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Algoritmai ir duomeny
strukturos

O paskaita

2026-04-14



Informacija

« ADS EGZAMINAS vyks nuotoliu birzelio 19 d. 12:00 — 14:00.

» Kitg savaite, balandzio 21 d., | ADS paskaitas kvieCiami

prisijungti moksleiviai pagal VU iniciatyvg ,Studentas vienai
dienai”.




9 paskaitos tikslas

Susipazinti su grafy paieskos algoritmais:
» Paieska | plot],
« Paieska | gylj,
« Kruskalio algoritmu,
* Primo algoritmu.




Paieska | plotj (angl. Breadth-first search)

Tikslas — pradedant grafo (digrafo) virsiine s apeiti grafg
keliaujant jo briaunomis t . y. atrasti visas pasiekiamas grafo
(digrafo) virstnes.

Virstnés grafe yra tarpusavyje pasiekiamos, jei jas jungia takas.
Tako uv ilgiu vadinamas grafe pereinamy briauny skaicius ir
zymimas o(u, v).

« Jei d(u, v)= «, tai virStiné u nepasiekiama is virStnes v.

« Jeiu, X, v—take esancios trys gretimos virstneés, tai virsiine u
vadinama virsinés x tévu ir virsiné v vadinama virstnés x vaiku.

FEt e




Paieskos | plot] algoritmas

P-Plot(G, s):

1 for each u € V — {s} Sutartiniai zymeéjimai:

2 do clu] — balta h(Q) — sgraso Q ,galva” (pirmasis elementas),
3 du] oo Adj[u] — virsanei u gretimy virsdniy aibé,

4 wlu] « NIL

5 c[s] «— pilka Atributai:

6 d[s] — 0 c[u] — spalvos atributas,

7 7[s] — NIL d[u] — atstumo atributas,

8Q«—{s} [u] — tévystés atributas.

9 while Q # ()

1‘1) d"f“ . h(}?) p Operacijos sarase Q:

Y or ezc ;E _‘J[:]Et ENQUEUE(Q,v) — naujos virSunés jraS8ymas
o "t; ""["])[___P] ¢ “__Hi sgraso Q gale,

) dbj - ;[ u].+1 DEQUEUE(Q) — galvos i$émimas i$ saraso
- T[;] . (pirmojo elemento pasalinimas).

16 ENQUEUE(Q,v)

17 DEQUEUE(Q)

18 clu] « juoda
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Paieskos | plotj algoritmo sudetingumas

ENQUEUE(Q, s) sudétingumas O(1),
DEQUEUE(Q) sudétingumas O(1).

| eile Q virstinés patenka ir Q iSimamos ne daugiau kaip
1 kartg, todél Sios procediros uztrunka a O(|V|) = O(n)
laiko vienety, (n — grafo G virStniy skaicius).
|E| dydzio gretimumo sgrasas nuskaitomas tik vieng
kartg, todel Sio sgraso apdorojimo algoritmo
sudétingumas O(|E|) = O(m) , (m — grafo G briauny
skaicius).
Vadinasi, paieskos | plotj algoritmo sudétingumas

O(n + m).




aieska j plotj grafe

- Gretimumo matrica:
01001100000000000O0O00
— 1010000010000 000O0O0QO0C0O0
g1o010000000110000C0O0C00
— go1010000O0CO0QO0QCOO0OC1I0OCO0OO0CO00CO0
- ioo0t1o00000O0CO0DO0QO0QO0CO0ODO0OCDT1IOO0
10000010000000000O0O01
— coo00Q0O0O1O0100QO0QCO0QCO0QCO0QCO0QCO0OD1IOOO0OD0
goo0o00QO0O1I01I0QO0QO0Q1IOO0DCOO0QO0O0
— 0100000101 000O00C0CO0O0CO0CO0
— - goooo0O0OO0OD1IO1IOOO0OODODO0ODODOODI1
coo0OQ0OQOO0OO0OO0OO0O1IO1IOO0C0OC1IOOOOO
— co1o000O0QO0QCO0QO0OC1I0O1IO0QC0QCO0OQO0OO0OD0OD0
goo00QOQOOQ1IOO0QCOQ1IOLIOCQCOO0OCO0CQ
e goo0O0O0CO0OOO0OOO0OCOO0OD1IO0O1I0CO0OO0T1O0
e goo010000O0O0CO0QO0CQOLOD1LOO0OO00CD0
coo0OQOOQOO0OO0QO0OO0OQO0O1I0OO0CO0CT1IO1IOO0OD0
— coo0OQOO0OO0O10O0QCO0OQO0QCO0QCO0QCO0CO0C1IOD1IOO0
coo00Q0100O00QCO0QCO0QCO0QCO0QO0QCO0QCO0OD1IO0DT1IO0
— gooo0O0QOOQOOQOQOQOQOOTLIOO0OODTLOI1
-~ go0O0O0C1O0OO0CO0O1IO0OO0QCOO0OCO0ODO0CO0OO0OTL1O0

d[l]=e, ... , d[20]=e, nD[5]=NIL
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Paieska | plotj grafe

dfl]=1, n[l]=5, d[4]=1], n[4]=5, d[18]=1,

n[18]=5
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Paieska | plotj grafe
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Paieska | plotj grafe

d[3]=2, n[3]=4, d[l15]=2, n[l5]=4
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Paieska j plotj grafe

d(1l7]=2, n[l7]=18, d[19]=2, n[l9]=18
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Paieska j plotj grafe
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Paieska j plotj grafe

d[7]1=3, n[7]=6, d[20]=3, n[20]=6
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Paieska j plotj grafe

d[12]=3, n[l2]=3
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Paieska j plotj grafe

d[14]=3, n[l4]=15, d[le6]=3, n[l6]=15



Paieska j plotj grafe
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Paieska j plotj grafe
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Paieska | plotj grafe

d(8]=4, n[8]=9, d[10]=4, n[10]=9



Paieska j plotj grafe
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Paieska j plotj grafe
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Paieska | plotj grafe
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d[11l]=4, n[ll]=12, d[13]=4,

n(l3]=12



Paieska j plotj grafe
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Paieska j plotj grafe
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Paieska j plotj grafe
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Paieska j plotj grafe
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Paieska j plotj grafe
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Atstumy atributai:

dfl]=1,
d[3]=2,
d[5]=0,
dal7]1=3,
d[9]=3,
d[11]=4,
d[13]=4,
d[15]=2,
d[17]=2,
d[19]=2,

Paieska j plotj grafe

d[2]=2,
df4]=
[6]=
[8]=
[1O]=4,
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Tevystes atributai:
n(l]=5, n[2]=1,
n[(3]=4, ul[4]=5,

n[5]=NIL, n[6]=1,
n[7]=6, n[8]=9,

n[ll]= 12, n[l2]
n(l33]=12, n[l4d]= 15,
n[l15]=4, n[l6]
n[l17]=18, n[1l8
n[19]=18, n[20

'—"—‘II




Paieska | gylj (angl. Depth-first search)

« Tikslas — pradedant grafo (digrafo) virStne s, apeiti grafg
keliaujant jo briaunomis t . y. atrasti visas pasiekiamas grafo
(digrafo) virstnes.

« Virslniy paieSka vyksta pagal tokig strategija:
— Kita virSiné atrandama is kg tik atrastos virStnés einant briauna.

— Jei tokiy briauny néra, grjztama j pries tai nagrinétg virsune, ir kurios
vykdoma paieska.




P-Gyl(G):
1 for each u eV

Paieskos j gyl} algoritmas

rekursija

VISIT(u): et

1 c[u] « pilka
2 d[u] «— laikas «— laikas+1

2 do clu] < balta
5 NIL 3 for each v € Adj[u]
| mlu] 4 do if ¢[v]=badita

4 latkas < 0
3) then 7[v] «— u

5 for each u € V 6 VISIT(v)

6 do if c[u|=balta 7 c[u] — juoda

7 then VISIT(u) 8 flu| « laikas < laikas+1
END

Atributai:

c[u] — spalvos atributas,

d[u] — laiko atributas (virStinés u apdorojimo pradzia),
flu] — laiko atributas (virStinés u apdorojimo pabaiga),
Tr[u] — tévystés atributas.
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Paieskos | gylj algoritmo sudetingumas

1-3 eilutése komandos vykdomos O(|V|)=0(n) laiko.

5—6 eilutése rekursija VISIT(u) iskvieCiama ne daugiau
|V| karty.

VISIT(u) vykdoma kiekvienai sgraso Adj[u] virsinei, todél
IS viso ne daugiau kaip O(|E|)=0O(m) laiko vienety.
Vadinasi, paieskos | gylj sudétingumas O(n+m).




Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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n(4]=7, d[4]=10




Paieska | gylj digrafe
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n(b]=4, d[5]=11




Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe

n[l0]=1, d[1l0]=16



Paieska | gylj digrafe
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;

;

f[10]=17




Paieska | gylj digrafe
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Paieska | gylj digrafe
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Paieska | gylj digrafe

Laiko atributai:

d[ill=1,

= f[6]=15,
= £[10]=17,
d[9]1=19,

d[2]=2,
f[(3]=4,
f[(8]=6,
d[e6]=8,
dr41=10,
f[5]=12,
f[7]=14,
d[10]=1e,
£f[11]1=18,
£19]1=20

Tevystes atributai:
n[l]=NIL, u[2]=1,
n(3]=2, n[8]=2,
1, (7]
7, n[5]=

n[l0]=1.

(o]
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Minimalls jungiantieji medziai

« JungianCiuoju medziu vadinamas jungaus svorinio grafo G
pografis (medis), kuriam priklauso visos grafo G virsunés:

« Minimaliu jungianCiuoju medziu vadinamas jungaus svorinio
grafo G jungiantysis medis, kurio briauny svoriy suma yra
minimali:
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Minimalaus jungianciojo medzio paieska

« Kruskalio algoritmas (1956, Joseph Kruskal)
« Primo algoritmas (1957, Robert C. Prim)
» Solino algoritmas (1965, Sollin):

It was first published in 1926 by Otakar Bortivka as a method of constructing an efficient
electricity network for Moravia. The algorithm was rediscovered by Choquet in 1938;
again by Florek, Lukasiewicz, Perkal, Steinhaus, and Zubrzycki in 1951; and again by
Sollin in 1965. Because Sollin was the only computer scientist in this list living in an
English speaking country, this algorithm is frequently called Sollin's algorithm, especially in
the parallel computing literature.




Kruskalio algoritmas

MJM-Kruskal (G, w):
A0 Kruskalio algoritmo vykdymo

. for each v € V metu generuojamos laikinos

1
2

3 do sukurk 5(v) ) did grafo virS$tniy aibés S(v),

4. surusiuok E briaunas pagal w(uv) didéjima . : -

= for each wv e E kU!'IOS I.yglnamos r

6 do if S(u) # S(v) apjungiamos (formuojamas
7
8
9

then A — AU {uv} jungiantysis miskas).
. sukurk S(u) U S(v)
. RETURN A

llgiausiai vykdoma procedira 4 eilutéje (galima pritaikyti,
pavyzdziui, greito rasSiavimo algoritmg QuickSort), todél
Kruskalio algoritmo sudétingumas O(m log m).




Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Kruskalio algoritmo vizualizacija
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Rezultatas: A= {{1, 2}, {1, 6}, {2, 3}, {2, 7}, {3, 4}, {3, 8}, {4, 5}, {4, 9}, {5, 10}, {6, 15},
{7, 11}, {7, 12}, {8, 13}, {10, 14}, {13, 18}, {16, 20}, {17, 18}, {18, 19}, {19, 20}}




Primo algoritmas

MJM-Prim (G, w,r):

1. Q «—V
2. for each u € ()
3. do key[u]«— o
4. key[r] < 0
5. w[r] « NIL
while Q # 0
do u <+ min(Q), (uvirsuné is @) pasalinama)
for each v € Adj[u]
do if v € Q ir w(uv) < key|v]

10. then 7[v] «— u

11. key[v] < w(uv)

12. RETURN MJM= {vn[v]: veV —r}

Skirtingai nei Kruskalio
algoritmas, Primo algoritmas
augina vieng medj A:
A={vmv]:veV -r-Q},
Cia

r — pradiné virsiné
(minimalaus jungiancio
medzio sékla),

m[u] — tévysteés atributas,
key[u] — atstumo atributas.

Primo algoritmo
sudetingumas ~O(m log n).
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Primo algoritmo vizualizacija
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Primo algoritmo vizualizacija
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n[2]=1, key([2]=2, n[l0]=1, key[1l0]=9, n[ll]=1, key[ll]=5,
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l

— ©o=[2,3,4,5,06,7,8,9,10,11,12,13,14,15,16,17,18,19,20]
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Primo algoritmo vizualizacija
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n[3]=2, key[3]=9, nl[l2]=2, key[l2]=7,
o=[(3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20]
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Primo algoritmo vizualizacija
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n[20]=11, key[20]=1,
©o=[(3,4,5,6,7,8,9,10,12,13,14,15,16,17,18,19,20]
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Primo algoritmo vizualizacija

DS
/m/sg | 3\9
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n[10]=20, key[10]=7, n[19]=20, key[1l9]
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N
/

\
/.

9,

©=[(3,4,5,06,7,8,9,10,12,13,14,15,16,17,18,19]
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Primo algoritmo vizualizacija

NN,
/lwl/g, wu/,\
v ¥
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1[9]1=10, key[9]=2,
0=13,4,5,6,7,8,9,12,13,14,15,16,17,18,19]
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Primo algoritmo vizualizacija
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n[8]=9, key[8]=1, m[19]1=9, key[19]=4,
0=[3,4,5,6,7,8,12,13,14,15,16,17,18,19]
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Primo algoritmo vizualizacija
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n[7]=8, key[7]=8, n[l8]=8, key[1l8]=10,
o=[(3,4,5,06,7,12,13,14,15,16,17,18,19]
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Primo algoritmo vizualizacija
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n[18]=19, key[l8]=5,
o=[(3,4,5,06,7,12,13,14,15,16,17,18]
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Primo algoritmo vizualizacija
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n[l17]=18, key[1l7]=9,
o=[3,4,5,06,7,12,13,14,15,16,17]
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Primo algoritmo vizualizacija
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n(l13]1=12, key[1l3]=6,
0o=[3,4,5,0,7,13,14,15,16,17]
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Primo algoritmo vizualizacija
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n(3]=13, key[3]=3, n[l4]=13, key[l4]=4,
o=[3,4,5,6,7,14,15,16,17]
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Primo algoritmo vizualizacija
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n[4]=3, keyl[4]=4,
o=[4,5,06,7,14,15,16,17]
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Primo algoritmo vizualizacija
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n[5]=4, key[5]=10,
0=[5,6,7,14,15,16,17]
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Primo algoritmo vizualizacija
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15]=14, key[l5]=1,
=[5,6,7,15,16,17]
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Primo algoritmo vizualizacija
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n(5]=15, key[b5]=4, n[le]=15, key[l6]=T7,
Q=[5,6,7,16,17]
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Primo algoritmo vizualizacija
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n[6]=5, key[6]=10,
o=[6,7,16,17]
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niel=16, keylo6]=7, nl[l7]=16, key[l7]=2,
=[6,7,17]
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Q:[6/7]
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Rezultatas: n[l]=NIL, no[2]=1, no[3]=13, n[4]=3, n[5]=15, n[6]=16,
n[7]=8, nu[8]=9, n[9]=10, n[l0]=20, n[ll]=1, m[l2]=2, n[l3]=12,
n(l4]=13, n[l5]=14, n[le]=15, no[l7]=1l6, n[18]=19, n[l9]=9, n[20]=11
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Solino (Boruvkos) algoritmas

Skirtingai nei Primo ir Kruskalio algoritmai, Solino algoritmas iSrenka keleta
briauny, formuojancéiy tarpusavyje atskirus jungianéiuosius medzius. Tesiant
algoritma, pagal minimalius briauny svorius jungiantieji medziai jungiami
tarpusavyije iki kol gaunamas minimalus jungiantysis medis.

Pseudokodas:
Input: A graph G whose edges have distinct weights
Initialize a forest F to be a set of one-vertex trees, one for each vertex of the graph.
While F has more than one component:
Find the connected components of F and label each vertex of G by its component
Initialize the cheapest edge for each component to "None"
For each edge uv of G:
If u and v have different component labels:
If uv is cheaper than the cheapest edge for the component of u:
Set uv as the cheapest edge for the component of u
If uv is cheaper than the cheapest edge for the component of v:
Set uv as the cheapest edge for the component of v
For each component whose cheapest edge is not "None":
Add its cheapest edge to F
Output: F is the minimum spanning forest of G.
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Solino algoritmo pavyzdys (1)




Solino algoritmo pavyzdys (2)




Solino algoritmo pavyzdys (3)
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AcCil uz demesij.

Klausimai?
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