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LAWS OF THE ITERATED LOGARITHM FOR ADDITIVE FUNCTIONS

Eugenijus MANSTAVICIUS

1. Introduction

The most of investigations in probabilistic number theory is devoted to the conver-
gence of distributions generated by arithmetic functions. The purpose of the present paper
is to cal one’s attention to analogues of probability theorems formulated in terms of event
occurence with probability of one (almost sure occurence). Among the results we can
reckon only proposition 6 from P. Erdés’ paper [1] and theorem 7.2 J. Kubilius’ mono-
graph [2]. More systematic investigations can be found in our papers [3-6] and in short
communications [7-11].

Our interest is attached to additive function A : IN — IR as well as to sequence

{hk<m> S 3O ), k> z}

p<k

where h(®)(m) = h(p®) if p®|m and hP)(m) =0 otherwise. Here and in the following
p stands for a prime number, a € IN. Put v,(...) = n'#{m < n;...}. Denote
w* =sgnu if |u|>1 and v* =wu,if |u| < 1. Let (, be independent random variables
getting values h(p) and 0 with probabilities % and 1— % respectively. The constants in
the symbol < are considered to be absolute.

All the proofs given below are based on a tuncation procedure and the following
lemmas.

Lemma 1. Let r =r(n) — oo, logr = o(logn) when n — oo and P; C {p;p <r},
t=1,...,s. Then uniformly in IB C IR* and s > 1

U, (( p|mgepl h(p), ... ,pm%;eps h(p)) S 13) = P((p%; Cps - ,p;s gp) € IB> +0(1)

as n — oo.

The proposition represents one of the versions of the Kubilius Fundamental lemma
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Lemma 2. Let py, ... ,py be any rearrangement of the primes up to n, M = w(n) .
For arbitrary constants ¢; > co > ... >cy >0, u>0 and 0 < M; < M we have

S hED my — 37 P u) <

i<k i<k Pi
h?(p; 212 (p;
< u? (c?wl > () > Gt by p‘p)>.

i<, Pi My <i<M

Up, max cg
My <k<M

The inequality is an easy modification of theorem 4.1 from I. Z. Ruzsa’s preprint [12].

2. A new form of the Erdos—Wintner theorem

As we have noted in paper [3] the celebrated Erdos—Wintner theorem [13] has another
form.

Theorem 2.1 ([3]). The following propositions are equivalent:

(I) for every € >0

a(e) 4 Jim lim sup yn< max |h(m) — hx(m)| > 5) =0;

N1—=00 n_soo n1<k<n

(II) series

h* h*2
Z (p), 3 (p)

p p p
converge.

Arguments form the proof of theorem 2.2 below can be repeated to show us that
always a(e) =0 or a(e) =1 (the zero-one law). Therefore proposition (I) can be used

to determine convergence of hi(m) to h(m) ”for almost all m” when k — oo. In the
following we shall use a more general definition.

Definition. Let by, ar, € IR, by > 0. We say that by (h(m) — hx(m) — a;m) tends
to zero almost everywhere if for every € > 0

lim limsup Vn( max bg|h(m) — hg(m) — agn| > 8) =0.

nN1—=00  n_sco n1<k<n

For the sake of convenience the last statement we express as
b, (h(m) — hp(m) —apn) =0 ace.

This new definition enables us to estimate the convergence rate of hi(m) to h(m)
a.e. At first, we point out a fairly simple approach.
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Let br T oo as k — oo . According to theorem 2.1 convergence of series

(1) Z (bph(p))* , Z (bph(p))*

yields
gr(m) o Z b, hP(m) =0 a.e.

k<p<n

Now by the Abel summation due to monotonicity of b, we come to inequality

b

S 4| < 2, fn(m)].

<l<n
k<p<n -
So from the convergence of series (1) we obtain
(2) bi.(h(m) — hg(m)) =0 a.e.

When only the second of series (1) converges one must use centralizing sequences. But
such approach does not yield the exact order of the convergence rate. For some classes of
functions h(m) it can be found by use of corresponding results of probability theory.

Put for the sake of brevity Lu = log max{e,u},

Aw =M gy - o e
p<k p<k p>k

Apn = A(n) — A(k), vi=2LLUZ, Ryn(m)=U; v " (h(m) — hi(m) — Apy,) .

Theorem 2.2 Let u, > 0 for every n € IN. Suppose that for n — oo and some
sequence r =r(n), logr = o(logn), we have

o S ) _ o)

2
r<p<n pUp
and U, — 0. If h(p) = o(Upvp_l) as p — oo then for every € >0

(3) lim limsup v,,( max |Rp,(m)|>1+¢)=0

n1—=90 poo n1<k<n
and for every a € [—1,1]

(4) lim liminf v,( min |[Rg,(m) —a|<e)=1.

n]—00 N—00 n1<k<n



Consequently, under the conditions of theorem 2.2 we have the exact order of the
convergence rate as well as the cluster set of sequence {Ry,(m)}. We can say that the
last one coinsides with interval [-1,1] a.e.

Proof of Theorem 2.2. As in convergence (2) values h(p®) for a > 2 have no influence
on the final result. In fact, for every ¢ > 0

yn(mrg% > (1ne™)] + 1ae)) za) <
- T k<pn,a>2
p”[m
<vn(m; Ip*m, a>2,m <p<n)< > p?=o(l)
n1<p<n

when n — oo and n; — oo. Therefore in the following we consider only the case when
h(p®) = h(p) for every > 1 and p.

Let 11 and vy be frequences in equalities (3) and (4) respectively. From lemma 2
with reverse rearragement of primes n; < p < n we have

An(8) = v ( max [Ren(m)] = 8) < 55 = o(1)

as n — oo. Whence

v < un( max |Run(m)| > 1—1—5) FAL(1+e) <

ny<k<r
) A T—Tet > 14 €
(5) < (| manc o (m) = hu(m) = A U o 2 14 2 )+

+ (An<%> +o(1)> Lt v]+o(l), n— oo.

Setting Sy = > (, from lemma 1 we obtain
p=k

/ 1 -1 €
_ > — <
vy P<n1n%%>ér|5k Se|Up v " > 14 2) +o0(1) <

£
SP( sup |Sk|Uk_1vk_1>1+—>+

k>ng 4

Ur r e
+ <P<|Sr| > £ 4” )+0(1)) ©fp 1o(1), n— oo

Now by use of theorem 2 [14] we conclude that P,, = o(1) when n; — oo. This, via
inequality (5), proves the first part of our theorem.

4



Similarly, according to lemma 1 and the theorem used

> i —al < >
vy > Vn<n1r2}€11Sr|Rkn(m) al < 6) >

> Vn< min r(m) = hie(m) = Agy —a’ < f) - A, <§> _
ny<k<r Ukvk 2 2
:P< min ‘(Sk—S)U_lv_l—a|<E>—|—0(1)>
na<k<r T/Tk Tk -2 =

. -1, -1 €
> P(kglil |SkUk vy, —a’ < Z) +o(1)

when n — oo for every fixed ny > 2. Theorem 2.2 is proved.

Equality (4) can be strengthenden to

lim z/n( min  |Ry,(m) —a| < 5) =1

n— oo n1<k<n

for every n; > 2 as we have seen for strongly additive functions. Is it possible to prove
proposition (3) with e =07

3. An analogue of the Feller theorem

Now we shall consider the exact growth order of the sequence {hy(m)— A(k); k > 2}
a.e. At first for the comparison we quote an analogue of the Kolmogorov law of the iterated
logarithm in the so—called Strassen’s formulattion.

Theorem 3.1 ([4]). Let 8, ¥ B(n)\/2LLB(n) — oo and

e [h(p)] = O(%)

as n — oo. Then for every € > 0

. . 1 _ _
n}lgloo IITISLSOlip Vn<n1n§1%}§nﬁk |hip(m) — A(k)| > 1 +€> 0

and for every a € [—1,1]

it (i 157 (hw(m) = A() —a] <€) =1

So in this case we can say that infinitely often (i.0.) for almost all (a.e.) m inequalities

(1 —2)Bk < hi(m) — A(k) < (1+¢)bs



are satisfied. Term € 35 can be improved by use of W. Feller’s paper [15]. Not trying to
change its style we use normalizations

1/2 B2 1 1/2
bkdﬁfdk(ZEC_,?) de<zﬁ<1——>) djfde(k)
<k p b

p<k

in the place of Bx. Here di stands for a monotonically increasing to infinity sequence
which would be determined. Moreover, avoiding too cumbersome conditions in this para-
graph we confine ourselves to strongly additive functions satisfying

(6) |h(p)] < ApD(p) T o0
with A\, L 0 when p — oo.

Let us define some quantities frequently used in the large deviation theorems. Define,
in a formal way, coefficients I'y; by

o[ )]

q =2

Here ¢ denotes a prime number, t € R. For |z |\, < & under condition (6) equation

Fp tl_l
> (/_1)! =z D(p)
=2

has a unique solution, say ¢t =t(z). Let Q,(z) be the function defined by
-1
+ (1+Qp(x) _QZF T

Function Q,(z) is analytic for |z |\, < &5 and for the coefficients of the expansion

h*(q) 320,
Zaplx 3D“°’()Z q (1_q+q2> T

q<p

estimates

are known (s.f. [15]).



Theorem 3.2. Suppose condition (6) is satisfied, d, > 2, d, T oo when p — oo
and

(7) A < ——d,,.

The following propositions are true:
(1) if series

(8) Z% exp{ - %(1+Qp(dp>)}

p
converges, then
. . def . . -1
lim limsupv. = lim limsupv ( max b, |hg(m) — A(k)| > 1) =0
n1—00 TL‘)OOp nLn nip—oo n%OOp n n1§k§n k | k’( ) ( )| - )

(II) if lim liminfuw,, ,, =0, then series (8) converges;
ni—00 MN—+00

(I1I) if series (8) diverges, then for every ni > 2

Tim. l/n<n1n§1%)§nb;1|hk(m) —A(k)| > 1) —1;

(IV) if lim limsupuv,, , =1, then series (8) diverges.

Nn1—=0 npoo

Corollary ([10]). If in the place of condition (7) estimate
Ap = 0(d,”)
is satisfied, then the propositions of the theorem are true after the change of series (8) by

R e

p

Proof of Theorem 3.2. Choose r = max {logn, exp{d,*logn}}. Then conditions
(6) and (7) yield

1
D%(n) — D2(r) < D2(n)d:? log loﬂ < D%(n)d;2logd, .
ogr

Therefore 2D?(r) > D?*(n), when n is large enough. Now from lemma 2 we have

def
= — >
JANS Vn(rrgnlggn by, hi(m) — A(k)| > 1) <
(9) h?
<d?+ ) @«dﬁ o(1), n— o0
r<p<n p



Whence setting n, = > Q_"p and using lemma 1 for n — co we obtain
p<k

Vnym < Vn< max b, '|hg(m) — A(k)| > 1> + A, =

ny<k<r
(10)
= P max b7 mel > 1) +0(1) = Wa, +0(1)
and
(11) Voym > Vn<n1ni%>érb;1]hk(m) — AR > 1) = W, + o(1)

where W, = P( sup by || > 1) .
k>7’l1

If series (8) converges then according to the Feller theorem W,, =o(1) as n; — co.
This via estimate (10) proves the first proposition of our theorem. Similarly, the second
one follows from estimate (11).

When series (8) diverges then by the Feller theorem P (b;'|ni| > 11i.0.) = 1. Con-
sequently, W,, = 1 for every n; > 2 and estimate (11) yields statement (III) of our
theorem.

The condition of the last proposition of theorem 3.2 and estimate (10) yield asymptotic
Wpn, =14 0(1) as ny — oo. This due to the quoted probabilistic theorem proves the
divergence of series (8). Theorem 3.2 is proved.

For example, we note that for every s >4 and § >0

(2L2k (Lak + ng)k FLek 4.+ (1=0)Lk)) < 3 1-Lk<
p<k,p|lm

1
2

< (2Lak(Lak + gL5k+L6k+...+ (1+8)Lk))" o ae.

Here Ly 1U = L(LxU) for k> 1.

It is easy to see that theorems 3.1 and 3.2 contain the zero—one law for the possible
iterated limits of the frequences considered. The following problem arises: to prove an
analogue of the zero—one law without any preliminary condition on additive functions and
normalizations.

4. A theorem of the Chung type

Let us consider the sequence

{F(m) & max hy(m) — AL k> 2.



Using the monotonicity of S; from theorem 2.1 one can obtain information expressed by

1—e< limsupﬂk_lfk(m) <1l4¢e ae.
k—o0
However, fairly frequently fi(m) takes much smaller values than gy . The following

theorem represents an analogue of the Chung law of the iterated logarithm.
. o wB(k)
Put for sake of brevity v = JBLLB()

Theorem 4.1. Let h(p) = o(y,) and B(p) = oo as p — oo. Then for every € >0

(12) lim limsup I/n< min fe(m) <1- 6) =0
n1—00 nsco n1<k<n Vg

but

(13) lim liminfv,( min Jiu(m) <l+4e)=1.
n1—00 N—>00 n1<k<n Vg

Proof. For every K >0 and 6 > 0 we have

5nd§fvn<mrg%§nvk > (Ih(po‘)|+|h(p)|)26)

p*|lm
p<k,a>2

AED> (\h<pa>|+|h<p>|)zm)+

pe|lm, pe <K

IN

+1/n(m Ip%||m, p* > K, a>2 <<0 Zp
p>\/>

when n — oo and n; — oo. Consequently, using the standard way we can confine
ourselves to strongly additive functions. Now we repeat the truncation procedure. Let

r= max{logn exp {—logn }}
B ’ LLB(n)J [’

then B(r) = B(n)(1+o(1)) as n — co. By u, , and g, we denote the frequences in
equalities (12) and (13) respectively. Let 7nx be random variables defined in paragraph 3.
By use of lemma 1 we have

u;hngun( min MSl—E)—i—Vn( min Mgl—e) <

ni<k<r Vg rsksn Yk

< i ~1 <1- )
5Pl 07 parhl) S1-c) vom

_ < (1 — — i —1 <1 _
v (mac[lu(m) = AD)] < (1= 2)a) = P( inf (" max|mf) <1< )+

+ P(B_l(r) I}lga??( Im| < (1— s)fynB_l(r)) +o(l), n— .



According to A. 1. Martikainen’s theorem [16] the first probability in the right side
tends to zero when n — oo . The second one by the well-known functional limit theorem
can be approximated with o(1) error by

4 K -1k 72(2k + 1)? B3(r)
) expq — :
T 2k + 1

— 81—-¢) 7
The last quantity due to % = 0(1) tends to zero when n — oo. So from estimates (14)

we obtain the first statement of the theorem.
For pt . we have

+ . fk(m) _ : -1
iz s B < e ) = Pt o gl < 1) 4ot

as n — oo. But even

n1—00

P(liminf (ve! r{1<a]3<|m|) <1 —|—5> =1

(s.f. [16]), therefore for strongly additive function h(m)

ot
(15) nh—>ngo :unl,n =1
when n; > 2 is fixed. Remembering the estimate of §,, we obtain equality (13). Theorem
4.1 is proved.

The proposition (13) can be strengthend to (15) without the extra hypothesis of strong
additivity. This can be done using a more general version of the Fundamental lemma [2].
Some other form can be given to the conditions of theorem 4.1 (s.f. [16]).

In [5] we have laws of the iterated logarithm for additive functions not necessarilly
belonging to the H class of Kubilius [2]. Nevertheless, investigation of sequences

{ Z log®p; k> 2}
p|lm, p<k

with ¢ > 0 remains problematic.
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