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Abstract We obtain upper and lower bounds for the power moments of additive functions
on random permutations. The main ideas of proofs have been originated in probabilistic
number theory.
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1 Introduction

The upper and lower bounds for the power moments of order β ≥ 2 for sums of indepen-
dent random variables (i.r.vs) were established by H.P. Rosenthal [16]. In [19], B. von Bahr
and C.-G. Esseen presented two upper estimates in the case 0 < β < 2. Combining them
together with truncation and symmetrization of the summands, we [9, 10] obtained sharp
upper and lower bounds in this case. Our method based on the concentration function esti-
mates had been originated in the remarkable I.Z. Ruzsa’s paper [17] dealing with the second
moment for additive number theoretical functions. Such functions can be interpreted as sums
of dependent r.vs. An upper bound for this moment was given earlier by the Turán-Kubilius
inequality [7]. Extending it, the author [9] and independently A. Hildebrand [5] examined
all power moments of additive functions.

The present remark is devoted to sums of dependent r.vs appearing in probabilistic com-
binatorics which, as the recent results (see, for instance [1]) show, has a lot of parallels
with probabilistic number theory. Therefore the aforementioned estimates as well as the
others obtained by J. Kubilius [8], D.T.A. Elliott [3], I.Z. Ruzsa [18], A. Hildebrand [5],
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and K.-H. Indlekofer [6] serve us for a good pattern. We now demonstrate the possibility to
achieve the similar goals for the power moments of additive functions defined on random
permutations.

Let Sn be the symmetric group of permutations σ acting on n ≥ 1 letters. Each σ ∈ Sn

has a unique representation (up to the order) by the product of independent cycles κ

σ = κ1 · · ·κw, (1)

where w = w(σ) denotes the number of cycles. Set νn for the uniform probability mea-
sure on Sn. Denote by kj (σ ) the number of cycles of length j in (1), 1 ≤ j ≤ n, and let
k̄(σ ) = (k1(σ ), . . . , kn(σ )) be the structure vector of σ ∈ Sn. If �(k̄):= 1k1 + · · · + nkn for
k̄ = (k1, . . . , kn) ∈ Z+n

, then the evident relation �(k̄(σ )) = n shows that the family of r.vs
{kj (σ ),1 ≤ j ≤ n} is dependent with respect to νn. Its joint distribution can also be inter-
preted as the conditional distribution of a set of independent Poisson r.vs {ξj ,1 ≤ j ≤ n},
Eξj = 1/j , defined on some probability space. It is known [1] that, for ξ̄ := (ξ1, . . . , ξn) and
k̄ ∈ Z+n

,

νn(k̄(σ ) = k̄) = 1(�(k̄) = n)

n∏

j=1

1

jkj kj ! = P
(
ξ̄ = k̄|�(ξ̄ ) = n

)
. (2)

Despite to this dependency, the theory of limit distributions as n → ∞ of the decomposable
mappings, called additive functions, is under progress (see [1, 2, 11, 12, 14], and the bibli-
ography given in these papers). By definition, such function has the following expression

h(σ) :=
n∑

j=1

hj (kj (σ )) (3)

with some two-dimensional array hj (k) ∈ R, 1 ≤ j ≤ n and k ≥ 0, satisfying the condition
hj (0) ≡ 0. The functions satisfying also the condition hj (k) = ajk are called completely
additive. The above mentioned number of cycles w(σ) is the classical example. Many of
the statistics for so-called A-permutations (see the recent book by A.L. Yakymiv [22]) fall
within this scope. Interesting examples of additive functions appear in the Erdős-Turán prob-
lem concerning the group theoretical order of a random permutation (see [1] and [21]) or in
the investigations (see [4] and [20]) of distribution of the number of eigenvalues on the unit
circumference of the permutation matrix associated to σ .

One completely additive function plays an exceptional role in the present remark. It is
just l(σ ):= �(k̄(σ )). Observe that l(σ ) ≡ n for all σ ∈ Sn. Thus, we have to bear in mind
that any function under investigation can have the “deterministic” component λl(σ ) = λn

with some λ ∈ R. Separation of this component is one of the main technical obstacles.
In the sequel, we denote by Enf (σ ) the mean value of f : Sn → R with respect to νn. The

purpose of the present paper is to estimate

Mn(h,A,β) = (
En|h(σ) − A|β)1/β

for all β > 0. Let hj (k;λ) = hj (k) − λjk and h(λ)(σ ) = h(σ) − λl(σ ) be the additive func-
tion defined as in (3) via this sequence. Observe that

Mn(h,A,β) = Mn(h
(λ),A − λn,β). (4)
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The estimates obtained for Mn(h,A,β) are expressed in terms of

An(h) :=
∑

jk≤n

hj (k)

j kk! , Bn(h,β) :=
(∑

jk≤n

|hj (k)|β
j kk!

)1/β

but, by virtue of (4), h had to be substituted by h(λ) with an appropriate λ.
For brevity, we also use the notation � as an analog of O(·) and a 	 b to denote

a � b � a. To show the dependence on parameters, we will add the extra indexes.

2 Upper Estimates

In this section, n ≥ 1.

Theorem 1 If β ≥ 2, then

Mn(h,A,β) �β

∣∣An(h
(λ)) − A + λn

∣∣ + Bn(h
(λ),2) + Bn(h

(λ), β)

for every λ ∈ R.

For the remaining case, we need the following additional notation. Set

h′
j (k;λ, c) =

{
hj (k;λ) if |hj (k;λ)| ≤ c,
0 if |hj (k;λ)| > c

and h′′
j (k;λ, c) = hj (k;λ) − hj (k;λ, c). Using these sequences and (3), we define two ad-

ditive functions h′(σ ) := ĥ(λ,c)(σ ) and h′′(σ ) := ȟ(λ,c)(σ ) respectively. In other words, we
have split h(λ)(σ ) = h′(σ ) + h′′(σ ).

Theorem 2 Let c > 0 and λ ∈ R be arbitrary. If 1 ≤ β < 2, then

Mn(h,A,β) �β

∣∣An(h
(λ)) − A + λn

∣∣ + Bn(ĥ
(λ,c),2) + Bn(ȟ

(λ,c), β).

If 0 < β < 1, then

Mn(h,A,β) �β

∣∣An(ĥ
(λ,c)) − A + λn

∣∣ + Bn(ĥ
(λ,c),2) + Bn(ȟ

(λ,c), β).

Remark To obtain sharp upper estimates in Theorems 1 and 2, one has to minimize with
respect to λ and c the quantities on the right-hand side. In the next section, we will show
that there exists a choice of the parameters λ ∈ R and c > 0 such that, apart from a small
correction, these estimates can be reverted.

Exploiting (4), we reduce the problem to estimating of the moment when λ = 0. This is
assumed until the end of the section. So, equality h = h(λ) will be also kept in mind. The
very formulation of our theorems shows that the moments Mn(h,A,β) are comparable with
that of the sum of i.r.vs

Yn(λ):=
n∑

j=1

hj (ξj ;λ).

Set Yn:= Yn(0).
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Observe that the values of hj (k) for jk > n make no influence on h(σ) therefore we
assume that hj (k) = 0 if jk > n. We now recall the known estimates of power moments
applied for this fairly special sum of i.r.vs.

Lemma 1 If β ≥ 2, then

(
E|Yn − EYn|β

)1/β 	β Bn(h,2) + Bn(h,β). (5)

If 0 < β < 2, then

E|Yn − EYn|β ≤ Bβ
n (h,2). (6)

Moreover,

E|Yn − EYn|β ≤ 2Bβ
n (h,β) (7)

for 1 < β ≤ 2 and

E|Yn|β ≤ Bβ
n (h,β) (8)

for 0 < β ≤ 1.

Proof If β ≥ 2, apply the Rosenthal’s inequality [16]. Estimate (6) follows from the
monotonicity with respect to β of the function (E|X|β)1/β . Inequality (7) follows from the
result of B. von Bahr and C.-G. Esseen [19] and (8) is trivial.

If β ≥ 1, we also have

|EYn − An(h)| =
∣∣∣∣
∑

jk≤n

hj (k)

j kk!
(
e−1/j − 1

)∣∣∣∣

≤ Bn(h,β)

(∑

jk≤n

1

jk+1k!
)1−1/β

� Bn(h,β). (9)

So, in what follows we will be able to use An(h) instead of EYn.
In general, no estimate (6), (7), or (8) is sharp in the case 0 < β < 2. Combining them,

we [10] have succeeded in obtaining lower and upper estimates of the same order. To give
an impression and to motivate the truncation used in Theorem 2, we present the following
corollary of the author’s result [10].

Lemma 2 Let Xk , 1 ≤ k ≤ n be symmetric i.r.vs such that E|Xk| < ∞ and 0 < β ≤ 2. Then

E

∣∣∣∣
∑

k≤n

Xk

∣∣∣∣
β

	β inf

{∑

k≤n

E
(

1{|Xk| > c}|Xk|β
)

+
(∑

k≤n

E
(

1{|Xk| ≤ c}|Xk|2
))β/2

: c > 0

}
.

Proof See [10].

Let h′(σ ) = ĥ(0,c)(σ ) and h′′(σ ) = ȟ(0,c)(σ ). Set

Y ′ =
n∑

j=1

ĥj (ξj ;0, c), Y ′′ =
n∑

j=1

ȟj (ξj ;0, c).
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The following author’s inequality spans the upper estimation of the moments of additive
functions with that of sums of i.r.vs.

Lemma 3 We have

νn(|h(σ) − A| ≥ u) ≤ 32e2P (|Yn − A| ≥ u/3),

where A ∈ R and u ≥ 0 are arbitrary.

Proof See [12]. Recently we [15] observed that the factor 1/3 at u can not be substituted
by 5/7.

Corollary 1 For every additive function h(σ), A ∈ R, and β > 0, we have

Mβ
n (h,A,β) ≤ 32e23βE|Yn − A|β . (10)

Proof It suffices to use twice the expression

E|X|β =
∫ ∞

0
P (|X| ≥ u)d(uβ),

valid for each r.v. X having the β-th power moment, and Lemma 3.

Proofs of Theorems 1 and 2 We will repeatedly apply the inequality

|x + y|β ≤ min{1,2β−1}(|x|β + |y|β), β > 0. (11)

Let β ≥ 1. By Corollary 1, we have

Mn(h,A,β) � (
E|Yn − A|β)1/β � (

E|Yn − EYn|β
)1/β + |EYn − A|. (12)

Now, if β ≥ 2, the desired upper estimate follows from (5) and (9). If 1 ≤ β < 2, as
mentioned above, we split Yn = Y ′ +Y ′′. Further we use (11) and apply (6) for E|Y ′ −EY ′|β
and (7) for E|Y ′′ − EY ′′|β . Similarly, we change EYn by An(h). So, from (12) we obtain the
upper estimate in Theorem 2 for this case.

If β < 1, we start with

Mn(h,A,β) � (E|Y ′ − EY ′|β)1/β + (E|Y ′′|β)1/β

+ |EY ′ − An(h
′)| + |An(h

′) − A|. (13)

For the first three terms on the right hand side, we apply (6), (8), and (9) with β = 2 respec-
tively. Observing that the appearing constants do not depend on c, we complete the proof of
the upper bound in Theorem 2 for λ = 0. As we have noted, the same holds if an arbitrary λ

is involved.

3 A Lower Estimate

We will use the functions ĥ(λ,c) and ȟ(λ,c) introduced in Sect. 2 but with c = v:=
Mn(h,A,β).
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Theorem 3 There exist λ ∈ R and n0 = n0(β) ∈ N such that, for n ≥ n0,

∣∣A − λn − An(ĥ
(λ,c))

∣∣ + Bn(ĥ
(λ,c),2) +

( ∑

jk≤n−n0

|h′′
j (k;λ,v)|β

j kk!
)1/β

�β v.

For the proof, as in [18] and [10], we will exploit concentration function and sieve esti-
mates. Denote hj (1) = aj , aj (λ) = aj − jλ, and

Qn(u) = sup
x∈R

νn(|h(σ) − x| < u), u ≥ 0.

Set

Dn(u;λ) =
n∑

j=1

u2 ∧ aj (λ)2

j
, Dn(u) = min

λ∈R
Dn(u;λ).

Lemma 4 We have

Qn(u) � uDn(u)−1/2.

The constant in the symbol � is absolute.

Proof See [13].

Let J be an arbitrary subset of {1, . . . , n}, maybe, depending on n and J̄ = {1, . . . , n}\J .
Define

SJ
n = {σ ∈ Sn: kj (σ ) = 0 ∀j ∈ J &ki(σ ) ≤ 1 ∀i ∈ J̄ }

and

Sj,k
n : = {σ ∈ Sn: kj (σ ) = k, ki(σ ) = 0 ∀i ∈ J \ {j}

&kl(σ ) ≤ 1 ∀l ∈ J̄ \ {j}}.
Given a constant K ≥ 0, set μn(K) = minJ νn(S

J
n ), where minimum is taken over all subsets

J satisfying the condition
∑

j∈J

1

j
≤ K. (14)

Lemma 5 Let J = Jn ⊂ {j : j ≤ n} be an arbitrary nonempty set satisfying (14). There
exists a number n1 = n(K) ∈ N and a constant c(K) > 0 such that, for n > n1, we have
μn(K) > c(K) and

νn

(
Sj,k

n

) ≥ c(K)
1

jkk!
for all

(j, k) ∈ I := I (J,n − n1): = ((J × {1}) ∪ {(j, k) ∈ N2:k ≥ 2})
∩ {(j, k) ∈ N2 : jk ≤ n − n1}.

Proof See [14].
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Proof of Theorem 3 An application of Lemma 4 gives the first needed relation. If u0 :=
21/βMn(h,A,β) = 21/βv > 0, then by Markov’s inequality

Qn(u0) ≥ 1 − νn(|h(σ) − A| ≥ u0) ≥ 1 − u
−β

0 Mβ
n (h,A,β) = 1/2.

Consequently, by Lemma 4 we have Dn(u0, λ) � u2
0 with some λ ∈ R depending on h, n,

and β . This value of λ will be used up to the end of the proofs. By virtue of (4), as in the
upper estimation, we may substitute h(λ) for h. For simplicity, we just assume that λ = 0. We
also preserve the previous notation of functions h′(σ ) = ĥ(0,v)(σ ), and h′′(σ ) = ȟ(0,v)(σ ).
Observe that we also have

Dn(v,0) ≤ Dn(u0,0) � u2
0 = 22/βv2. (15)

This leads to

B2
n(h

′,2) ≤ Dn(v,0) +
∑

jk≤n,k≥2
|hj (k)|≤v

h2
j (k)

j kk! � (22/β + 1)v2. (16)

The last estimate trivially holds if v = 0 because of h′(σ ) ≡ 0 in this case.
Set

J := {j ≤ n : |aj | > v} = {j ≤ n:h′′
j (1;0, v) �= 0}.

Again from (15), we obtain
∑

j≤n
|aj |>v

1

j
� 22/β . (17)

So, condition (14) is satisfied with K depending on β . We may apply Lemma 5 keeping the
notation of the sets SJ

n , S
j,k
n , and I . Now n1 depends on β . If σ ∈ SJ

n , then h′′(σ ) = 0. Hence

Mβ
n (h′′,A − An(h

′), β) ≥ |A − An(h
′)|βνn

(
SJ

n

) �β |A − An(h
′)|β (18)

provided that n ≥ n1 = n1(β). If σ ∈ S
j,k
n , then h′′(σ ) = h′′

j (k;0, v). Lemma 5 now implies

Mβ
n (h′′,A − An(h

′), β) �β

∑

(j,k)∈I

|h′′
j (k;0, v)) − (A − An(h

′))|β
j kk! .

Combining this with (18), by (11) and (17), we obtain

∑

jk≤n−n1|hj (k)|>v

|hj (k)|β
j kk! �β Mβ

n (h′′,A − An(h
′), β)

+ |A − An(h
′)|β

∑

jk≤n
|hj (k)|>v

1

jkk! �β Mβ
n (h′′,A − An(h

′), β)

�β vβ + Mβ
n (h′,An(h

′), β). (19)

In either of the cases β < 2 or β ≥ 2, using Theorem 1 and (16), we have

Mn(h
′,An(h

′), β) �β v.
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This inequality together with (18) and (19) imply the desired estimate in Theorem 3 with
λ = 0. As we have observed, by virtue of (4), this does not cause generality.

Theorem 3 is proved.

Concluding remark Under the extra condition hj (k;λ) = 0 for n − n2 ≤ jk ≤ n, where
n2 ∈ N is sufficiently large, the obtained upper and lower estimates of moments differ just by
constants depending on β . We stress that, using the quantities An(h) and Bn(h,β), one can
not obtain such result without any restriction. For instance, by the definition, Mn(h,A,β)

depends on the values hj (kj ), where �(k̄) = n. Since there is no permutation satisfying
k1(σ ) = n − 1, the value h1(n − 1) never appears in the moment. Consequently, estimating
the moment more exactly, one must exclude such value at least. A detailed analysis leads to
some complicated formulations, however.
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11. Manstavičius, E.: Additive and multiplicative functions on random permutations. Lith. Math. J. 36(4),
400–408 (1996)
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