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1. Introduction and results

Statistical group theory and probabilistic number theory are the fields to whictoB.Eag”
contributed many pioneering and enduring works. Studying his papers written mainly with
P.Tudn as well as more recent articles which deal with the value distribution problems of
maps defined on the symmetric grdtipwe could not shake off an impression that this di-
rection has much in common with probabilistic number theory, nevertheless, the interaction
between them is rather poor. We came to an opinion that in developing of the analytic tools,
number theory is a bit ahead than similar branches of discrete mathematics. For instance,
the survey [4] considered as the most comprehensive paper on analytic approaches of dis-
crete mathematics can be compared to the Selberg— Delange method used to investigate
mean values of multiplicative functions but we hardly could find an analogous influence of
the method taking its background in the G.&k” papers [6] or [7]. The articles [9], [14],
[15] comprise a rare exception. Now solving the problem of the remainder term estimation
in the central limit theorem we demonstrate other possibilities of this approach.

Leto € S, be an arbitrary permutation and

0 =K1 Ry 1)

be its (unique up to the order) expression by the product of the independent gyaiels
w = w(o) be the number of the cycles comprisingDenote

Un(o.) =)' H#{ceS,: ...},
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In 1942 V.L.Goncharov [5] proved that

1 ® 2
Vn(w(a) —logn < x\/@) — &(x) = \/7/ e—%/2 qu
T J—o0o

Here and in what follows, the limit is taken with respectrto— oo. Starting a very
fascinating series of papers on the asymptotic distribution of the group-theoretic order of
the random permutatioa, P.Erdds and P.Tuah [3] considered the sum(o) of natural
logarithms of different lengthK ) of the cycles comprising. It was shown that

v (s(o) — (1/2)log? n < (1/V3) x log*? n) — &(x).

The convergence rate in this relation was estimated by J.-L.Nicolas [16]. An improvement
of the convergence rate estimates in the central limit theorem for the group-theoretic order
function was given by A.D.Barbour and S.Tawd@]. Other relevant references can be
found in the book [10] and in the recent lecture [18]. In addition, we note that random
permutations, not necessarily taken with equal probabilities, comprise a rather significant
object in applied mathematics (see [1] and the references therein). So we hope that our
remark, though written in purely theoretical style, will be useful for those interested in
analytic problems of the applied probability theory.

In what follows we adopt a few definitions from probabilistic number theory. Having in
mind the examples of functions(c) ands(o), we call the map: : S,, :— R additiveif
it satisfies the relatioh (o) = h(k1) + - - - + h(k,) for eacho having the expression (1).
Similarly, the mapf : S,, :— C satisfying the equality (c) = f(k1)--- f(kw) is called
multiplicative Further, the functiog : S,, — C will be calledclass dependenoér shortly,
CD function if its values on cycles depend only on their lenghts, e.g., there exists a function
g : N — C such thay(x) = g(I(x)). To argue the definition, we remind that eack S,
belongs to a class of conjugate elements, which we denote by (m, ..., m,) with
0 <my <n/kandlm; + --- 4+ nm, = n. The relatioro € m means that consists of
my, cycles of the lengtlk, 1 < k < n. The CD additive and multiplicative functions have
the representations

o) = h(kyme,  flo) =[] F(k)y™ )
k=1 k=1

with m; = my (o). The general task is to describe these functions when the vﬁ{lkes
or f(k), k > 1 are given. The problem of weak convergence to a limit law of

v (h(0) — a(n) < zB(n)),

wherea(n) andS(n) > 0 are suitably chosen normalizing sequences, was considered in
the paper [14]. According to the result of V.L.Goncharov [5], the distribution with respect
to v, of the random variable:; (o) tends to the Poissonian law having the parametér

for each fixedk. Hence the choice of

o~

n . n 79 1/2
am) =3 = ()

k=1 k=1
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calledstandard normalizatiorshould be considered at the first place. That motivates the
normalization used afterwards. We quote the following partial result.

THEOREM A ([14]). Leth, (o) be a sequence of real CD additive functions satisfying
the condition

B2 (k) _
> =1 (3)

k=1

n

and

If the Lindeberg type condition

s B _ o) )

. k<n k
|hon (k)| =€

holds for eache > 0, then
Un (@) := vy (hn(0) — A(n) < z) = ®(z) + o(1) (5)

uniformly inz € R and also

L5 (o) — )" = 1 +001). ®

" o€S,

Having in mind the Berry—Esseen estimate in the central limit theorem for sums of
independentrandom variables (see V.V.Petrov [17], Chapter 5), we expect that the remainder
in (5) can be estimated in terms of

" [ (k)P
L, = .

Observe that the relatioh,, = o(1) implies also the condition (4). It appears that depen-
dence of the random variables;(c), 1 < k < n involved by (2) in the functiorh,, (o)
makes a substantial influence.

In what follows, let the symbol® or <« contain absolute constants when there is no other
indication, and

D— Y h (R)h (1)
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In contrast to the above mentioned Berry—Esseen bound, we have the following results.

THEOREM 1. Leth,(c), n > 1 be a sequence of real CD additive functions satisfying
the condition (3). Then

D,z 2
R = sup v, (z) — ®(x) — —2—e* /2| < L,.
n i SUD (z) — () Wors

CoOROLLARY. We have

Ry, :=sup |v, () — ()| < L3,
TR

There exists a sequence of CD additive functions satisfying the condition (3),aa(1)
but such that

R, > L%/3.

THEOREM 2. Leth,(0), n > 1 be a sequence of real CD additive functions normalized
so that

i k) _p . @

k
k=1

Then with the same centralizing sequerde ), we have

R, :=sup|v,(z) — ®(z)| < Ly .
rxeR

Theorems 1 and 2 are analogous to the results obtained byctuliég[13] for additive
functions defined oM. The proofs are based upon the Esseen inequality connecting the
convergence rate of distribution functions to their characteristic functions and analysis of
the last. Ifg(o) := exp{ith(c)}, t € R and, as above, the functignis defined by
J(l(k)) = g(k), then the main difficulty is to find asymptotic formulae for

1 T (k)™ 1
e 5 a0 ()"

o€S, m

uniform in parameters of. Moreover, we have

exp{zg(’jg }:ZM,L@Z“, 2] < 1. ®)
k=1 n=0

So, our task reduces to a problem in function theory. We hope that the analysis of the
relations between the coefficients of the series in (8) done in the next two sections has
independent interest.
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2. The first analytic formula

Letf(k), k > 1becomplexnumbers, depending, maybeponother parameters. Denote

o0 k o0
z) = exp { Z f(]Z)Z } =: Zan”, |z] < 1. 9)
k=1

n=0

We will obtain asymptotic expressions &f,, in terms of (k). Since the values of (k),
whenk > n, make no influence ontd/,,, we assume them equal to one. The remainder in
the formula obtained in this section will involve the quantity

n,p) = (,%%W)l/p

wherep > 1. Put

k) -1 | ,
L(z) =) &Zh z=rem =T e R

Let

L -y

- - z, §=0,1,....
21 Jip=p (1 —2)2nHt

Calculating the coefficients of the integrand, we h&@) =1, I,(n) =0, and

b =- Y YWHZDUOZL

1<k,l<n
k+i>n

We have the following result.

THEOREM 3. Letp > 1. There exists sufficiently small= 6(p) such that, if

p=p(n,p) <6, (10)

then

M, = exp{L(1) ( NZ ' c))

j=2

for eachN > 2 with some constant = ¢(p) > 0. The constant in the symb6l also
depends omp only.

The proof of Theorem 3 goes along the lines drawn up by Ail&’in the paper [13].
At first we prove few auxilliary results. The following estimate of the norm of a polynomial
is perhaps known, but we have failed to find it in the literature.
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LEMMA 1. Letr = e /", s > max{2,p/(p — 1)}, andp > 1. For each polynomial
n
= Zakzk, ai € C,
k=1
we have

2 . 1/s n |ak|p 1/p
1P = ([ Preniar) <o)
0 k=1 k

= Clopn Q.

The constan€(s, p) depends only or andp.

Proof: The main idea takes its backgroud in the Gasal'paper [6]. Letv = min{2, p},
B =a/(a—1),andz = re!”. Observe that

D la* <nQ*, |P(2)| <nQ.
k=1

Define
Q; ={re€l0,2n]: |P(ze")| >27nQ}, j=0,1,...,5-

Hence using the partition

%

[0,27] = ([0, 27] \ Q) U A\ Q1)

we have
/0 |P(re'™)|* dr < n°Q° <27r2905 + 25 Z2~’SMQJ—) ,
j=1

whereps stands for the Lebesgue measure of thé)séd/e see that the assertion of Lemma
1 will follow from the estimate

pQ; < ntj2P (11)

with 8 < s. Here and in what follows the constant in the symtotepends at most an
andp.

In order to prove (11) whep > 1, we choose the points, [ = 1,...,n; by induction.
Let

7 =infQ;, mp=inf{reQ;: 7>n+1/n}.

Thenuf); < n;/n, and it remains to prove the estimate
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n; < j2%7. (12)

We can suppose that; > 3. If 2, = exp{—i arg P(re'™)}, then

nj n ’n]‘
277nQn; < E 21 P(re'™) = g apr” g zethm <
=1 k=1 =1

n 1/a 00 g B\ 1/8
< (Twr) (ZHpaer]) <
k=1 k=1 =1
0 2\ 1/8
< nl/aQ(n?2zrk ' kT ) ) (13)
k=1

The double sum on the right hand side equals

g
Yo E § ZlZnLE k zk (T1—7m)

=1 m=1
nj oo n;j
S 3 E E 7,,k7 +4 § E r}ceik(Tlme)
=1 k=1 I,m=1 k=1

1/n<1—Tm<m
Observing that,,+r — 7, > k/n, we proceed

’I’Lj—l

Y« nnj+n; z k/in<aTx<7r |1 — 7|71 < nnjlogn; .
k=1 ""=T=

The last estimate and (13) imphy logn; < 2/7. Hence we obtain (12).
Lemma 1 is proved. ]

Let 7o = min{e'/?, /n}/n and

l=Az:|z|=r:= e_l/"}, lo={z€l:|r|:=|argz| <10},

Lh={zel: <] <7}.

The constants in the symbals or < will depend at most op provided tha® is chosen
smaller than some constant dependingon

LEMMA 2. Letp > 1,1/p+1/q = 1. ThenL(z) — L(1) < plog'/9(2 + |7|n) and, for
7| < 7o,

=2

z) — I 2) — N
exp{L(z) — L(1)} = (L(=) 'L(l)) —|—O<L< ) N|L(1)| )

j!

I
=

J
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Proof: We start with the inequalities

L) - o) < 3 I men y LS g
k<n k<n
< o) (mm)l/ul), (14)
where

e ,r.k:q‘eik‘r o 1|q

\I/n(T) = Z k

k=1
Expanding into the Fourier series (see [11] or [8], Exercise 34), we have

oo

I1— €| =a(q) + Z am(q)e™”,
s
N (2 2T +9)/2)
a(q) = m;w m(q) NN CEDIOR
m#0

forz € R, ¢ > 1 with a,,,(¢) € R, a,,(q) < |m|~2. Hence as in [12], we obtain

1 — 2] S 1 - 21|

(1) = a(g)log T+ Z am(‘])IOgm
mm,;ﬁgo
1—
< afg)ox T =21 o)

Inserting this estimate into (14) and analyzing the logarithmic function, we obtain the first

assertion of Lemma 2.
By virtue oflog'/9(2 + |7|n) < p~ /4 when|7| < 7, the second estimate follows from

the first one.
Lemma 2 is proved. ]

Proof: [Proof of Theorem 3] According to Cauchy’s formula,

/
ani/ ) g,
jol=r

2min "

We recall thatf (k) = 1 whenk > n. Using the notations, we obtain

_ep{L)} [ ewfL()— L)} 1
Mn = 2min |2]=r (1-2) Z fk)z1dz

_exp{L(1)} exp{L(z) — L(1)} [ 1 ) s

B 2min |2|=r (1—2’),2" (1—Z+L( )>d . (15)
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Whenz € [}, we havell — z| > ||, and by Lemma lexp{L(z) — L(1)} < (n|7])*.
Thus,

1 L(z)— L(1
Ji = —/ exp{L(z) O dz < (nm)P ' < n®=1/2 4 o=/p, (16)
z€Il

n (1 —2)2zn
Similarly using Cauchy’s inequality, Lemma 1 withsatisfying its condition and > 1
such thatl/s + 1/t = 1, we obtain

Jy = 1/EZ eXp{L(Z)—L(l)}L/(Z)dZ

n (1—2z)zn

1 exp{L(z) = LW}[" "'
< ( / ) d=1) 1L )l
n z€l 1 z
< n71+p7.6)_1/5 .pnlfl/s < n*l/Qs _|_671/sp (17)

provided that < 1/2s.
We now consider the integral in (15) where . Applying Lemma 1, we have

Jo 1. / : 1 Nz_:l (L(2) —.L(l))j .

2min 1—2z)2z2m = J!

N 1/ L'(z) = 1))j
2min 1-—2) z”

= Jo+J2+ R,

dz+ R

“M

(18)

where
L |L(z) — L)Y
nN! I1— 2|2

|L ‘N ! li / 1
N1} L/ (2)||dz| = R + R".

|dz|

+

It follows from Lemma 2 that

np"™ /TO log™N9(2 + nr)

(19)

R <« dr < pN

As estimating/,, we obtain

N-1 7o t(N-1)/q 1/t
A log (2+n7) , N
(N —1)! </ 1+ nr)t dr | |IL'(z)[s < p™ . (20)

We extend the integral&; and.Jy, over the regiori;. While

R' <«

1 L(z) — L(1)J . ,
) [L(z) = LI (|1)z|(2)| |dz| < p?(nmo) Y2 < pf(n~ V4 4 e71/20)
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and
L(z) — L(1))Y
r%j! M\L’(Z)Ildzl
I 11— 2|
1 (L) - LPt N
< ([ o= ) e,

< P (nmy) T2 « pit(nTer 4 emer/P)

with ¢; = ¢1(p) > 0, we obtain from (18), (19), and (20)

1 1 =2 (L(z) — L)Y’
Jo = /l( Z - dz

2min J; (1 — 2)2z7 ‘ J!

1 L'(z) =2 (L(z) — L(1))’
%

2rin J; (1 — 2)2™ 4 ‘ J!

N—II

= 2 o™+,
j=1 7

wherecy = c2(p) > 0. Inserting the estimates (16), (17), and the last one into (15), we end
the proof of Theorem 3. [ ]

3. The second analytic formula

Now we will compensate the shortage of Theorem 3 appearing in the case when the quantity
p(p) is large. We will derive another asymptotic formula with the remainder estimate in
terms of

i = =S ) — 1P

k=1

and
—~ |f(k) - 1]
E =
(u) :=exp {2 Z .
k=1
If (k) =1]>u

with » > 0. All other previous notation remain the same.
THEOREM 4. We have

M, = exp{L(1)}(1 + O((un + n1)/?E(3/8)).

The constant in the symb6l is absolute.
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The proof goes along the similar lines as that of Theorem 3, though we need auxilliary
results. Some of the ideas of the proof have been previously used in the papers [7] and [11].

LEMMA 3. We have

1L ()12 < VP o

Proof: Apply the Parseval equality. ]

LEMMA 4. We have

1— 2 qu/m

exp{|L(z) — L(1)|} < E(u) 1

—r

for z = re’™ and eachu > 0.
Proof: Observe that

n |k17’k |z7’k

<1+Z

and apply the Fourier expansions used in the proof of Lemma 2gwith. So we deduce

4 1-—
|L(z) — L(1)| < ?u log % +log E(u) +u

k=1

for v > 0. Hence follows the desired estimate.
Lemma 4 is proved. ]

Proof of Theorem 4: We start with the formula (15). Now it is easier, than in the proof of
Theorem 3, to estimate the integral

|z|=r

n |1 — 2|

ox 2 1/2
< HrEL( [ oeEE IR

We obtain from Lemma 3 and Lemma 4 with= 3/8

1/2
< B/ (9 [ i) B/,
|z]=r
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Letnowis = {z €l : |7| < K/n}, K = min{u,',n}, andly =1\ 3. By Lemma 4
with u = /8, we have

o L[ bl L),

1
< =+ E(7r/8)n_1/2/ 11— 2[~3/%]dz| < E(3/8)K~"/? .
Iy

Similar by applying L(z) — L(1)| < nu,|1 — z|, we obtain

J % l IL(Z)—L(1)|1e>ipi||2L(Z)—L(l)I}|dz|

< E(3/8)un/ 11— 2|7Y2|dz| < E(3/8)unVK .

I3

Inserting these obtained estimates into (15) and recalling the choi€e wé have
M, = exp{L()}(1+O(J5 + Ju + J5))
exp{L(1)}(1+ O((n +n1)/2E(3/8)) .

Theorem 4 is proved. ]

4. Estimation of the convergence rate

Proof of Theorem 1. We use a generalization of the Esseen inequality (see [17], Theorem
2, Chapter 5.2). Let

_exp{—itA(n)} .
on(t) == — Z exp{ith, (o)}, teR.
O'ESn
We have

t?D,,
2

R, < l+/ |on(t) — e /21 + >|@ (21)
T Jy<r t]

whereT" > 0. R
In order to obtain asymptotic formulas fer, (¢), we takef (k) = exp{ith,(k)}, 1 <

k < n and apply Theorem 3 with = 3, N = 3 and Theorem 4. Now < [¢|L./%. Put

T, = 6L;1/3, whereé > 0 is sufficiently small to guarantee the validity of the formula in
Theorem 3 in the regioft| < T3. Observe that the condition (3) implies

n /I%Q(k‘) ) " 1 1/3
- n < [2/3 -
1 <L (Zk>

k=1 k=1
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and hencel,, > (logn)~/2. We can also suppose thaf, = o(1). We obtain from
Theorem 3

2 0
©on(t) exp{—— + —\t|3Ln} (1 —

1 (exp{ithn(k)} — 1) (exp{ith, (1)} — 1) ,
2 k;l ki + O([t] Lﬂ,)) (22)
k+Il>n

in the regionZ,, < |t| < Ty with |©] < 1.
Analysis of the double sum, s&, (¢), in (22) requires more calculations. Let

1 "L af

ap = Z 7 E(s):Zf.

n—k<Il<n k=1
Using the relation
s 1/2 —1 1— s

Z%_)/ Mdz<oo, S>O,
O x

k<n/2

we obtainX(s) < 1 for each fixeds > 0. Now as in [13], we have

Sa(t) = itZeXP{ithz(k)}—l 5 hnT(l)

k=1 n—k<l<n

+ (|t|3L2/3Z o (K)| 1/3) —
= —t2Dn+O<|tl3Zh$‘kk) > m}”)

n—k<l<n

+ O(It]PL,2(1/2)%3) = 2D, + O(|t|Ly,) .
Inserting the last formula into (22), we obtain
on(t) = e 21+ 12D,/2) + O(JtPe /4 L,) (23)

in the regionL,, < |t| < T;.

Let |t| < (64L,)~! =: T, then rough estimation of the terms in the formula obtained in
Theorem 4 yields

t|2L,,
gan(t)<<exp{—+|

5 23 )|t|3 }Se_t2/4. (24)

It follows from (6) that
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1 5 1/2
on(t) — 1 < |t (n' Z (hn(c) — A(n)) ) < |t . (25)
" oES,
Splitting the regiont| < T of integration in (21) into intervalg| < L,,, L,, < |¢| < T1,
Ty < |t| < T and using (25), (23), and (24) respectively, we obtain the desired estimate.
Theorem 1 is proved. ]

Proof of Corollary: The first estimate follows from Theorem 1 and the inequality

k=1

Dy,

IN

by the estimate above.
To prove the second assertion of Corollary, we construct the following example. Let
d(1) =1,

—2/5 <k<
d(k):{log k, 2<k<mn/2

1, n/2 <k <n,
then
" (k) s NP,
- 1 = E : = 5log?/® 1).
2 P c+o(1), = 2 . 5log™°n+ 0(1)

If h(k) := d(k)/B,, thenL, ~ 5-3/2clog~%/® n and

1 1) (log2)* 2/3
pozg( 3 ) =g zan

n/2<k<n

with ¢; > 0 providedn is sufficiently large. Thus, for the sequence of CD additive functions
defined byh(x) = h(l(k)), Theorem 1 yieldR?,, > LY, [ |

Proof of Theorem 2: As earlier, we may assume th&f = o(1). Then alsaD,, = o(1).
The estimates (24) and (25) but (23) remain valid.
Using the condition (7) instead of (3), we derive from Theorem 3

ult) = e /21 O(tfPet/1L,,) (26)

in the regionL,, < |t| < T}.
Now the traditional form of the Esseen inequality yields

dt

1 2
Rn < 5 +/ Wn(t) - e_t /2
T Jy<r | ’|t|
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whereT = (64L,)~*. Using the formulae (25), (24), and (26) in the regiofis< L,,
Ty < |t| < T,andL, < |t| < T3, respectively, we obtain the desired estimate.
Theorem 2 is proved. ]
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