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������� �"!$#&%(')'+*-,��/.0�12�"%(,-32.(%4'65-7/!�89�/1;:�1
c(A) < %(, A

7/�"!=��!��>1@?BA %(')�C1)D-0(EF!�,HGI0�12�;�/J�!�,
A')�C1

rk(A) = n
���/!K'�08 �"')0(7/!L#&%(')'+*-,��/.0�12�"%(,-32.(%4'65-7/!�89�/1;:�1�?

MONQP RTSVUWSYXYZ	[\Z^]`_�Zba>c-dOe&[fXVg9g4hfg(i Z	UWZ

j �",Tkl7"!��nm�D9*�,�o43;32p93>12!�'q� !��$r-%(�;'
Ax = 0

D�!��/s(1ut�v�w)v;x�y=zF?|{�3>1
fA(x) = Ax

���/!}� *���m�D
� �"!)GI01;�2�/8

A
��!=~-,��"!��212!�7/�",�!@0��;!��fE-E��/7n� *�,-o-��32%��n3�1L� �"!6�	�432*�,�o432')!�,�o4! < %4, Ax = 0

o4!�,-0(*
� !����f*-7/7"�;0(*�'

Null fA
� �"!�32!����fE-E��/7n� *�,-o-?��&!����|�/7n� ��0�*�'

Bild fA = {Ax : x ∈ Fn} � !��
�\E�E��"7"� *-,�o

fA
�"3>1+� !��6A95-0(7C1;!�,���0�*-' < %4, A *�,-��32!��",�!��&�/')!�,F3>�"%(,��n3�16��0�D�!���o(7"!��nm�D

rk(A)
?

�&0(m�D�� !��L�&�/')!�,F3>�"%(,-3>��%(�;')!�7B�����L7"�",�!�0(�2!)�fE�E-�/7n� *�,�o4!�,���A�012J���? �����",}�\E-3;m�D�,��/1>1�� ? ��?��(�\o(�"7/1
32%(')�/1

dim (Null fA) = dim Fn − dim (Bild fA) = n− rk(A)

*�,F�$���"��!��;D-0(7C1;!�,

�$�-���� � ¡���¢�£¥¤§¦ ¨$©�ª¬«9b®@© ��b®@¯°�-�ª¬«9�B¯°±	�$²b��ª¬��³F«9´«uµ���«�©�¶·²§¸b´³F®@®�¹�®�º@«�ª»«
r´���Y¼�!@� !

m× n GI0�12�;�C8
A

��E�!��\!��/,-!�'½#&�(�;5�!��
F
�n3�1&��!��\�	�432*�,�o432��0�*�' < %(, Ax = 0!��",¿¾f,�12!��2��0�*-' < %4, Fn

� !��f�&�"'6!�,-32�/%4,
n− rk(A)

?

{À,-32E�!�32%(,-� !��2!&D-01
Ax = 0

')�/,F� !�3>12!�,-3|!��",�!\,��nm�D�1>ÁQ12�;� < �n0�7"!&�	�432*�,�o x 6= 0
�9��!�,�,

m < n
o(�"7C1@�

�§?2D�?��|!�,�,u� �"!�ÂÃ0�D-7�� !���ÄY0(�2�n0�E�7"!�,�o(�;�(s4!��O0�7n3�� �"!�Â§0�D�7�� !��&kl7"!��nm�D�*-,�o(!�,��n3�1@?

�
GI�C1KD�%(')%4o(!�,-!�,Åkl7"!��nm�D9*�,�o43;32p93>12!�')!�,¿.0�,�,Å'�0�,�� �"!67/�",�!�0(�2!6¾f,-0(E�D-:(,�o(�"o(.4!��/1\E�J��L?Ã7"�CÁ
,-!�0��;!V�\E�D-:�,-o(�"o(.(!��C1 < %(,LÄÆ!�.�12%(�;!�, v1, . . . ,vn

��E�!��;5��;� ��!�,�Ç·r-043232!V� �"!|ÄÆ!�.�12%4�2!�,�0�7n3´A95F0�7/Á
1;!�,�!��",�!���GI0�12�;�C8

A
0�* �´*�,-�$32m�D-0(*�!(�9�|!�7nm�D�!&�	�432*�,�o4!�,���043�kl7/!��"m�D9*�,�o�3232p 3�1;!�'

Ax = 0
D-0�1�?

È !�� !�����3>*�,-o
x

o(�"E 1)*�,-3�!��",�!��	�/,-!�0��;.(%4'+E��",-0�12�"%(,�� !�36�f*-7/7 < !�.41;%(��3�?´�f7n3>%}3>�",-�
v1, . . . ,vno4!�,-0(*���0(,�,�7/�",�!�0(��*�,-0(E�D-:�,-o(�"o-�9��!�,�,

Ax = 0
.4!��",�!K��!��C1;!��;!�,u���432*�,�o4!�,u0�*�s4!��

x = 0
D-0�1��

�O0(3|,-04m�D�#&%(�;%(7"7"0(�|�-?�É+o4!�,-0(*$��0(,�,u5-0(3;3>�"!��21��9�|!�,�,
rk(A) = n

o(�"7/1�?

j �",�!KÊ�*-0(� ��01;�"3;m�D�!
n×n GI01;�2�/8�D�!��"s�1&Ë�Ì¥z9x�Í Î"ÏÐ���� 0�7"7"3

rk(A) < n
o(�"7C1@?9kl�"7C1

rk(A) = n
� 32%

3;0�o(1f')0(,��F�-0(3;3
A

!��",�!�,�Ñ·v�Î¥Î/y=z�Ò&Óz9x�DF01�Ô�3>%47"m�D-!KG�012�;�"J�!�,¿,-!�,�,�1\'�0�,I0(*-m�D�Ð2y°x�Í Î"ÏÐ�? j �/,�!
,9� 1;J�7"�"m�D�!LG¿!��2.9�;!�o4!�7Ã�"3>1�Ç

A
�n3�1f�;!�o4*�7":(�L��D-0�1 < %(7"7"!�,$Õ\0�,�o9� ⇐⇒ 0(*-3

Ax = 0
��%47/o(1

x = 0 .

{�3>1
Ax = b

!��",u7/�",�!@0��;!�3�kl7/!��"m�D9*�,-o43;3>p 3>12!�'Ö')�/1
b 6= 0

�-32%)E��/7n� !�1\3>!��/,�!L�	�432*�,�o432')!�,�o4!

L(A, b) = {x ∈ Fn : Ax = b}
.4!��",�!�,`ÄÆ!�.�12%(�;��0�*�'×')!�D��@�|�-0¬J�*-'Ø�|!��"325��"!�7K� !��u�f*�7"7 < !�.�1;%(��,��"m�D�1��/,

L(A, b)
7/�"!�o(1�?��&�/!

G¿!�,�o(!�, < %(,Ù� !��¿r�%(�;'
L(A, b)

D-!��"s(!�,T�/,Ú� !����	�C1;!���012*-��Ó>Û»zÃy¿Ò\Ï�Í w)y�?�Ü\01¿'�0�,Ý0�E�!��
')�",-� !�3>12!�,-3K!��",�!)!��",�J��/o4!)�	�432*�,�o

x0 < %(, Ax = b
E�!�3>12�"')'�1@�	3>%�.0�,�,}'�0�,�ÓÎ¥Î/y$����3>*-,�o(!�,

!��/,�!@3B�/,-D�%(')%(o4!�,�!�,)A p93>12!�'�3
Ax = b

� *-�;m�D)� �"!f���432*�,�o4!�,)� !�3BD-%(')%(o4!�,�!�,)A9p 3>12!�')3
Ax = 0!��/, � 04m�D�0(,�o(!�EF!�,�Ç

L(A, b) = L(A,0) + x0 = {x+x0 : Ax = 0} .
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� �C������� ����� �B���!� �;���������"���@�#�%$·��� K5
��'&°�#�´������ 4 ( ��)����À�*�������%+´����,-���#�.�

/ �"��D-0�E�!�,¿0(7"32%6���/!K��%47/o4!�,-� !LG¿!��2.9�;!�o4!�7QÇ

j �",�!�ÓÎ¥Î x4y�w)y�Ì¥z�y6�	�432*�,�o < %(, Ax = b
�n3>1O!��/,-!�ÓÎ¥Î x�y=w�y�Ì¥z�y6����3>*�,-o < %(, Ax = 05�7"*-3LÌ¥Ð�x�y=z10(y�Ì¥z�y�����3>*�,-o < %(, Ax = b .

�\*-3
Ax0 = b

��%(7"o�1K,-:�')7"�"m�D
Ax = b

o(!�,-0�*Å��0�,�,��Ã�|!�,�,
A(x − x0) = 0

*�,F�Å32%(')�/1K0(*-m�D
x ∈ L(A,0) + x0

o4�/7/1�?

�$�-���� � ¡���¢�£32�¦
{�3>1

A
!��",�!

m× n GI01;�2�/8���E�!��\!��",�!�' #\�4�25�!��
F
*�,-�

b ∈ Fm �-32%6o4�/7/1O�����\� �"!�����3>*-,�o43>Á
')!�,�o4!

L(A, b)
��!�3�7"�/,-!�0��;!�,ukl7/!��"m�D9*�,-o43;3>p 3>12!�'�3

Ax = b

dimL(A, b) ≤ dimL(A,0) + 1 = n− rk(A) + 1 .

/ �"�Oo(!�E�!�,�,�*-,�!��",�!K�f,9�|!�,-� *-,�o�� !����\�"')!�,-32�/%4,-3>��%(�;'6!�7-���-�|D-%(')%(o4!�,�!Kkl7/!��"m�D9*�,�o�3232p 3�1;!�')!
�",`!��",�!���A9�/12*-0�12�"%(,`0(,��V�|%¬'�0�,`0(* �+� !�,Ù!���3�1;!�,��|7/�nm�.H.4!��",�!IÄÆ!��2E��",-� *-,�o(!�,`J�*��$7/�",�!@0��;!�,
�\7/o4!�E���0L!��;.(!�,�,�!�,�.·0(,�,�?9�&04323|32%(7nm�D�!f��E�!��;�;0432m�D-!�,-� !�,)ÄÆ!��;E��/,F� *�,�o4!�,�� % m�D�!�8 �"3>12�"!��;!�,��4J�!��/o(1
���"! < �"!�7n32!��/12�"o)���/!��\,��|!�,F� *�,�o4!�,u� !���7"�/,-!�0��;!�,u�f7"o(!�E���0�32!��",u.(�(,-,�!�,�?

¢	£54	£76 8$19+«9;:´¸b´³b¦=<V«��� «9³F¸´´³}©�?>´©7@´¡ �·º@©�º�«9BA�� ©DC§¸b«9FE
A9!��

Kn
!��", < %47/7n3>1;:�,F� �/o4!��§*�,-o(!��;�nm�D41;!=1;!��bkl��0�5�DK')�/1b� !��´#K,�%�1;!�,�')!�,�o(! {1, . . . , n} ?��&!��bkl��0�5�DE�!�32�C1;J=1Å0(7/7"! (

n
2

) ')�4o(7"�"m�D�!�, #L0�,�12!�,��f*�,-�Ú���"���|%(7"7"!�, � �"!�32!¬#L0�,�12!�,Ý�",^')�(o47/�nm�D-3>1I��!�,��/Á
o4!�� �n3 ¼�*�,�.�12!uE��"5-0��212�/12!HG�7"�"Ê�*�!�,»J�!��;7/!�o(!�,	? j �/,�!JI�Ì K�Ó�ÐML�ÌNLÀyPO´ÎCÌ7Q=Í-yI�"3>16!��/, E��"5-0��212�/12!���kl�;0(5�D
KA,B = (A ∪ B,E)

')�C1
A ∩ B = ∅ *�,-� E =

{
{i, j} : i ∈ A *-,-�

j ∈ B
} ?�ÂÃ��!��´kl��0�5�D�!�,

D�!��/s4!�,u� �n3�¼�*�,-.41@� � 0�7"7n3�3>�"!L.(!��/,�!Ko4!�')!��",-3;0�')!�,�#L0�,�12!�,$D-0(EF!�,�?
A9!��

f(n)
� �/!�.97"!��",-3>12')�(o47/�nm�D�!��\,�J�0(D�7Æ5-040��;��!��"32!�� �n3 ¼�*�,�.�12!��LE��/5F0��212�/12!��RG�7"�"Ê�*�!�,Å�",}!��",�!��

Â�!��27"!�o4*�,�o < %(, Kn
?fGI0�,T.·0(,�,T32�nm�D`7/!��"m�D�1u��E�!��;J�!�*-o(!�,	�|��04323

f(n) ≤ n − 1
o(�"7/1�?��&0(J�*

�;!��nm�D�1B!@3Y#K,�%(12!�,)�",�� !��VÕf!��"D�!�, ��%47/o4!
1,2, . . . , n−1

J�*-320(')'6!�,)'6�/1Y�"D��2!�,)�/,�J��"��!�,�12!�,�#L0�,�12!�,
J�*}!�,�1>��!��;,�!�,�Ô	� �"!�3K!��2J�!�*�o(1K!��/,-!$Â�!��;7/!�o(*�,-o < %(, Kn

�/,�� �n3�¼�*-,�.�12!TS�A�12!��2,�!�U9�b�§?2D�?�E��"5-0(�>1;�C1;!
G�7"�"Ê�*�!�,

KAi,Bi

')�/1
Ai = {i} *-,-� Bi = {i + 1, . . . , n} � i = 1, . . . , n − 1

� 32�"!�D�!��|�/7n����?��
7"�/,-.93���?½�\�"!�3��"3>1�0�E�!��$,�*-��!��",�!I32!�D���325�!�J��"!�7"7"!}Â�!��;7"!�o(*-,�o�*�,-��3;m�D�7/�"!�s(1�� �"! j 8 �"3>12!�,�J < %(,0(,-� !��;!�,	�b! < !�,�1;*�!�7"7OEF!@3232!��;!�, ÂÃ!��;7/!�o(*�,�o4!�,�,��nm�D�1)0(*-3�ÇÆA %Åo4�/E 1)*�,-3)�|�"7"�H��?��»� �2!@m�D41�3;��,�% m�D
!��/,�!O')�(o47/�nm�D�!fÂ�!��;7"!�o(*-,�o-?·�&043B.97"043232�"3;m�D�!|Õ�!�32*�7/1;01 < %(,6kl��0�DF0�' *�,-�WVB%(7"7"04m�.�0�*-3B� !�' È 0�D��;!
X�Y É��&E�!�3;0�o(1��(��04323V� �/!\!���3�1;!O12�;� < �n0�7"!lÂ�!��;7"!�o(*-,�oK�/,�A�1;!��;,�!\0(*-m�D�� �/!\EF!@3�1;!f�"3>1�Z j 3Yo4�/7/1V,-:(')7/�nm�D
f(n) ≥ n− 1

?
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�&!����&�;�/o4�/,-0(7/E�!��|!��n3lE�7"�/!�EÅJ��/!�'67"�nm�DÅ.4%(')5�7"�/J��/!��>1KE��n3��	�;! < E�!��;o X�Y �4��!��",�!�,}��E�!��;�;0432m�D-!�,-�
!��/, � 04m�D�!�,u�|!��|!��n3O')�C1212!�7n3f� !���7/�",�!@0��;!�,u�f7"o(!�E-�;0�o(!���*�,-� !�,�DF01�?

Â�*-,-:(m�D-3>1�7"%(D-,41�!@3�3>�nm�D�� � �"!Kr-�;0(o(!&J�* < !���0�7"7"o(!�')!��/,�!��2,	Ç�� / 0(3O�n3�1f� �"!K.�7"!��",-3>12!�ÂÃ0�D-7
d
��32%

��04323�32�nm�D�� �"!�A9*�')')!

S(x) =
∑

1≤i<j≤n

xixj

0(7"3O!��/,�!�A9*-'6')!�� !��
VY�;% � *�.�12!

S(x) =
d∑

i=1

(
∑

j∈Ai

xj) · (
∑

j∈Bi

xj) =
d∑

i=1

Li(x) ·Ri(x)

')�/1
Ai ∩ Bi = ∅ �����f0(7/7"! i = 1, . . . , d

��0���3�1;!�7"7/!�,�7n:(3;3�1����l0�J�*�32!=1;J�!�,����"�

T (x) =
n∑

i=1

x2
i

*�,F�$E�!�%4E-0(m�D�1;!�,�� ��04323

( n∑

i=1

xi

)2

=

n∑

i=1

x2
i + 2 ·

∑

1≤i<j≤n

xixj = T (x) + 2S(x)

*�,F��32%(')�/1f0�*-m�D

T (x) =
( n∑

i=1

xi

)2

− 2S(x) =
( n∑

i=1

xi

)2

− 2 ·
d∑

i=1

Li(x) ·Ri(x)
� ��? X �

�����&0�7"7/!
x ∈ Rn o(�"7C1@? / �/�\EF!�12��0(m�D�12!�,$,9*�,u��0(3OD-%(')%(o4!�,�!�kl7"!��nm�D�*-,�o43;3>p 3>12!�'

L1(x) = 0 ,

· · ·
Ld(x) = 0 ,

x1 + · · ·+ xn = 0

*�,F��,�!�D�')!�,�0�,�� ��04323
d ≤ n− 2

o4�/7/1�? �l0�,�,$EF!@3>�/12J�1��-0(3�kl7/!��"m�D9*�,-o43;3>p 3>12!�' ')!�D-�|ÄY0(�2�n0�E-7/!�,
0(7"3lkl7/!��"m�D9*�,�o4!�,¿*�,F�¿'+*-3;3\�-0�D�!��\,-04m�D�#\%4�2%47/7n0����-?�É6')�",-� !@3�1;!�,-3&!��",�!��	�432*�,�o

x ∈ Rn
')�C1

x 6= 0
D-0(EF!�,�?F�\*-3 ∑n

i=1 xi = 0
*�,-�

Li(x) = 0
���-�&0�7"7"!

i = 1, . . . , d
��%(7"o�1�����0(3;3�� �"!��;!�m�D�12!

A9!��C1;!�� !��$kl7/!��"m�D9*�,-o`� ��? X �����-�$� �"!�32!�3
x

o(7"!��nm�D��f*�7"7&32!��",�'+*F323�?V�fE�!���� �"!I7/�",�.4!�A9!��/12!I�n3>1
*�,-o(7"!��nm�D��\*�7/7Q�-� !�,�,¿0�*-3

x 6= 0
��%47/o(1

T (x) =
∑n

i=1 x
2
i 6= 0

?FA9%4'6�/1�7/�"!=��!��>1f*-,-3>!��2!L�\,�,-0�D-'6!
d ≤ n− 2

!��",�!�, / �n� !���3>5-�2*-m�D	� ��%4�;0(*-3
d ≥ n− 1

��%(7"o�1@?
�

�
	���������������������������! � �"��#����$%��'&%$%"�(%���&%�'��)%�'*%$%"� �����+,-$�./���!"�0�����'1��! ���(/�!��243��65/$%(%��')/�!���!(%798,:<;=��!�!$,$>1-?
@  � �"��#����$%��� @ &%�����!"��$A����$,(A7!BC1ED F9GIH�JLKMF-NPO-&Q;=-+%�!$%(%� �$�R


