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Abstract

Given a set of vertices V and a set of attributes W let each vertex
v € V include an attribute w € W into a set S~ (v) with probability p_
and let it include w into a set S (v) with probability p, independently
for each w € W. The random binomial intersection digraph on the
vertex set V is defined as follows: for each u,v € V the arc uv is
present if S~ (u) and ST (v) are not disjoint. For any h = 2,3,... we
determine the birth threshold of the complete digraph on h vertices
and describe the configurations of intersecting sets that realise the
threshold.
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1 Introduction

In the random intersection graph introduced by Karonski, Scheinerman and
Singer-Cohen [13] (see also Godehardt and Jaworski [10]) we have a set of
vertices V' of size n and an additional set W of attributes (also sometimes
called properties or keys) of size m. Each vertex v of V' chooses a random
subset of attributes in W and an edge uv is added to the graph if and only
if the subsets of u and v intersect.

*The work was supported in part by the Research Council of Lithuania grant MIP-
52/2010.



We consider a directed random intersection graph D on the vertex set V'
defined as follows (see [4]). Let each vertex v choose not one, but two random
subsets: an “in”-subset, ST (v), and an “out”-subset, S™(v). An arc from
vertex u to v is inserted in D whenever S~ (u) intersects S*(v). Assuming,
in addition, that each attribute w € W is included in the subset S~ (v) with
probability p_ and in the subset ST (v) with probability py independently
and independently of all other inclusions, we obtain a random binomial
intersection digraph denoted D = D(n,m,p_,py).

In [18] a network of co-authors of mathematical papers is mentioned as an
illustration for random intersection graphs. One might alternatively define
a citation digraph where V is a set of mathematicians and we draw an arc
from w to v if and only if w has cited v. The underlying set W here would be
the set of all mathematical papers; and S~ (u) (respectively, S*(u)) would
correspond to the set of papers u has cited (respectively, co-authored).

The random intersection graph model has received a lot of attention
recently due to several different applications [8, 10, 13]. Properties such
as thresholds for small graphs [13], degree distribution [3, 6, 18], formation
of the giant component [1, 5], connectivity [2, 15] and clustering [6] have
been studied, see also [17, 9, 14]. In some applications considering directed
intersection graphs makes sense and might lead to more precise/adequate
models. In particular, one may obtain a digraph with power law indegree
distribution and bounded outdegree distribution. In addition these digraphs
have a clustering property when m is of order n [4].

In the problem of determining the birth threshold of small subgraphs
one is interested in the question of how dense a graph should be to have
a desired subgraph with certainty. There is a rich literature devoted to
birth thresholds in random graphs with independent edges where each edge
appears with the same probability, see, e.g., Chapter 3 of [11]. The threshold
for a random (binomial) intersection graph to contain a fixed subgraph has
been studied in [13].

Here we consider a similar problem for random intersection digraphs.
Let ?h be the complete digraph on vertex set [h] = {1,...,h} containing
arcs xy and yx for each pair of distinct vertices x,y € [h]. We aim to
determine critical values of the parameters for D(n, m,p_,py) to have with
a high probability a subgraph isomorphic to I_%h.

Given two finite sets C~ and Ct we consider the ordered pair C =
(C~;CT) and the digraph D(C) on the vertex set C~ U CT with the set of
arcs {uv : u € C~,v € Ct}. We call the pair C a diclique. We say that C
is proper if C~,C™T are non-empty, otherwise say that it is improper. We



Figure 1: The diclique ({a,b,c}; {b,c,d,e}).

remark that if the digraph D(C) is non-empty then C' must be proper and
D(C) # D(C") for C # C'. Therefore we will identify a proper diclique C
with the corresponding digraph D(C'), see Figure 1.

To our knowledge, the diclique digraphs were first studied by Haralick
[12], but in a different context.

In the random digraph D with vertex set V' and attribute set W each
attribute w € W defines a diclique C(w) = (C~(w);C*(w)) given by
C(w)={veV:weS (v)and Ct(w) = {v € V : w € ST(v)}.
It is convenient to interpret each attribute w € W as a distinct colour.
Then all the attributes in W give rise to a family of dicliques of different
colours which covers all arcs of D.

The paper is organised as follows. In the next section we present our
main results. In Section 3 we give a general lemma for the birth threshold
of a fixed directed graph H. In Section 4 we study a few special diclique
covers of K4 and prove our main results Theorem 2.1 and Theorem 2.2.

We remind some standard notation used in the paper. For functions
fy9: N—= Ry we write f ~ g if limy_,o f(k)/g(k) = 1. We write f = O(g)
if limsup,_, f(k)/g(k) < oo, f = Q(g) if g = O(f) and f = O(g) if both
f=0(g) and g = O(f). We write f = o(g) if f(k)/g(k) — 0.

Finally, thanks to an anonymous reviewer the author became aware of a
related and very relevant result on the Poisson approximation of the number
of cliques in sparse random intersection graphs by Rybarczyk and Stark [16].

2 Results

Before stating our main results we need to introduce some definitions related
to dicliques. Without loss of generality we will assume that the set of vertices



of the random digraph D is V = [n].

For any diclique C, we call V(C) = C~ U C™" the vertex set of C. Let
C ={C1,Cy,...,Cs} be a family of dicliques, (we allow C to be a multiset
and in this paper we consider only finite families C). Let us denote by V(C)
the union of all vertices of the dicliques, V(C) = |JV(C;). We say that
D contains C if there are distinct attributes wi,...,ws € W, such that
C; C C(w;) for each i = 1,..., s (the set operations for dicliques are defined
componentwise). Also, let us call a diclique family proper if all its dicliques
are proper.

Let C be any diclique family with V/(C) = {v1,...,v,} C [n] and assume
that v1 < --- < v,. For any set S = {x1,...,2,} C [n] with 1 < --- < z,,
let us denote by M (C, S) the diclique family which is an image of C obtained
by renaming v; to x; for each i = 1,...,r. We call M(C,S) a copy of C.

Each family of dicliques C defines a digraph H = H(C) with vertex set
V(C): an arc is present in H whenever it is present in some D(C), C € C.
We say that the family C is a diclique cover of H.

The digraph K} can be covered by dicliques in many different ways.
Consider the following important symmetric diclique covers of Kj:

e Cyr = {([h]; [h])}, the monochromatic diclique cover;

o Cp = E(I_gh), the rainbow diclique cover, where E([_()h) is the set of
arcs of Ezh and we identify each arc uv with the diclique ({u}; {v});

o Cin, = {([h] \ {i};{7}) : i € [h]}, the cover by in-stars;
o Cout = {({i};[n] \ {i}) : @ € [h]}, the cover by out-stars.

The motivation for the names “monochromatic” and “rainbow” is that
a single attribute (or colour) w € W may generate a copy of Cps in D, while
h(h — 1) attributes are needed for a copy of Cg.

We will consider a sequence of random digraphs {D(k),k = 1,2,...}
where D(k) = D(n,m,p_,p+), n = n(k) (we always assume that n(k) is
increasing), m = m(k), p— = p_(k) and p4 = p4(k) all depend on k. If not
stated otherwise all limits below are as k — oc.

Let us now define what a birth threshold function for ?h is. We would
like to have a function that, for a sequence of random digraphs {D(k)},
indicates whether a copy of ?h is present whp. Since the sequence {D(k)}
depends on several parameters which are themselves sequences, such a func-
tion has to take into account all of them.



Let X be either a fixed digraph or a diclique family. Let X € D denote
the event that the random digraph D contains a copy of X. Given a sequence
of random digraphs {D(k)} we call a function 7 : N2 x [0;1]> — R a birth
threshold function for X if both of the following implications hold:

T(n,m,p_,py) -0 = P(X € D(k)) — 0;
T(n,m,p_,py) > 00 = P(X € D(k)) — 1.

Given a sequence of random digraphs { D(k)} and a birth threshold function

T for th we call a collection £ of diclique covers of K, the leading set if T
is a birth threshold function for each C € £ and the following implications
hold:

1) 7(n,m,p—,p4) = O(1) = P(C' € D(k)) — 0 for each proper diclique
cover C' of I—gh such that C’ € L;

2) 7(n,m,p_,py) =0O(1) = P(C € D(k)) =Q(1) for each C € L.

In the case where L consists just of a single diclique family C, we call C the
leading cover.
We will consider the following birth threshold functions:

m=nm'"p_py; 7 =0 Dmp_p;

h—1 . _ h—1
T3 = nmp’ py; T4 =nmp_py .

We are now ready to state our main result (see Figure 2 for an illustration).

Theorem 2.1 Let h > 3 be a fized integer. Write ag = 1 — ﬁ Let

{D(k)} be a sequence of random binomial intersection digraphs such that n
is increasing, m = O(n®) for some o >0, p_ — 0 and p4 — 0.

(i) If o« < ap and
h—1
(a) m*r=2p_ — oo then T3 is a birth threshold function for f()h with
the leading cover Ciy;

h—1 h—1
(b) mPr=2p_ — 0 and m"*~2py — 0 then 11 is a birth threshold
function for ?h with the leading cover Cys;

h—1
(c) mPMr=2p. — oo then 14 is a birth threshold function for ?h with
the leading cover Coyy.

(ii) If « > ag and



(a) mpy — O then 73 is a birth threshold function for f(}h with the
leading cover Ci,;

(b) a # g, mp— — oo and mpy — oo then 7o is a birth threshold
function for I_gh with the leading cover Cgr;

(¢) mp— — 0 then 74 is a birth threshold function for ?h with the
leading cover Coyy.

Let us introduce the following two collections of diclique covers. Let S;,
be the collection of all proper diclique covers of K} such that each C € S;,
is a set of arc-disjoint in-stars, that is, for each C' € C we have |[CF| = 1
and for each C;,C; € C with i # j and O} = C;“ we have C;" N C} = 0.

Similarly, let S,,: be the collection of all proper diclique covers C of [_(>h
such that for each C' € C we have |C~| = 1 and for each C;,C; € C with
i #j and C; = C} we have cin er = (). Observe that Cg,C;, € S;, and
CR; Cout € Sout-

For the “boundary’

)

cases of the parameters in Theorem 2.1 we have:

Theorem 2.2 Let h,{D(k)},n, ag, m be as in Theorem 2.1. Suppose p_ —
0 and py — 0. If

h—
(a) o < g and mh(h—12>p_ = O(1) then 11,13 are birth threshold functions
for ?h with the leading set {Cpr,Cin}-

(b) a < ag and mh(hh:12>p+ = O(1) then 71,74 are birth threshold functions
for ?h with the leading set {Cpr, Cout }-

(c) « = ag, mp— — oo and mpy — oo then 7,79 are birth threshold
functions for K, with the leading set {Cpr,Cr}.

(d) o > g and mpy = O(1) then 12,73 are birth threshold functions for
n with the leading set Sy .

(e) o > ag and mp_ = O(1) then 13,74 are birth threshold functions for
n with the leading set Syut.

(f) = ay and mpy = O(1) then 11,72, T3 are birth threshold functions for
n with the leading set {Car} U Sip,.

(9) o = ag and mp_ = O(1) then 71,72, 74 are birth threshold functions for
n with the leading set {Car} U Sput-



We note that the argument used in the proof of Theorem 2.1 can also
be extended to the case where p_ or p; are bounded away from zero. In
this case the birth threshold function remains the same, but the leading sets
have to be slightly modified.

Finally, for the case h = 2 we have

Remark 2.3 Let {D(k)},n,m be as in Theorem 2.1. Suppose h =2,p_ —

0 and py — 0. Then 75 is a birth threshold function for Ko with the leading
cover Cg.

3 Diclique covers: a general lemma

In this section we present some important estimates and Lemma 3.2 that
relates the birth threshold of a fixed digraph with presence of its diclique
covers. This is very similar to results for undirected random intersection
graphs, see Theorem 3 of [13]. We postpone the proofs of the estimates (1)
- (8) of this section till Appendix A.

Let {D(k)} be a sequence of random binomial intersection digraphs and
write D = D(k). Recall that we denote the vertex set of D by V and the
attribute set by W. Suppose m = O(n®) for some a > 0. In (1) - (5) we
will assume that

p——0, pyr—0 and mp_py — 0.

Note that in this case mp_p is asymptotically equivalent to the probability
that a fixed directed edge exists.

Given a diclique C'= (C~;C™") and a set S the restriction of C' to S is
the diclique C[S] = (C~ N S;Ct N S). The restriction for a diclique family
is defined by C[S] = {C[S]: C € C,V(C)N S # 0}.

Let S CV and let C be a diclique with V(C) C S. We will say that a
monochromatic C occurs on S if in the realization of D there is at least one
attribute w € W such that C = C(w)[S] (we say that w generates C on S).
We denote the probability of the event that a monochromatic C' occurs on
S by P(C).

We say that a diclique family C = {C1,...,Cs} is induced in D if there
are distinct attributes wi,...,ws € W such that C; = C(w;)[V(C)], for
each i = 1,...,s and for any attribute w € W \ {wy,...,ws} the diclique
C(w)[V(C)] is improper. Thus if C is induced in D then D contains C (see
Section 2). We denote the probability of the event that C is induced in D
by P(C). Let S1,Sa,...,Sn be all the subsets of V' of size r = |V(C)|, where
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h—1
h(h—2)
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Figure 2: Schematic illustration of Theorems 2.1 and 2.2. Top: « < «p, bot-
tom: « > «g. The coloured area is the region where D contains a copy of the
special diclique cover whp (IN = “in-stars” cover C;,,, OUT="*%out-stars” cover Coy,
MO=monochromatic cover Cp;, RB = “rainbow” cover Cgr), the remaining area
is where D does not contain that diclique cover whp. The white area is where
D does not have a copy of K; whp. On the contour between the white and the
coloured area we know that D does not contain any other proper diclique cover
whp (excluding the black points that correspond to the collections S;;, and S,ut)-



N = (:f) Let I; = Ijzc,s;) be the indicator of the event that the copy
M(C,S;) is induced in D. Then the number of induced copies of C in D is
defined by

N
X0 =)L

Let S C V and suppose C = (C~;C™") is a proper diclique such that
V(C) C S. Then the probability that a monochromatic C' occurs on S is

P(C) ~ P(C) = mp!® 1pl" (1)
Following [13], for a diclique family C = {C;} we write > CT =" |C;"| and
>.C~ =>"|C;|, and we denote by |C| the cardinality of C.
For a diclique family C let C1, ..., C; be all its distinct dicliques and let
ai,...,a; be their multiplicities in C. Let us denote a¢ = (ailas!. .. at!)_l.
Fix a diclique family C with V/(C) C V. If C is proper then the probability
that C is induced in D is

P(C) ~ P(C) := ac [] P(C) = acm/®lp=C p&¢". (2)
ceC

Write

VOl _ ac o ot
M(C) = M(Cvn7m7p—7p+) = WP(C) = |V(C)“n‘v(c)‘m‘clp§ p% .

If C is proper then the number X (C) of induced copies of C in D satisfies

EX(C) ~ u(C). (3)

More generally, suppose C is not necessarily proper. Suppose that, in addi-
tion, the following technical assumption is satisfied: foreach j =0,...,|V(C)]
mp’. — a; and mp7+ — b, (4)

for some aj,b; € [0;00]. Let C be the diclique family obtained from C by
IC~| |CH]
Py

taking only those dicliques C € C that satisfy mp — 0 (for proper

C we always have C = C). Define
¢ 3¢ et
V(O Cl 2 p%‘ .

Then



Observe that the event “C is induced in D” allows any number of extra
improper dicliques on V(C).

For a proper diclique family C and any sequence of random graphs
{D(k)} (without any assumptions on p_, p4, m) we have

P(D(k) contains C) < P(C); (6)
P(C e D(k)) < pu(C); (7)

(recall that the first event concerns a fixed diclique cover while the second
one asks for any copy of C in D(k)) and, if (4) holds then for any diclique
family C

P(C e D(k)) < (). (8)

We will use the following simple technical lemma several times below.

Lemma 3.1 For a positive integer t let f1,..., ft,g : N = R be any func-
tions. Suppose that for any increasing sequence of positive integers (ny),
k=1,2... such that

lim fi(ng) exists or is in {—o00,00} for eachi=1,...,t (9)
k—o0

we have limg_, g(ng) = b € [—o0;00]. Then lim,_, g(n) = b.

Proof Write g = limsup,,_,. g(n). Then there is an increasing sequence of
integers (n;),j = 1,2,... such that g(n;) — g. By the Weierstrass theorem
this sequence has a subsequence (ng),k = 1,2,... such that (9) holds. So
b =limy 00 g(ng) = g. Similarly b = liminf,_,~ g(n) and the claim follows.

O

Let us call a diclique family C simple if it is proper and has no repetitive
elements. The following result allows to find a birth threshold of a fixed
digraph by considering just a constant number (which depends on h) of
diclique covers.

Lemma 3.2 Let {D(k)} be a sequence of random binomial intersection di-
graphs such that n is increasing. Let h > 2 be an integer, and let H be a
digraph with V (H) = [h] and without isolated vertices. Suppose that p— — 0,
p+ — 0 and mp_py — 0. Then

(a) if for each simple diclique cover C of H there is a non-empty set S C
V(C) such that E X (C[S]) — 0 then whp D(k) does not contain a copy
of H;

10



(b) if there is a simple diclique cover C of H such that E X (C[S]) — oo for
each non-empty set S C V(C) then whp D(k) contains an induced copy
of C (and therefore also a copy of H as an induced subgraph,).

Proof The part (a) is easy. Suppose the sequence {D(k)} satisfies the
conditions of (a), but limsup P(K}, € D) > 0, where D = D(k). Since the
event [_(>h € D implies C € D for some simple diclique cover C of ?h and the
number of such diclique covers is finite we have limsup P(Cy € D) > 0 for

one of such covers Cy. By Lemma 3.1 we may assume that (4) holds. Take
a set S C [h] such that E (X (Cy[S])) — 0. By (5) and (8) we have

P(Co € D) < P(ColS] € D) < a(Co[S]) = O(E X (ColS])) = o(1)

which is a contradiction.

Now let us prove (b). Let C be a simple diclique cover of H that satisfies
the condition in (b). Note that |V(C)| = h since H has no isolated vertices.
Recall that the number of induced copies of C in Dis X = X(C) = XN | T,
where I; = 1 if and only if the diclique cover M (C, S;) is induced in D and

by (3) ,

EX ~ u(C) ~ %15(6) — 0.

So the claim will follow by the method of second moments if we show that
Var(X)/(EX)? — 0. We have

EX’=EX +» LI
i#]
If the sets \S; and S; do not intersect, we have that I; and I; are independent
and ELI; = EL;EI;. There are in total (Z) (”;h) (ordered) pairs of sets that

do not intersect. So

2h

Var(X)=EX?2 — (EX)2~EX + (ZLW (1+0(1)) P(C)?

n2h

~ (h1)?

(1+0(1)PC)*+ Y  ELL
SiNS;#0

=o(EX))+ > ELI;

SiﬁSjsﬁ@

and we have that

Vsins 2 BLL 20 () () (o) maxisng, s ELL :
(EX)? = (EX)? <O

11



for some constant C' where
o maxwmsj‘zs EL]IJ
s nsP(C)?

(10)

To show that Var(X)/(E X)? — 0 it is enough to prove that Ts; — 0 for
s=1,...,h.

Fix a positive integer s, s < h and two sets S;,S; C V of size h such
that |S; N Sj| = s. Let C' = M(C,S;) = {C%,...,C{} and C7 = M(C, ;) =
{C{, ...,C7} be two copies of the diclique family C (here ¢ = |C|). Let
M be a matching (not necessarily perfect) in a bipartite graph with parts
X =A{z1,...,zs}and Y = {y1,...,u}. Let L =X\ {x;: 2y, € M} and
R =Y\ {yr : ;iyr € M}. Define a diclique family!

CM ={CiuCi my, ¢ MYU{C}:x € L}U{CI :y, € R}.

Here the union of diclique families is ‘multiset union’ so that CM contains
exactly M|+ |R| + |L| elements.

Let us call M good if CM[S?] \ C' and CM[S7]\ C7 consist of improper
dicliques only.

Proposition 3.3 If both C' and C’ are induced in D then there is a good
matching M such that D contains CM.

Proof By definition, if both C? and Cj. are induced in D then there are two
lists w' = (w!,...,w}) and w/ = (w},...,w]) of attributes from W such
that

Cw)[S1=C! and CWw))[S]|=CI fors=1,...,t

Also, there are no edges in D[S?] (respectively, D[S7]) generated by at-
tributes not in w’ (respectively, w’/). Notice also, that by definition the
elements in each of the lists w’,w’ must be distinct (although there can
be some elements that belong to both lists). Thus all pairs z;y, where
wi = wi and I,r € {1,...,t} define some matching M. Clearly for each
diclique C' € Cyy, it is possible to assign a unique element w € W such that
C C C(w)[S*U S7]. The fact that My is good follows by definition since
both C* and C’ are induced in D. O

Let P**(C) denote the probability of the event that D contains C. It
follows by Proposition 3.3 that

ELL <> P=(cM). (11)
M

I The notation should not be confused with the monochromatic cover Cyy.

12



where the sum is over all good matchings M. The number of all good
matchings M is at most (¢ + 1), which is constant. By (10) and (11) it

suffices to show that
P**(CM)
nsP(C)?
for each good matching M. Write S = S*N.57. We have P(CM) < P(CM)
by (6) and P(C;) = P(C;) ~ P(C) by (2). For 2y, € M we have

—0

pPcjucy) 1 _ 1
EYN N i | it - i+
P(CHP(CI) G O JOINCET] = JSNCE S|

Therefore we get that there is a constant ¢ such that:

nsP(C)2  nsP(CH)P(CI)

c P(Ciuc)) P(C) P(CY)
= 1 P(C})P(CY) 11 P(Cy) Il 5
Tyr€M l ") x€L l r

& H 1
ns |CimnCiT| |CitneiT
xyr€EM MP_ 2

IN

C H 1
ns |SNCE™| |SnCiT
yré€R mp_ p+

=0 (ex@mEy) = O

Here we get the bound in the last line as follows. If all dicliques in C7[9)]
are proper, we use (3). If C/[S] has some improper dicliques, by Lemma 3.1
it is sufficient to consider the case where the assumption (4) holds. In this
case we use (5) with the family C/[S]. This completes the proof. O

The following fact follows easily from the estimates above.

Lemma 3.4 Fix an integer h > 2. Let H be a digraph with V(H) = [h] and
at least one arc. Let {D(k)} be a sequence of random binomial intersection
digraphs such that mp_py — 0. Let S be a collection of simple diclique
covers of H. Suppose that u(C) = O(1) for each C € S and for each simple
cover C of H, such that C ¢ S we have u(C) — 0. Let C be any proper
diclique cover of H such that C ¢ S. Then P(C € D(k)) — 0.

Proof Suppose, the claim is false, i.e. there is a proper diclique cover Cgy
of H such that limsup P(Cyp € D(k)) > 0 and Cy ¢ S. By assumption and

13



(7) Cp cannot be simple. We may assume that Cy consists of some simple
cover C1 of H and a proper diclique C. By (7) and the definition of u:
P(Cy € D(k)) < u(Cy) < pu(C1)P(C) — 0 which is a contradiction. O

4 Main proofs

The four special (see Section 2) diclique covers of the digraph ?h have the
following birth thresholds:

Lemma 4.1 Fizx an integer h > 2. Let {D(k)} be a sequence of random
binomial intersection digraphs such that n is increasing, p— — 0, p — 0

and mp_py — 0. Then the diclique covers Cpr, Cr, Cin, Cout of Kp have
birth threshold functions T, To, T3, T4, TESpectively.

Proof Let C be one of the four special covers. To prove that 7 is a birth
threshold function for C we may use Lemma 3.2. By that lemma it is enough
to show that whenever p_ — 0, py — 0 and mp_p+ — 0 we have

T—0 = EX(C)— 0 (12)

T — 0o = for each non-empty set S C [h] : EX(C[S]) = c0.  (13)
Here 7 = 7(k) = 7(n(k), m(k), p—(k), p+(k)).

By Lemma 3.1 we may assume that (4) holds.

For the monochromatic cover Cy; we see that for any non-empty set

S C V(Cp) of size s < h, the restriction Cys[S] has the same form as the
cover Cys defined for h = s so:

p(Cu[S]) = n*mp-ps)* = m' 7.

So (12) and (13) follow by (3).

Consider now the diclique cover Cr. Let S C V(Cgr) be non-empty and
write s = |S|. When s < h the restriction C = Cr[S] is not a proper diclique
family as for each v € S it contains (h — s) dicliques ({v};0) and (h — s)
dicliques (0; {v}). Therefore we need to use (5) with the family C.

If mp_ — 0 and mp, — 0 or S = [h] then C = C and

ﬂ(C) _ nsms(sfl)JrZs(hfs) (p_p_‘_)s(sfl)«}s(h—s) _ ms(h,s)Ts(h—l)
and (12) follows by (3). If mp_ — a1 > 0 and mpy — 0 then ¢ = C\
{({v};0) : v e S}.
a(C) = nSmS(s—1+2s(h—s) (pier)s(s—l)—O—s(h—s)(mpi)—s(h—s)
= (p_)—s(h—s)TQS(h—l)'
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The expression [i(C) for the case mpy — by > 0 and mp_ — 0 is similar
(replace p_ with p;).

If mp_ — a1 > 0 and mpy — by > 0 by (5) the family C is exactly the
cover Cr defined for h = s and

s(h—s) _
a(C) = nﬁTS(S 1

In each case (13) holds by (5).

For the “in-stars” cover C;,, we have

h(h—1
Ry (h=1)_h h

w(Cin) =n pb_ by =173

so the implication (12) holds by (3). Now let S C V(C;;,) be non-nempty
and write s = |S|. Suppose s > 2. Then the diclique family C = C;;,[S] is
not proper as it contains h — s copies of the diclique (S;0). If mp® — 0, we
use (5) with € = C:

ﬂ(C) = nsms+(h_3)ps_(sfl)+s(h*5)pi _ mh_s’T;.

If mp® — a, > 0 then we have C = {(S\ {v};{v}): v € S} so

i(C) = nsms—l—(h—s)pi(s—1)+s(h—8)pj_(mps_)—(h—s) _ p—s(h—s)Tg.

Now, if s = 1, in each of the cases a; > 0, by > 0 and a; = by = 0, see (4),
by (5) we have that E X (C) = Q(73). Therefore by (5) we see that

E X (C) — oo (14)

when 73 — oo and S C V(Cyy,) is non-empty and so (13) holds for C;,.
Finally, the case of Cyy: is symmetric to that of C;y,. O

Remark 4.2 Let {D(k)} be as in Lemma 4.1. Let C be one of the four

special diclique covers of ]_()h and let T be its birth threshold function given
in Lemma 4.1. If T = ©(1) then P(a copy of C is induced in D(k)) = Q(1).

Proof From the proof of Lemma 4.1 we have that u(C) = ©(7") for C €
{Cin,Co1,Cout} and u(Cgr) = @(Tzh(h_l)). So in each case, we have u(C) =
O(1).

By (3) the number X = X(C) of induced copies of C satisfies

EX = O(u(C)) = O(1).
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The proof of Lemma 4.1 also shows that in each case p(C[S]) = Q(1) for each
S C V(C). Following the lines of the second part of the proof of Lemma 3.2

we see that
Var(X)

— 2~ 0(1).
Using the Cauchy-Schwartz inequality we get

P(X >0) > (EQQ = Q(1).

d

The next lemma says that if p_ is sufficiently large then it is always
‘better’ to replace any diclique cover by a ‘star’ cover C’:

Lemma 4.3 Let h > 3 be an integer and let {D(k)} be a sequence of ran-
dom binomial intersection digraphs such that n s increasing, p— — 0 and

h—

mh<h*12)p, = Q(1). Let C be a diclique family consisting of a single proper di-
cliqgue C' = (C~;Ct) with V(C) C [h]. Suppose |CT| >2 or |C~NCH| = 1.
Let C' be a diclique family defined by

¢ = {(C™\ {v};{v}) veCt).
Then P(C') = Q(P(C)). More precisely,
(a) If C # Car or m"—5p_ — o0 then P(C) = o(P(C));
(b) IfC = Car and m™ -2 p_ = ©(1) then P(C') = ©(B(C)).

We note that C and C’ are both diclique covers of the diclique C.
Proof If [C*| =1 and |[C~ NC*| =1 then

P(C)

—1
= =p_ — 0
P "
so we may assume that |CT| > 1. Let c— = |[C7| and ¢4 = |CT|. Then
~ Cl—
Py _merp=t pl me+—1pE € e
P(C) mp pSt -
1 1 C+—1
> mc+—1p(f+—1)(h—1)—1 _ (mph ! C+1> (15)
h*l*L C+—1
> <mp ’”> : (16)
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Here the inequality in the second line follows from:

= <(ey —1)(h—1)-1. (17)

To see (17) consider three possible cases:
Ifc. €{1,2,...,h — 2} then

ZCL —c_<coey—co=c_(cy —1)<(h—1)(cy —1) = (cy — 1).

If c. = h — 1 then there is at most one diclique C’ in C' with C't = {v}
such that v € |[CT\ C~| so

€T —c < (- =g —Dtem—co=(h—1)(cy — 1) — (eg — 1),
and if c_ = h,
ZC,_ —c-<cylecc—1)—c_=(h—1)(cy —1)—1.

Note that in the inequality (16) the right hand side can be of the same order
only for ¢y = h. But if c; = h and c_ < h, we get

T —co=(h=2)c_ <h(h—2)=ci(h—1) -1,

so in that case the right hand side of the inequality (15) of a smaller order
than the left hand side. Now note that

1
h=l-5"3

mp =Q(1)
since p_ = ) (mi h(hh:g)) and mlfhgbh_*l?) e 1. Thus we have shown
that P(C) = O(P(C’)) and the claim (a) holds. To complete the proof, note
that for C = Cp; (17) and (16) become equalities. 0

The next lemma shows that if we have a diclique family consisting of
many “in-stars” centred at one vertex, we may merge all of them into a
single diclique.

Lemma 4.4 Let h > 2 be an integer and let H be a digraph obtained from
the complete bipartite graph K 1 by orienting each edge towards the centre
vertex v. Let C be any proper diclique cover of the digraph H of the form

C={(Cri{v}),i=1,....t}
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where t > 2 and | J,C; =V (H) \ {v}.

Let C* = {(V(H) \ {v};{v})} be a cover of H and let {D(k)} be a se-
quence of random binomial intersection digraphs such that n is increasing,
p— — 0 and mpy = O(1). Then

P(C*) = Q(P(C)).
More precisely,
(a) If mpy = o(1) or S.C~ > h — 1 then P(C) = o(P(C*));
(b) If mpy = O(1) and S.C~ = h — 1 then P(C*) = ©(P(C)).

Proof Using (2) we have

P(C a mtpgcipt _ - (h—
p((c*)) = cmph—lp £ = ac(mpy)'~1p=¢ Y = 0(1)
- b+

since ) C~ > ||J, Ci| = h — 1. The claims (a) and (b) follow similarly. O

Let us remark that we use P rather than P in Lemma 4.3 and Lemma 4.4
for convenience. By (2) we know that P can be replaced by P as long as
p—,p+ and mp_p4 all tend to 0. We are now ready to prove Theorem 2.1.

We split the proof of our main result into a few lemmas. In the four
lemmas below we assume that h,{D(k)},n,ap,m are as in Theorem 2.1
p— — 0,p+ — 0 and p(C) = p(C,n,m,p_,p+) is as defined in Section 3.

h—
Lemma 4.5 Suppose o < g and mh(h}?)p, = Q(1). Then 13 is a birth
h—1
threshold function for I_()h. Furthermore, if m*h=2p_ — oo then the leading
h—1

set is L = {Cin} and if m**=2p_ = O(1) then the leading set is L =

In each of the cases above, if 3 = ©(1) then pu(C) — 0 for any simple
diclique cover C € L and u(C) = 0(1) for C € L.

h—1 h—1

Lemma 4.6 Suppose a < ag, m**=2p_ — 0 and m"*=2p, — 0. Then
71 48 a birth threshold function for [_(>h with the leading set L = {Cps}.

If ;1 = O(1) then u(C) — 0 for any simple diclique cover C ¢ L and
u(C) =0(1) forC e L.
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Lemma 4.7 Suppose a > ag and mpy = O(1). Then 73 is a birth threshold
function for [?h. Furthermore, if a > ag and mpy — 0 then the leading set
is L ={Cin}; if a« > ag and mp; = O(1) then the leading set is L = Sip; if
a = ap and mpy = O(1) then the leading set is L = {Car} U Sin.

In each of the cases above, if T3 = ©(1) then u(C) — 0 for any simple
diclique cover C & L and u(C) = O(1) for C € L.

Lemma 4.8 Suppose a > ag, mp— — oo and mpy — oo. Then 1o is a
birth threshold function for ?h- Furthermore, if @ > ag then the leading set
is L={Cr} and if o = aq then the leading set is L = {Cpr,Cr}.

In each of the cases above, if 79 = ©(1) then u(C) — 0 for any simple
diclique cover C ¢ L and u(C) = 0(1) for C € L.

Proof of Theorem 2.1 Apply Lemmas 4.5-4.8 and notice that the cases
(i)(c) and (ii)(c) follow by symmetry. O

Proof of Theorem 2.2 We note that if 7, 7/ are birth threshold functions
for the sequence {D(k)} given by Theorem 2.2 then they are equivalent
in the sense that log7 = ©(log7’). The cases (a), (c), (d), (f) follow by
Lemmas 4.5-4.8 and the remaining cases follow by symmetry. O

The idea of the proof of Lemmas 4.5-4.8 is to consider the birth threshold
functions of the four special diclique covers and the boundaries determined
by them, see Figure 2. We will use Lemma 4.3 and Lemma 4.4 to compare
the probability of complicated diclique covers of I_gh with the probability of
appropriate special covers. In the proofs we write D = D(k).

Proof of Lemma 4.5 By Lemma 3.1 we may assume that mp_p; — a €
[0; o0].

Suppose that 13 = 73(k) = nmplp, — coas k — oo Ifa =0
then by Lemma 4.1 the random digraph D contains a copy of C;, whp.
If a > 0 consider a sequence of random digraphs {D’(k)} where D'(k) =
D(n,m,p_,p,), py = (wmp_)~! and w = w(n) grows slowly, say w(n) =
Inn. We have

a(h—1)
3(n,m,p_,ply) = nmpl~'pl, = np" 2wt = Q <n1_ z w_1> :
So 3(n, m,p_,p/,) — oo, mp_p/, — 0 and p/, = o(py). We have that D' (k)

contains a copy of C;, whp by Lemma 4.1 and therefore D(k) contains a
copy of C;;, whp by monotonicity.
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Now suppose that 73 = O(1), so that u(Cin) = 7 = ©(1). Notice that
since a < 1 we have

1 a(h—
mp_py = —p— =0 <h1) =0 () = o(1).
np e

nm

Let C be any simple diclique cover of ?h. We will show that

p(€) =0(1) (18)

and furthermore we can replace O() with o() (respectively, O()) if C ¢ L
(respectively, C € L).

Assuming we have proved (18), we obtain that 73 — 0 implies u(C) —
0, since both 73 and p(C) are increasing multinomials in m,p_,p;. Now
the fact that 73 is a birth threshold function for I_gh follows by (6) and
Markov’s inequality since the number of simple diclique covers of Ky, is
finite. Remark 4.2 implies that in the case u(Ci,) = 7% = ©(1) we have

h—1

P(Cin € D) = Q(1). If in addition mp""™® = ©(1) then we have u(Cps) =
T1(n,m,p_,py)" = ©(1) and so P(Cy; € D) > 0. So by Lemma 3.4 the set
L is leading (for the birth threshold function 73 and ?h)

So let us prove (18). Suppose C = {C1,Cy,...,C;}. Using the definition
of p and P, see Section 3, we have

p(C) = (W) "'n"P(C1)P(Cy) ... P(Cy)

— 0 (n"P(C)P(C)... P(c;)) (19)
= O(n"P(Cin)) (20)
= O(u(Cin)) = O(1) (21)

Here in (19) we apply Lemma 4.3 so that for each i = 1,...,¢ the diclique
family C! is obtained from the family C; = {C;} by splitting it into “in-stars”.
The resulting family ¢’ = C{ UC, U ---UC;, is a cover of K, which consists
of possibly duplicated or overlapping “in-stars”. Next, in (20) we regroup
the terms and apply Lemma 4.4.

More precisely, note that by Lemma 4.3 we can replace O() with o() in
(19) in all cases except if

h—
o p_m-7 = O(1) and C = Cps; or

e for each C' € C we have |[CT|=1and CtNC~ =10.
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We can complete the proof of (18) by noticing that since o < ap we have
pyr = O <73/(mnp}i_1)> = o(m™!), so by Lemma 4.4 we can replace O()
with o() in (20) for the second exceptional case whenever C # C;y,. O

Proof of Lemma 4.6 First suppose that 71 = 7y (k) = nm'/"p_p, — oc.
By Lemma 4.1, some copy of Cps is induced in D whenever mp_py — 0.
Otherwise, using Lemma 3.1 we may assume that mp_p; — a € (0;00].
Let p” = (mpy Inn)~! and consider a sequence of random digraphs {D’(k)}
where D'(k) = D(n,m,p"_,p+). Then mp' py — 0, p_ = o(p-) and
T1(n,m,p’ ,py) — oo. So we have that D’(k) contains an induced copy
of Cpy whp by Lemma 4.1 and by monotonicity Cp; € D whp.

Now suppose that 71 = ©(1). In this case we have u(Cy) = 7 = 6(1)
and

h—1

1 m b=t

Let us now show that for any simple diclique cover C of I_()h, such that
C # Cp we have u(C) — 0. Lemma 4.6 will then follow by monotonicity,
Lemma 3.4, Lemma 4.1 and Remark 4.2.

Write t = p_p, = O (nflmfl/h). By the definition of u, see (3), we

have that for any simple diclique cover C of K

h',u(C) _ nhm|C\p§C+p§c_
=l Clp ¢ R (22)
= phmlClp= € R0t (23)

Define pg = m h(hh_*g). Clearly, if >>C~ > >_C™, then by (23):

ILL(C) = ,u(C,n,m,p,,er) =0 (:U’(C’ n,m,po; t/pO)) .

Since 73(n, m, po,t/po) = O(1) by Lemma 4.6 we get 1/ = u(C,n, m, po,t/po) =
O(1) and furthermore p/ — 0 if C & {Cas,Cin}-

To see why 1(Cin) — 0, note that > C; > > Cif and by (23) we have
11(Cins nym, po;t/po) = o (1(Ciny ny My p—, p))-

The case Y. CT > Y C~ is similar by symmetry: we use Lemma 4.5 with
p— and p, interchanged and replace 13 with 74, C;, wWith Cpye. O

Proof of Lemma 4.7 Suppose 73 — oo. If mp_py — 0 then by Lemma 4.1,
D contains a copy of C;,, whp. Otherwise let w — 0o not too fast so that w =
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7'§ / (h_l)) and let p’ = p_/w. Consider a sequence of random digraphs

{D'(k)} where D'(k) = D(n,m,p_,ps+). By Lemma 4.1 and Lemma 3.1
P(Ci, € D'(k)) — 1 and so P(Ci, € D) — 1 by monotonicity.
Now suppose 73 = O(1), so that u(Cin) = 74 = O(1). In this case we
have mp_py = O(n_l/(h_l)) — 0. Let C be a any simple diclique cover of
n- We will show that
u(€) = 0(1) (24)

and furthermore we can replace O() with o() (respectively, O()) if C ¢ L
(respectively, C € L).

Assuming (24) holds, since both 73 and p(C) are monotone increasing
multinomials in m, p_, p; we have that 73 — 0 implies (C) — 0. Therefore
using Lemma 3.4, Lemma 4.1 and Remark 4.2 completes the proof of the
lemma in the case where mp_ — 0. For the boundary case mp_ = ©(1), (24)
and Lemma 4.9 below shows that each cover in S;, belongs to the leading
set when a > ag. If @ = ag we use the fact that u1(Cy) = 7 = ©(1) and
Remark 4.2 to show that Cp; also belongs to L.

Let us check (24). We have

b — <nn:; >1/(h—1) _q <ma(;7i1)) g (mi%)
+

h—1
and m»*-2p_ — oo when a > «ag. So we may apply Lemmas 4.3 and 4.4
as in the proof of Lemma 4.5 to get that

1(C) = O(u(Cin)) = O(1) (25)

Furthermore, Lemma 4.3 and Lemma 4.4 also give that we may replace O()
with o() in (25) in all cases, except if

e C=Cy and mh(hhil@p_ =0(1) or

e mpy = O(1),|CT| =1 for each C' € C and for each j = 1,...,h the
diclique cover C; obtained by taking all dicliques C' € C that have
CF = {j} satisfies 35 C; = h — 1.

The first exception occurs only if @ = ag and mp; = O(1). The second
exception represents all diclique covers C € S;,. This completes the proof
of (24). O

Proof of Lemma 4.8 Suppose 75 = n*/*Dmp_p, — co. If mp_py — 0
the random digraph D contains a copy of Cp whp by Lemma 4.1. Other-
wise, assume that mp_p, — a € (0;00]. Let p’ = (mpyInn)~! = o(p_).
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Then the random digraph D(n,m,p’,py) contains a copy of Cr whp by
Lemma 4.1 since mp’ py — 0 and 75 — oco. Monotonicity and Lemma 3.1
imply that D contains a copy of Cg whp in all cases when 70 — oc.

Now suppose that 75 = ©(1). Similarly as above, we have u(Cr) =
Tél_l =0(1) and mp_py = O (nil/(hfl)) — 0. Let C be a simple diclique
cover of ?h- We will show that if C /£ then u(C) — 0. As in the proof
of Lemma 4.6 we will then be able to complete the proof using Lemma 4.1,
Markov’s inequality, Lemma 3.4 and Remark 4.2 (for the case v = g notice
that 71 (n,m,p_,p+) = O(1), so the birth threshold functions 7 and 7
become equivalent).

Suppose >.C~ > > C*. Using (22) we have

N(C) = :U’(C’nvmap—7p+) =0 (M(C,n,m,t/po,po))

where ¢t = p_p, and pg = m~!. Also note that when C~ > C*
1(C) = o(u(C,n,m,t/po, po))- (26)

Since 73(n, m,t/po, po) = nm (n_l/(h_l)m_lpal)hflpo = O(1) we can apply
(25) from Lemma 4.7 for the sequence of random digraphs { D (n, m,t/po, po)}
to get that u(C,n,m,t/po,po) = O(1).

Lemma 4.7 also gives that u(C,n,m,t/pg,po) — 0 for all simple diclique
covers, except if C = Cys in the case a = ag or if C € S;;,. It remains to
check that p(Cp) — 0 for any diclique cover Cy € S;y, such that Cy # Cg.
But any Cy € Si, \ {Cr} has > Cy > > Cf, therefore u(Co) — 0 by (26).

The case Y. C~ < >_C™ is similar because of symmetry. O

Lemma 4.9 Let h,{D(k)},n, g, m be as in Theorem 2.1. Suppose p_ — 0
andpy — 0, a > ag and mpy. = O(1). Consider any diclique cover Cy € Siy,.
If 13 = m3(n,m,p_,py) = Q1) then P(C € D(k)) = Q1) and if T — o0
then D(k) contains C whp.

Proof Write D = D(k). By Lemma 4.7 we have p(Co) = O(1) whenever
T3 = @(1) .
Assume first that 73 — oo. We claim that for any non-empty set S C [h]:

1(ColS]) = Qu(CinS]))- (27)

By (14) in the proof of Lemma 4.1 we have that p(C;,[S]) — oo.
By Lemma 3.1 we may assume that (4) holds. Also, since p— — 0 we
have mp_p4+ — 0.
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First consider the case S = {v} for some v € [h]. By the definition of S;;,,
Co[S] consists of exactly h — 1 dicliques ({v},?) and one or more dicliques
(0;{v}). Let us apply (5). Since mp; = O(1), the set ég[S] is equal to
Cin[S], so (27) follows by (14) for the case |S| = 1.

Now suppose |S| > 2. Split a given diclique family C into the family of
its proper dicliques C’ and the family of its improper dicliques C” so that
C =C"UC”. Note that if V(C") C V(C’) by (5) we have

E X(C) = ©(u(C")P(C") (28)

where C" is the collection of dicliques C' of C” that satisfy P(C) — 0.

By Lemma 4.4 we have u(Co[S]") = O(u(Cin[S])). If mp® — 0 then
Cin[S]" consists of h — s dicliques (S;@). Similarly, since Cy € Si, the set
Co[S]” can be partitioned into h—s families of improper dicliques Cy, . . ., Cj_s
so that each C; consists of pairwise disjoint dicliques, > C;” < sand ) C;“ =
0. We have for eachi=1,...,h — s:

[T 2(0) = mllp= S = (P (;0)).
cec;

If mp® — as > 0 then both C [S]” and Cin [S]"” are empty. So in each case
P(ColS])") =© (H 15@‘)) = Q(P(CinlS]"))

and (27) follows by (28). Now (27) and Lemma 3.2 imply that D contains
a copy of Cop whp when 73 — o0.

Finally, we need to check that P(Cy € D) = Q(1) if 73 = ©(1). We note
that in this case (27) still holds. Therefore the same argument as in the
proof of Remark 4.2 shows that P(Cy € D) = Q(1). O

Proof of Remark 2.3 Write D = D(k). Consider two simple diclique
covers of ?2, namely Cr = C;;, = Coyt and Cpy. Clearly, ?h € D implies
that Cr € D or Cpy € D.

Let us show that 79 — oo implies P(Cp € D) — 1. If mp_py — 0
this follows by Lemma 4.1. Otherwise, using Lemma 3.1 we may assume
mp_py+ — ¢ € (0;00]. Consider another sequence of random digraphs
{D'(k)} where D'(k) = D(n,m, (wmp; )%, py) and w = Inn. By Lemma 4.1
we have that Cp € D’(k) whp, and by monotonicity Cr € D whp.

Now suppose 75 = O(1). Then 71 = m~"/21 — 0 and p(Cy) = 7 — 0.
This implies by (3) that any simple cover C of ?2 such that C # Cr must
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have x(C) — 0. By Lemma 4.1 and Lemma 3.4 for any proper diclique
cover C # Cr we have P(C € D) — 0. Finally Remark 4.2 shows that
P(Cre D)=9Q(1) if m = O(1) and so Cp is indeed the leading cover. O

A Proofs of (1)-(8)

We will prove the estimates from Section 3.

Proof of (1) - (8) Similarly as in [13] we can represent D by two random
n by m binary matrices R~ and R™ where R;; =1if and only if j € 57 (i)
and R;; = 1 if and only if j € ST(3).

To prove (1) we will apply Lemma 2 from [13]. The probability of success
p is the probability that a fixed key generates C on a fixed set S O C~UC™T:

ISI=1e™1 IS|=IC*]

Cc—| |Cct+
p=p 'pL 1-p.) 1—pg)

We have that p ~ 10'_0_‘10‘5+| since |9] is fixed and p_,p;+ — 0. Since
C is proper and mp_p, — 0 we have that mp — 0. By independence
and the inclusion-exclusion principle (or by Lemma 2 of [13]) we have that
P(C) ~mp ~ mp'_c_| p|+C+|. Equation (2) follows from analogous reasoning
as in the proof of Theorem 3 of [13]. For the random digraph D let N¢
count the number of different attributes w € W that generate the diclique
C (on the set V(C)). Suppose {C1,Cy,...,C;} are all distinct dicliques in
C where C; has multiplicity a;, i = 1...t and let {Ciy1,...,Car} be the set
of all proper dicliques on V(C) that are not in C. Then by Lemma 1 of [13]:

)
)

P(C) :P(N01 =ay,...,Ng, :at,NCtH =0,...,N¢g,,
P(N¢y > ay, ..., Ng, > a4, Ne,,, =0,...,Ngy,

P(C1)" P(C)*  P(Cy)™ IS Dleas

=0
=0

2

since for j > t, P(N¢; = 0) = 1 — P(Cj) — 1. Now the equation (3) is
immediate since EX(C) = (‘V?C)‘)P(C).
To see (5), recall that by Lemmas 1 and 2 of [13] we have for any diclique

family C:
PC)~ ] P(C) ~ Kac ][] P(C)

ceC Ce(f

where K = HCEC\é P(C) is a constant.
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The proof of the upper bounds (6) and (7) is much simpler: we sum the
probability that D contains a fixed copy of C realised by a fixed tuple of
attributes, [[oce P(C), over all ( m ) ways to pick a relevant tuple, and,

at,...,at

for the bound (7), over all (|V?C)|) sets of V' of size |V(C)|. The estimate
follows by the union bound. The estimate (8) follows similarly. O
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