.160274183422101231629872112692281197699627281556900277836798  ,
2902 25 - 5(2552 — 455 + 26)2
Wa@3) = 5o
212¢12 ; 3. 225+8¢12 (¢25—6 _ (_1)s+1)

= 0.120655345445838262410173716774122740053340142551806782250004 + . -

In general,

Yx(X)?2 25 s(Yx(s))?
W (X) =25 (;(¢)4X + i ;{ 223+2X(¢2s+2XX7 (71)s+ X¢4X)’

where polynomials Y, were introduced in Subsection B.3. In neither in these cases the ISC, the
Inverse Symbolic Calculator [53] gives no results. These are new constants. Based on the identity

(27), we can calculate numerical values for Wy(n), and this is summarized in the Table 4.

n Wa(n) Wa(n)y/n n Wa(n) Wa(n)y/n

1 0.2676322966331298 0.26763229663313 | 14  0.0461769229840162 0.17277822498163
2 0.1602741834221012 0.22666192389381 | 15  0.0443945360300747 0.17193929870708
3 0.1206553454458383 0.20898118851697 | 16  0.0427964974407240 0.17118598976290
4 0.0992583510259317 0.19851670205186 | 17  0.0413534145890492 0.17050449633061
5 0.0857703979434073 0.19178844025867 | 18  0.0400420336967085 0.16988396135665
6 0.0764132038812498 0.18717335912032 | 19 0.0388436875599233 0.16931570866817
7 0.0694718541272077 0.18380524913915 | 20  0.0377431970151391 0.16879270842804
8 0.0640703504588479 0.18121831712981 | 21  0.0367280773808485 0.16830919472793
9 0.0597172873901818 0.17915186217055 | 22  0.0357879546763424 0.16786038662576
10 0.0561149803515228 0.17745114876641 | 23  0.0349141291268267 0.16744228107545
11 0.0530716542113401 0.17601876402250 | 24  0.0340992439956194 0.16705149680786
12 0.0504575689489552 0.17479014609200 | 100 0.0157926629640446 0.15792662964044
13 0.0481814350440456 0.17372063457675 | 1000 0.0048047468687205 0.15193943685718

TABLE 4. The function Wa(n) for 1 < n < 24, n = 100, 1000.

Now we will derive asymptotic formula for the sequence Wa(n).

Proposition 4. We have an asymptotic formula
51/4 1

Waln)~ (B rdn ~ v

-0.1491394631939741 ..
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Numerical data is presented in Table 4. However, differently from v = 1 case in Subsection 77,

this time, and in general for v > 2, the convergenve is only of order n~!.

Proof. Let us separate (27) into four terms:

X, 1)K (i, X) K(X,i)K (i, X)(—1)i+Xp2X-2i
_1)z‘+X¢2X—2i Z 1— (_1)i+X¢2X—2i

K(
_ 2
W, = K(X,X)+Zl_(
<X
+ ZK(X,i)K(i,X):Sl—l—82—|—53+84.
i>X

i>X

Then, minding the asymptotics of K (i, £), we have

B B
= S, ==
X 2T Xx

and the main asymptotics comes from Sy. O

S1 = S3 =

The Table 5 summarizes numerical results.

Ws(n) Ws(n)yn n Ws(n) Ws(n)y/n
0.1680289608296186 0.16802896082962 | 14 0.0262634917733556 0.09826898799627
0.0994912028536390 0.14070180841243 | 15 0.0252135206075704 0.09765154541237
0.0730151760824401 0.12646599469838 | 16 0.0242744501237882 0.09709780049516
0.0589532295056262 0.11790645901125 | 17 0.0234283081740980 0.09659738923134
0.0503513491297441 0.11258903941293 | 18 0.0226609289213482 0.09614217904963
0.0445129374472323 0.10903398369814 | 19 0.0219609781880675 0.09572568462311
0.0402451220926773 0.10647858454066 | 20 0.0213192670506264 0.09534266071137
0.0369582987959716 0.10453385479900 | 21  0.0207282581249678 0.09498881188226
0.0343299221825138 0.10298976654754 | 22 0.0201817037603623 0.09466058137767
0.0321680798925768 0.10172440041481 | 23 0.0196743764518228 0.09435499478917
0.0303507625625911 0.10066209152128 | 24 0.0192018649467395 0.09406954245869
0.0287962642532822 0.09975318550973 | 100 0.0087452046646542 0.08745204664654
0.0274475597086833 0.09896358391601 | 500 0.0037560671544927 0.08398821485500

© 00 N O Ut W N =3

—_ = =
N = O

—_
w

TABLE 5. The function Ws(n) for 1 < n < 24, n = 100, 500.

5. ASYMPTOTICS FOR W;(X)

In a completely analogous manner we get that
51/4
WDz t2 X2

Wi(X) ~ > K(Xii) - K(irig) - K(ie—1, X)

11,02,..500-1> X

where %, = / exp ( — Qu(ag,ae,. .., ag_1)> daq - -+ day_q.

[0700)2—1

Ji, (28)
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Here  is the quadratic form

-1 -2
_ 2
Qelon,n,...,00-1) = E a; — § Qo1
t=1 t=1

(An empty integral here is equal to 1 by convention, so the asymptotic formula holds for ¢ = 1 as
well). We know, and it can be double checked, that

S T N G A
2 3V3

Proposition 5. For every integer £ > 2,

-1 ) =2 (27[_)(4_1)/2
j@ = / exp| — Z (o + Z (6778 72N | qu s dOégfl = T
t=1 t=1

[0,00)[_l

Proof. Let us write

ﬁ:/ e—xTAgxd:L"
[0,00)~1
where
1 -2 0 - 0
1 1
-3 1 =3
Ae=10 -1 1 0
_1
L 2
0 0 -3 1/,

Since Ay is positive definite,
—1)/2

(
—xT A,x T
e Ay = ———.
/Rz1 vdet Ay
Expanding via the bottom row, we get that

1
det Apy1 = det Ay — 1 det Ap_q.

Since det As = 1 and det A3 = %, this gives det Ay = £- 21, Therefore

(e-1)/2
= —xTAx g0 — L
Ty /R21 e dzx /i .

Now, 2A, is the standard tridiagonal Dirichlet Laplacian matrix. Its inverse is known, and the
formula can be verified directly. Put ¥ = %Ae_l. Then

min(, j)(¢ — max(, 7))
7 )

This is exactly the covariance matrix of the discrete Gaussian bridge

(S1,...,8-1) | Se =0,

S = 1<i,j<t—1.

where S, = & + -+ + &k, &1,-..,& ~ N(0,1) are independent. Thus the orthant probability
corresponding to % is
[P(Sl >0,...,5_-1>0 | SEZO).
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By the classical combinatorial Cycle Lemma, for every realization with Sy = 0 and no vanishing cyclic
partial sums, exactly one of the ¢ cyclic shifts has all partial sums positive. Since the Gaussian law
is continuous and cyclically invariant under the conditioning Sy, = 0, this orthant probability equals
¢~1. Hence ., = (1. #4. O

Gathering everything together, we thus obtain the following.

Proposition 6. For ¢ € N, we have the formula
B 51/4 n b(¢,n)
IO RVEN n '

where the function b(¢,n), for a fized £, as a function in n, is bounded from above.

Wi(n)

It may seem from the Tables 3, 4, and 5 that b(¢,n) > 0. This is not true, as we will soon see!
In fact, for every fixed n there exists L = L(n) such that b(¢,n) < 0, for £ > L(n). Indeed, let us

define now

7(6) = sup blt.m)l, C(m) = bg(’g.

Thus, |C(¢,n)] < 1. With some “bootstrapping”, we will get an improvement of Proposition 6.
Indeed, by the formulas in the Subsecion 7?7, we have the following:
1 < C1
ol (& g&a) 2 —1 0%
Let ¢y = 51/4(2/m)~!. Further, minding the fact that Wy(n) > 0, by the formula (9),
c1 c1 C2 TO)CEn)|  cp™
(0+2)2 12 32\ /n n 2

Imagine now that we consider only n € [1,...N], for some fixed N € N. We see that for ¢ large

for a certain ¢; > 0 and all £ € N.

¢~ Wy(n) = ¢~ "W, (n)Wo(n) <

enough, starting from some ¢ = L, all C'(¢,n) should be negative, otherwise the above inequality
and the formula (9) will be invalidated. Thus,

1 c1d*™n  co/n
T) < \C’(ﬁ,n)]' 7 + a2 | for every n € N.
Setting n = 1, we obtain the following
3
T(f) < M7

provided that

inf |C'(¢,1)] = ¢4 > 0. (29)

leN

We have the following result, a refinement of (6):

Proposition 7. For £ € N, we have the formula

B 51/4 N B(¢,n)
NN

where the function B({,n), is uniformly bounded.

Wi(n)
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The property (29) is equivalent too

C2

i (=b(£,1)) > c4|b(£,n)| for all £,n € N.

This is equivalent to the inequality

C5

We(n) < 32

This holds since we obtain exactly the identity (12). Similarly as in the case of L1, for fixed w
|w| <1, the operator L, is of trace class and is nuclear of order zero [41]. Thus,

m—1 0 iti—2

Tr(L%) = —
o ) 2 (&) 2 — 1

ij=1

and similarly for higher powers, as is given by (15). Now, we know that the eigenvalues of £, are
either analytic functions of w for |w| < 1, or at least can be expressed as a Puiseux series, and they
are real for real w. Let the set of eigenvalues be the union of {\,(w),n € N}, the set which we have
constructed via (??), and {o,(w),2 € £}, where .# is a finite or a countable set. These are what
we called “sporadic” eigenvalues, and it is the set which was left out of the framework of explicit
construction in Section ?7?7. We have:

oo

S ONw) + ) ok (w) =Tr(L), |w[ <L
n=1 1€

In particular, for w = 0, this gives

ACE

1€

>0 -
n=1

Thus, since 0,(0) € R are eigenvalues of Ly, this implies .# = &. Also, comparing the coefficients at

the powers of w in the trace formula, we obtain
o
()" Wi (n) = 5, L2,
7121 &2 +1

and similarly for higher powers, as explained in Subsection 3.3. This gives the first identities of the

Theorem 2, part (ii).

6. GENERATING FUNCTION FOR THE COEFFICIENTS Wy ( X)

1. The function Q;(w). Let
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Then, according to the formula (35), one has

N B dw
) = 3w+ WD) + w) + 2651 — 362w + g0
Swe?
_ 30
2((¢" = w)(1 = w)) A2 +w) + 26" —w)(1 - w) v
_ w1 (31)

2((¢* —w)(1 - w))"? 2

Thus way we arrive at identities which were written down and checked numerically in Section 1:

1 1 .
T = MO e S

6.2. The function Q; ;(w), the first way. For |w| < [t| < 1, ; 1(w) is just the constant term in
t of the function Qy(¢)Q(%); s

sMW:FfWW”’ Zw%o’mﬁ

211

where the small contour rounds ¢ = 0 once in the positive direction. We have:

w 1 ¢+t Pt +w
QNMM@):4<«&—wu—m”’J>’Qwﬁ—m@—wf“_g'

Suppose, 0 < w < 1 is real. The function Q4 (¢)Q1(w/t) is a single valued function in the cut ¢-plane

C\ {[1,¢* U [p~*w,w]} with a singular point ¢ = 0. Consider the contour consisting of the segment
[1 —iT,1+4T], and a semicircle Cy, given by 1+ Te%, s € |3, 3%]. For [t| large and w fixed, from
(30), we have

1

Q) (%) < x
t3”

t

so the integral over C is < [t|72. We now take the limit 7 — oo. So, Q;1(w) is equal to the
integral of (274) =1 (¢)Q (w/t)t~! taken over the line [1 — oo, 1 4 ioc]. By the same reasoning,
this is also equal, up to the opposite sign, to the integral taken over the contour consisting of the
segment [1 4 iT,1 — ¢T| and a semicircle Cy, given by 1+ Te’, s € [5*,%]. Using the standard
contour integration techniques, we thus obtain

4

1.1 (w) 47T/((¢4—t)(t—1))1/2 (((¢4t—w)(t—w))1/2t t)dt,

1

This can be double checked with MAPLE to hold true. At the same time we obtain the identity
¢4
1 24t
2 4=2n pOD) (39) _ / s e dt, n>1
4 21 ((t—1)(p* —t)) /7 - tnt?
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Thus,
4 ¢4
1 ¢? +t (6%t + w) 1 P+t
Mi(w) = — ’ C4rm ‘
171( ) 47T[ ((t—l)(d)4_t))1/2 ((t_w)(¢4t_w))1/2t 47 / ((t—1>(¢4_t))1/2t t

i ¢2 +t ' ¢2t+w t_l
Tl (-0t -0)" (-w)ett-w) 2

This, after some transformations, can be given the expression (using MAPLE)

47 - (9171(10) + %)

- 2D oy 2000 220D ), a2)

¢4_w ¢4_ ¢4_
(¢ - 1)
h = .
where z e S—
According to the formula (2.1,[10]),
- 2 1 3 1 25
POY3/2)) wh = ———— Fy(1,551,2; :
Z( w3/ )> v (1+w)? 4( 127 74(w—|—w_1—f—2)’4(w—{—w‘1—l—2)>

n=0

6.3. The function Q; ;(w), the second way. We can also present ; 1 (w) by the simpler integral
using the function ©(x,y), defined by (41):

1 o, ¥)w

Thus,

5 w
a(w) =55 74 (26026 —t -2 2w )

6.4. The function Q9 (w). We already now from Subsection (3.4) that the values of Qo(w) at
w = (=1)*¢=2* belong to P.

We will demonstrate this fact in an alternative way. According to the formula (36), we have

—2n—2i T — i—1 T n _ 1\yn—1 i
K K(im) — flesptear,, feonee,

T 2int2(r)2 A _3)'
a::% ( 2) u:% (y 2>
Thus, we need to show that the function

i g2 G O e VS el Ve U VA
— 9itn(] — (—1)ntig2n—2i) ~3\” 3\

o <”” 2) ( - 5)
B S i B (2 Vi U Y Vit Vi VRSV
B (1= (=1)mHig2n=2) (22 —3)" (3y —3)°

n,i=1
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Let n=1+s,14,5s > 1.

™2 st (m+ 1)5T (y — 1)5(y + 1) —dit+d (2 -1t (y2-1)"t
(1= (—1)°¢) (2 — 3)"¥1(2y — 3) D’ (20 —3)—1 (2y—3)
¢ stS“(w + 1) (y - 1)y +1)
(1= (=12¢2) (20 = 3)* (20 = 3)(2y — 3) — (&2~ V(2 - 1))

7. GOLDEN SECTION AND THETA FUNCTIONS

The general Lambert-like series we obtained for Ws(n) in Subsection 4.2 cannot be evaluated in
closed form, but there are exceptions. For example, the 1899 result of Landau claims that ([14], p
94)

> =264 - 636)
n=0 n

, where the Jacobi theta function

Y

neL

8. INTERPOLATION OF PARTIAL TRACE FORMULAS. I

8.1. Collapse while adding periods. In this subsection we will see that to prove identities like

(14) one does not need trace formulas. It will also be seen clearly while a certain linear combination

of periods add up to algebraic numbers. Let ¢ = —¢~2, ¢~* = ¢2, and write a,; = K(n,i)K(i,n).
Recall that

A= (0 ZWQ ", B=0(0 Zannq
where
VV —*an7z+'§£: anz
i>1
i#n
Therefore

o0 2n
(niq
244 B=3Y anad®™ +2 Y {0
n=1 n,1>1
i#n
Take i > n and pair the terms corresponding to (n,i) and (i,n). If i = n + d with d > 1, then

2n 2i 2n 2n42d 1 — g3d
2n q 2n

q q _ 4 q _ _ netio 2
1_qi—n+1_qn—i 1_qd+1_q_d q 1—¢? g +q +q.

Hence
(o]
24+ B =3 Banng™ + Y 2ni(a” +q" + %),
n=1 1<n<i
Since an; = a;p, this may be rewritten as

2A+B =2 ani™ + Y anig""

n,i>1 nyi>1
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The vanishing of denominators is exactly the reason for the collapse. Thus, if we define
Too:= Y aniq™",  Tii:= Y anig"",
n,i>1 nyi>1

then we obtain the exact identity

(2A+B=2D0+Th, |

It remains only to evaluate the two symmetric sums. One finds
2 1

Tyo=C=—= __  T,=D=— .
20 21 + 5v/21 b 16 + 122

‘We show that )

Tho := MK, i)K(i,n) = ————.
2,0 Zq ( ) ( ) 21_1_5@

n,i>1
Using the symmetry
LK (j,0) =7 K(¢, ),
we get
K(n,i)K(i,n) = ~K(n,i)?.
n
Hence 9
. . q " . N2
Ty = n =) — :
2,0 Z q K(n,l)K(Z,?’L) Z n Z’LK(TL’Z)
n,1>1 n>1 i>1
For fixed n, let
Ra(y) ==Y K(n,i)y' ™"
i>1
From the defining generating function one finds

By the Hadamard-product formula,
d
> iK(n,i)? = CT, (Rn(t) dt&(ﬂ)) ;
i>1
(here CT; standes for the central term, if considered as Laurent expansion in ¢). Therefore
d

2n
q _
Too = CTy Y LR, (t) S Ra(t™).
= n dt

Since the dependence on n is geometric, the sum may be carried out explicitly, yielding

- 10((2 +V5)t — (7 +3V/5))
20 11614 + 52v/5 4 — 86413 — 388+/5 3 + 212112 + 947v/5 12 — (1764 + 788v/5)t + (116 + 52v/5)
The only nonzero pole inside a sufficiently small circle around the origin is

_33—11v5 - 5v/21 4 3v/105
= : ,

u
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hence T3 o equals the residue at t = u. A direct computation gives
2
0= sV
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APPENDIX A. TOOLS AND PRELIMINARY RESULTS
A.1. Jacobi polynomials. For o, 8 € Z, m € Ny, the classical Jacobi polynomials are given as
follows ([49], §4.6, Formula 4.6.1 in Russian translation of the book).

w— 1™ (w m+8
(- 1)@+ 1)° PP (2) = 2m+11m~ ?{ ( 1()w - i)mtll) duw; (33)
C

here a small contour C winds w = x once in the positive direction. For arbitrary x outside the closed
interval [—1, 1], one has an asymptotic formula ([49], Theorem 8.21.7)

(($+1)1/2+(x_1)1/2)a+5 1
(x — 1)22(z + 1)82(22 = 1)1/4 /2mm

We will now need the case m = X — 1, (a, ) = (0,1) (see Theorem 2). Moreover, one can extract

PN ) ~

m—+1/2
: (x+(x2—1)1/2> / , asm — oo. (34)

the second asymptotic term. In this particular case this reads as

5 (0,1) ¢2X 51/4 d)QX
Py’ 2) v —— — X
4 X—1(3/ ) \/ﬁ 2ﬁ+0 X3/2 , as — 00
(see Proposition 8). Here and in the sequel one can think of X = n, which is exactly the index of
an eigenvalue A\, - notations n or X are reserved for this purpose throughout this paper. Though
at some places we choose to use an unspecified variable X to denote that it is a function, a generic

version of n.

The generating function for Jacobi polynomials is crucial in our investigations. For sufficiently
small w, we have ([49], formula (4.4.5)):

A () = ZP,S?’B)(:J:)wm
m=0

[NIES

= 29781 — 2zw 4 w?)~
X [1—w+(1—2xw+w)2} [1+w+(1—2xw+w)2 . (35)

In particular, when a = 0, 8 = 1, this gives

> 1 1
> PO @y = s -
m=0

(1—2zw+w?)2(z+1Dw (z+ 1w’
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We will frequently refer to these identities. Now we can explain why precisely Jacobi polynomials
P,(,? ’1)(30) appear in the investigations of the operator L.

APPENDIX B. THE COEFFICIENTS K (j,{)

Now we explore the array of algebraic numbers K (j,¢) € Q(v/5), ¢/ - K(j,¢) € Q4, which, in
fact, is our first method (as described in the beginning of Subsection 3.3) to approach the problem.
This array governs the whole collection of the eigenvalues A,,.

B.1. Combinatorics and asymptotics. We will need the following crucial result. Let £ € N. The
jth g-coefficient of the function

(Z+ 1 7¢—1)£—1
(z+1+0)!
is given by
) o . . —Ll—j w_1€—1w+1j
K(j,0)=5-2172. ¢~ pl" 70 (3)9) = 2(@+1m'f{( LW LP g (36)

()

the contour winds % in the positive direction. Next, we have the first and the second symmetry

properties
(K(j,0) = jK(j), j.t=1, (37)
20K(j,6) = K(j —1,0) = 20K((,j) — K({—1,j), jl=>2 (38)
We have the “averaging” recurrence
20K (j,0) = K(j —1,0) +2¢ ' K(j — 1,0 - 1)+ K(j,( — 1), £,j>2. (39)
These coefficients are positive, and Z?’;l K(j,¢) =1 for every £ € N. Further, for fixed ¢, for j < ¢

K (j,¢) monotonically increases, achieves its maximum at j = ¢, and then monotonically decreases.

Proposition 8 (Asymptotics). We have
4
K(0,0) ~ V5
2y/mV/{

(Central region). Uniformly for |j — £| < £2/3,

, Vb (1 j—t{ B¢ VB(j — 0)*
K<j7£): : T ]32 (:‘))72) 'exp(_#)7
2y \e o 4B/ 2% 2(j+¢)
where B({, k). is bounded.

(Moderate deviations). For |j — £| > ¢%/3, we have

K(j,0) < exp (061/3).
(Large deviations.) For |j —£| > d¢,

K(j,0) < exp (cs).
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The window |j — | < %/ is not accidental. Saddle-point method (see Appendix B.3) gives
s p)3 . p\4
asymptotic expansion containing terms (JTE), (JTZ)

given window, but the result does not automatically apply to a wider region |j — ¢| < 03/4,

, and so on. So, these can be neglected in the

Proof. Next, as was shown before, the jth golden coefficient of f(z) is the Taylor coefficient at 27/~!
of the function g(z); see (??). So, K(j,¢) is the Taylor coefficient at 27~! of

(2z¢! + 1)1

o0

—g. 2 T AR
Adlw) =5 T e ]ZlK(m al =t (40)
and so, by a direct calculation,
_ min{¢—1,5—1} . .
5t (2w + 1)t 5 ((+j—i-1) &
K - - (2
(,6) = 271 ]{ (2 — w)ttlwi dw T (20)” Z (C—i—DIG—i—1)

jwl=1 =

This gives the positivity (what we already know) and the first symmetry property (37). In Propo-
sition 9, item iv), we will see how to prove this symmetry property directly using the generating
function. Taking in (40) 2 = 1 gives the needed summation property.

Now we will calculate the bivariate generating function of coefficients K (j,¢). According to (40),

we have

O(x,y) = Y K@/ 'yt
=1
B =~ (234 +1)£ L
N 2(;5:62; (2¢ — )t~ Y
5
TR T —— )

The double series converges for |z| < 1, |y| < 1. Explicit expression implies another symmetry

property

On the level of coefficients, this reads as the second symmetry property (38).

Further, for ¢ > 2, we have

Rzt )

(26 — 2)Ag(x) = 5 — (200" + 1A (2).

(—2 +2¢)°
This gives the recurrence (39) with initial values
5 . 5j
K(1,0) = ——= K(j,1) = ———

Let

[1]

20 T+ 1 &
@)= —5—2 20 —x Z
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Then

L) B@2e) i for j > 1,
() = (2¢)~! for j = 0.

Let £ be a random discrete variable with probabilities

This is true since » 72 p(j) = Z(1) = 1. Further,

E(¢) = ip(j) =1, E(£) = Zp() =14+ —, D) =—.
() jZOJp(J) (&) jZOJ p(j) 7 () 7
Put
Afa) = A@)E@, A= o
’ (2¢ — )
Khe coefficients K (j,¢) admit the probabilistic interpretation
k(j,0) =P(U+& + -+ &-1=7—1),
where U is a fixed nonnegative integer-valued random variable, and &1, o, . .. are independent iden-

tically distributed nonnegative integer-valued random variables with probability generating function
=. In particular, £& has exponential moments in a neighborhood of the origin. Therefore the
Cramér—Chernoff bound applies. It follows that there exist constants ¢, C > 0 such that

j=0=6P = k(j,0) < Cexp(—ct'/?),
and, more generally, for every fixed § > 0 there exist constants c5, Cs > 0 such that
lj— €] > ot — k(j,0) < Cse=cst.

Thus the coefficients k(j,¢) are exponentially small outside the central strip, and in the genuinely
large-deviation regime they decay exponentially in £.

In the central region give results, too, but they are insufficient for our purposes. We employ the
saddle-pont method instead. The needed appendix was wirtten by Nico Temme B.3.

Considering the behaviour of K(j,¢) for ¢ fixed, we can strengthen this as follows. Let j,¢ > 1.

i) Fix £. K(j,¢) strictly increases until reaching its maximum value at j = ¢, and then strictly
decreases.
ii) Fix j > 2. K(j, /) strictly increases until reaching its maximum value at ¢ = j — 1, and then
strictly decreases.
i) K—1,0) < K(,0) < K(l,{ —1) < K({ —1,0—1), for £ > 2.
iv) We have:
1 K(¢,0) 1

<1l-——.

1_
20—1) “K(—-1,i-1) 20




EIGENVALUES AND TRACE FORMULAS

32

Nl 12| 3 4 6 7 8 9 10
1 2| 3 4 6 7 8 9 10
2 |1 18 | 34 55 81 112 148 189 235
3 |1 [12|[58]] 164 | 355 656 1092 1688 2469 3460
4 |1 17| 123 | [519] | 1530 | 3606 7322 13378 22599 35935
5 |1 |22 213 | 1224 | [4830] | 14556 | 36302 | 78968 155079 281410
6 | 1 |27 | 328 | 2404 | 12130 | [46006] | 140532 | 364708 | 835659 1737385
7 | 1|32 468 | 4184 | 25930 | 120456 ||445012|| 1371848 | 3666339 | 8746360
8 | 1 |37] 633 | 6689 | 49355 | 273531 | 1200367 | |4352263]| 13505994 | 36917710
9 | 1 42| 823 | 10044 | 86155 | 557106 | 2851597 | 12005328 | |42920374|| 133862060
10 | 1 | 471038 | 14374 | 140705 | 1042431 | 6122452 | 29534168 | 120475854 || 426019410

TABLE 6. Integer matrix {K(j,¢), j,¢ € N}. This matrix, coupled with the constant
¢, contains all the information on eigenvalues of L, trace formulas, and decomposi-
tions of trace formulas.

If we imagine the axis j going to the right, and the axis ¢ - downwards (as in Table 6), due to
the first symmetry property, in the upper-triangle of this quadrant, the item ii) is stronger than
the item i), and in the lower-triangle - the other way round. We are aware that in the proximity
of the diagonal the behaviour is more complicated. Meanwhile the item iii) follows from i) and ii)
immediately. Now, the item iv) follows from asymptotics. We then prove by induction on min{j, ¢}
all 1)-iii) at once using the “averaging” recurrence (39), all the cases j = ¢ — 1,¢,¢ + 1 being set by
the asymptotics. For example, the inequality K (¢,¢ — 1) > K(¢,{) for large ¢ follows from the fact
% + B> %. We only note that the item iv) can be demonstrated to hold true purely algebraically
minding the recurrence on K(n) of Proposition 9 below. Thus, all the above claims have a purely
combinatoric-algebraic proof. O

B.2. Infinite integer matrix. In order to understand the arithmetic structure of K(j,¢) much

deeper, let us define

(20)+
5

These integers for 1 < j,¢ < 10 are presented in Table 6. We can immediately rewrite the arithmetic

K(j,0) = K(j,0) € N.

part of Proposition 8.

Proposition 9. The following identities for the integers K(j,¥) hold:

i) The generating functions

o0 -1
Gl (4dx +1)
;K(],f)l’ (1 — .le)£+1 )

1 .
(1—2)1—2—y—4zy)’

Ox,y) = > K(jOal Tyt =
=1
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ii) Let K(n) = K(n,n); the diagonal of the rational function © is given by

ZK Q1 (4¢?w) 144w — V1 — 12w + 16w?
5 10V1 — 12w + 16uw?

iii) K(1,4) = 1,K(j,1) = j;
iv) (K(j,4) = jK(¢,j); in terms of ©, this reads as
0 1
C)
8y<y (=, y)) (1—2—y—4dzy)?’
which is symmetric in (x,y);

v) K(j,0) - K(j — 1,0) =K, j) — K —1,j), for j,£ > 2; in terms of ©, this reads as

1

which is symmetric in (x,y);
vi) K(7,0) =K(j — 1,0) +4K(j — 1,/ — 1) + K (4, — 1), for j, £ > 2;
vii) Forn > 3, we have the recurrence

(n+1DK(n+1)— (8n + 10)K(n) — (32n — 72)K(n — 1) + 64(n — 2)K(n — 2) = 0.

In items i) and ii) we have touched on a surface the wide research topic which investigates diago-

nals of rational functions in positive or zero characteristic.

Thus, € satisfies
(5% + Q) (1 — 12 + 16w?) = w.

Modulo any prime # 5 this gives a quadratic equation. For example, if F(w) = Q(w) (mod 2), then
F? = F +w. So,

00

k

= E ’LU2 .
k=1

Since

1

OV = T iy

(mod 2),

this gives a combinatoric corollary
Zn: <n +J >
i=o N 7

On the other hand, modulo 5,

1 (mod2), ifn=2F—-1, k>0
0 (mod 2), ifn#2F—1, k>0.

it is well-known that the item 4) of the above Theorem fails for characteristic 0, what we will soon
see in Subsection 6.2 in case of the function Oy 1 (w).
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The sequence {K(n),n € N} is not yet contained in Online Encyclopedia of Integer Sequences
[54]. However, it can be expressed in terms of the sequence A084772, which is given by

1 e}
= a(n)w",
V1—12w + 16w? nz:% )

as follows:

Finally, note that

1—4w
(1 —-12w+ 16w2)3/2'

Q(w) =
This gives the identity
(10Q(w) +1) - (1 — 4w) = Q' (w) - (1 + 4w) - (1 — 12w + 16w?).

Comparing the coefficient at w™ for n > 3 gives the item vii) of Proposition 9.
The function K(n), defined for natural numbers, has a natural extension as a meromorphic function

K(z) := I‘(z)l—‘((2§)—|—1)2F1(1 —2z,1—2;1—-2z; —4) =

['(22) 5!

mzﬁ‘l(l —z, —z; 1 —22;4/5).

B.3. K(j,/) as a function in /. We can rewrite the item v) of Proposition 9, if coupled with with

the symmetry property iv), as follows:
(j — OK(j.0) = FK(j — 1,€) — (£ = DK(j, £~ 1).
Now, let us use vi) to express K(j,¢ — 1), and substitute this into the above expression. We obtain:
G-DK(,O)=0(l+7-DK(G-1,0)+4(-1K( —1,£—1). (42)
Let us now introduce
K(j,t) = Y;(t),

where ¢ is an integer, but this time we consider the latter expression as a polynomial in ¢. The
recurrence (42) in terms of Y reads as

(= DY;(t) = (t+j — DYjo1(8) + 4t — DY a(t - 1), Yi(t) = L.
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Thus, the polynomials we obtain are as follows:

Yi(t) = 1,
Ya(t) = 5t—3,
25 45
Yi(t) = =2 - =41
3( ) 2 ) + 37
125 655
Yi(t) = ?t3—75t2+?t—51,
625 625 9875 1925
Ya(t) = it 203 202 TP 19
5(t) 24 TRLAREY] g 120,
625 1875 23125 16125 25025
Yo(t) = —t°— tt 3 — t? t — 819
(1) 24 s ' T s T ’
3125 4375 231875 83125 84875 35455
Yo () = 6 — t° tt— 3 2 — t+ 32
7(t) 144 6 " T im 6 'ty g R
15625, 3125 4 149375 . 56875 , 3769375 , 512225 , 3130985
Ya(t) = 008 DR ARy TR bt Tyt 13107
Now, let

DYt =yt ).

7j=1
We know that for ¢ € N,
Az + 1)t
¢(€a$) - (1 _ .’IJ)E"’_I :
And in general, for t € R,
(x4 1)t
’(ZJ(t,i‘) - (1 o .%')t""l .

Indeed, the initial condition is ¢(¢,0) = 1, and we note that the Taylor coefficients of the latter
function satisfy the same recurrence, minding the differential equation

(1-— x)% Y(t,z) = (t+ D)p(t,x) +4(t — D(t — 1, x).
Thus,

Yift) = S (t - 1>4s(_1)j+s+1 (j—t5—11>.

s=0

We will need these polynomials further, starting from Subsection 4.2.

APPENDIX C. ASYMPTOTICS OF JACOBI POLYNOMIALS, IN COLLABORATION WITH NICO TEMME

Consider the integral

w— 1D (w '
Q(j,£>—1]4( DT w41 G

T omi 3\J
2mi (w-3)
where the contour winds % in the positive direction. Wer will derive its uniform asymptotics uni-

formly for

lj — ¢ < 23, (43)
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We write this in the form

- w)_"7 44
where
f(w):ln(w—l)—i—uln(w—i—l)—,uln(w—§) uzz
2/’ a
We have
2w? —w — 3 — buw + 5
f(w) = et
(w—=1)(w+1)(2w — 3)
The saddle points are
1
we(p) =5 (L+5p£W), W= V/25 — 30p + 2542. (45)

The argument of the square root W is positive for all © > 0. So, the saddle points are real, and
w, is monotonously increasing for p € (0,00), starting at the value pi(0) = 3. It turns out after
some analysis that w; is the dominant saddle point. It should be remarked that, because j and ¢
are integers, the integrand in (44) is single-valued, but that the function f(w) should be described
in terms of its branch cuts. Because contributions to the integral from parts of the contour of w
with R(w) < % are exponentially small compared with those from the neighbourhood of the saddle

point w,y, we forget about this aspect.

Now, note that

5(bpuw — 3w —bu+T)p

" / 2 =
P+ ) = G 3w+ 2w = 1)

For the large-¢ asymptotics we need

1

Fwy) = EW(l? —30p 4+ 2512 + (3 — 5#)W).
o

The first order asymptotic result follows from replacing f(w) in (44) by f(w)~+3f" (ws)(w — w4 )?,

which gives when we integrate along the vertical line R®w = wy

QG 0) efts) 1+ B, as ¢
) = + B, — 0.
PO ) 27rf”(w+)< ) wstmoe

Next,

d 0 , 0
@f(w+(u),ﬂ> = %f<w+’u) Cwy @f(wﬁﬂ)-
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If £ =3, or p=1, we have
’UJ+(1) = ¢27
5+5
w‘f‘(u)‘u:l = 4 s
0
%f( ,M)‘uzl =0
0
gl = n(20)
fwm],, = 2.
Thus,
f(w+(u),u)‘ =
pn=1
d
d—#ﬂw(m,mluﬂ = In(20)
This the same manner we calculate
d? V5
dilﬂf(w+(ﬂ)’u)‘u=l T
_ 2 V5 2 3
flws(p),p) = I(2¢%) +n(2¢)(p 1) = —~(n = 1)"+ B(p - 1)".
Let
9(p) = f(wy(p), p) — (26°) — In(2¢) (1 — 1)
. P )2 - 3
eéf(w+) _ (2¢2)£ . (2¢)]—£ exp < . (.7 466) ) exp (B(] E) )
Further,
d 1 _ o wi(w
dpwe(p) =1 (wi(p) —1)*
1 -1 \/g¢_1 2
w1 =¢ (-1 +Bu-1)7"
Finally,
1 VB¢ 2
= +(pu—1)+ B(p— 1)~
T - V2 (k=1)+B(p-1)
Because
f(w) = 4= Rut 0GR, n—0,
and

1 - ~
fllw) == GE+ 12 ' +0(1?), pu— oo,

1
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We give the first coefficients of the expansion

First we introduce a transformation

flw) = flwy) = 557,

where w runs along the saddle point contour through w4 and s on the imaginairy axis. We use this
transformation in (44) and obtain

el (wy) /ioo 1942 1 dw

== 4
omi ) 9(s) ds,  g(s) = —— (47)

Q(&]) =

We need the coefficients of the expansion

oo
dw 1
k
w = wo + cps”, 1= — E e —
; ds s=0 V f”(w-i-)

where we take the positive square root; in this way, w crosses the saddle point w4 in the same
direction as s crosses the origin. The next one is

(wy —1)(Bw? — 3wy — 1 —¢})
3(2 = 2wy +w?)

Cy) —

With these coefficients we expand g(s) defined in (47), g(s) = Z grs®. Then the coefficients
k=0
ag(p) of (46) are given by

—1)kok (1
ak(lu):( ) (2)k92k7 902071’ k=0,1,2,,....
g0 w+—1

The first few are ag(pn) = 1 and, with W defined in (45),

ar(41) = _(5p® 42+ 5)(5p* — 1+ 5)W
1) = 601(5 — 641 + Hu2)?2 ’
1

125u® — 45007 + 68515 —

az() = 2881:2(5 — 6y + 5p2)3 (

441045 + 9972 — 441043 + 68547 — 4500 + 125),
— w (
 51840(p3(5 — 6p 4 5u?)?

138472512 — 23895003 + 2957775u* — 1251841515 +

az(p) 86875 — 469125 +
230513625 — 12518415u" + 295777518 — 23895001° +
138472510 — 469125, + 86875412).

These coefficients are bounded as p — oo, but become undefined as p — 0, that is j/¢ — 0. For
the expansion in (46) we need the condition p > pg > 0, where pg is fixed number.
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APPENDIX D. PROOF AF ASYMPTOTICS

Proposition 10. Fiz £ > 1. Assume that the coefficients q(])( ) and Y, (n) satisfy

) (1- 32 = qul JZY nal,(m), vzl (48)

with
=574 (n) k(n,i 9 n) = 5; W) =0 (v>1 49
unfl(n) (n,z), Q(] (’I’l) J,M qv (’I’l) (’U_ )’ ( )

and
Aj = (—1)7 =2,
Assume further that the kernel k(j,1) satisfies all estimates needed below, namely:

(a) every pure upper chain of length m is of size O(cyn~"?);
(b) every chain of length m containing at least one defect is of size O(d,n~1);

(c) the sequences (¢m)m>1 and (dpm)m>1 are summable.
Here a defect means one of the following:

e at least one intermediate index is < n;

Ao\ —
e at least one factor (1 — /\—J) — 1 with j > n occurs;
n
Aj
e at least one factor o™ occurs.
n

Then there exists a summable sequence Cy > 0 such that

. o . Cy
vim) = 3 k(i
7(n) 2 k(n,iy) k(i1 io) - - k(ig_1,n) + O< - >
11,5 lg—1>M
Proof. Put
Aj

o= 3 = (21P g,

Then (48) becomes

v
4§ (M) (1 - ) Zq )= Hin 3 Ye(n) @i (). (50)
r=1
We first isolate the principal part of the recurrence. For j > n,

fjn = (—1)7 "¢ 7207

hence p;, is exponentially small in j —n, and

! :1+< ! —Q,
1- Hjmn 1- Hijmn
where the correction term is again exponentially small in j —n. For j < n, one has
1
L= ttjm

so going below n brings a strong penalty.

— O(¢—2(n—j)),
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Motivated by this, define the principal coefficients pg,j )(n) by

and for v > 1,

Zp 7 7 j>n7

PP (n) = { isn
0, Jj<n.

P (n) = | Z k(j,in) k(in,d2) - - k(iv—1,n),  J>n. (51)

In particular,

Sk e )= 3" k(nyiy) k(ivdz) - k(ig-1,n). (52)

i>n T1yeeylg—1>M
We claim that for each fixed v > 1 there exists a summable sequence E,(-) such that
5 ) a2 0) = 0|+ 3 k) )| = 022 ). (53)
i>n j<n
Once this is proved for v = ¢ — 1, (49) gives

=" a ) k(n5) = 3" p (n) k(n, j +0(Efl‘1>,

7>1 i>n

and then (52) yields the required formula with Cy = Ey_;.
It remains to prove (53). We proceed by induction on v.

Base step: v =1. From (50), for j # n,

If > n, then

0 () = kGon) + (1= ) = 1)k Gim).
Since pgj)(n) = k(j,n) for j > n, the difference qy)(n) —pgj)(n) is exactly a defective chain of length
1, hence contributes O(din~!) after weighting by k(n,j) and summing over j > n. If j < n, then

: k(j,n)
ai (n) = =2,
Hjn
and this is again a defective chain of length 1 by definition. Thus (53) holds for v = 1.

Induction step. Assume (53) holds for all levels < v. We prove it for v.
Take first 7 > n. Solving (50) for q(])( ), we get

) = =34 ) b i) - S Vi (n) @, (n (54)

1 — 10 _
M%niZI N]nr 1
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Now decompose the first factor as

1 1
L= pijm I —pjm

and split the sum over ¢ into ¢ > n and ¢ < n. This yields

a5/ (n) = AP (n) + RY) (n),

where
AP () =" a (n) k(. ),
i>n
and every term in Rg,j )(n) contains at least one defect: either an index ¢ < n, or a factor ((1 —
fjn) "t — 1), or a factor fi .
Next, write
AP ) = 3 p Ly () kG a) + (a6 () = 1 ()G ).
i>n i>n
The first sum is exactly pg,j ) (n) by definition. Thus
0§ (n) =P (n) = >~ (a2 () = pi, () k() + RY ().
i>n
Multiply by k(n,7) and sum over j > n. The first term is controlled by the induction hypothesis
applied at level v — 1, together with the pure-chain bounds. The remainder RS,] )(n) is a sum of
defective chains of total length v, and is therefore O(d,n~!) by assumption. Hence

) i 0] = o 2
j>n
for some sequence E, obtained from finitely many linear combinations and convolutions of the
sequences d,, and the previously constructed FE,.
Now take j < m. Formula (54) still holds, but now the prefactor (1 — p;,,) "t itself is defective.
(4)

Therefore every term in the full expansion of ¢y’ (n) is a defective chain of total length v, and thus

S 0] =0 7).

j<n
Combining the two parts proves (53) at level v.
Finally, observe that each E, is obtained from finitely many sums and convolutions of the sum-

mable sequences (c¢,,) and (d,,). Since the convolution of summable sequences is summable, the
sequence (F,) is summable as well. This completes the proof. O

Lemma (pure upper-chain bound). For every m > 1,

Z k(n,zl)k(“,@g)k(zm,n) — O(cmn—l/Q)’

11y tm >N

with Y, <1 ¢m < 00.
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Lemma (defective chain bound). Every chain of length m containing at least one defect is
O(dpyn™1),
with y 2~ dm < 00.

Lemma (bound for Y;.). For every fixred r > 1,
Y;(n) = O(en™12),

with the same summable sequence (c,) as above.
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