INEQUALITIES FOR THE p-th MOMENT, p, 0 <p <2,
OF A SUM OF INDEPENDENT RANDOM VARIABLES

E. ManstaviCius UDC 519

Let Xl, s Xn be independent random variables (1.v.), EXk =0,k= I,_n, and §,=X,+X,+...+X,. Forp>=2

estimates are known for ElSn|p, giving the exact order of growth with respect to n (cf. [1], [2], and also {3], [4], or [5]).
We set

b,m=(3 EXf"+ 3 E|Xp.
k=1 k=1

Then, not paying attention to constants, the corresponding result can be written in the form
¢ (p) D, (N <E|S,?<c"(p) D, (n),

where c'(p) and ¢”(p) are certain positive quantities depending on p. Here of course it is required that E| X, |?< w, k=1, n.

When 0 < p < 2 one has
M

n r
Eis,r<(3 EXH)", EISp<2 3 ElX. )
k=1 k=1

)

(cf, [6]) under the assumption of finiteness of the corresponding moments. It is easy to see that neither of the quantities
on the right gives the exact order with respect to n. Using both inequalities, we can get a satisfactory upper estimate, how-
ever estimation below with the help of the inequalities of [7] (cf. also [5]), as was done in [2], meets with considerable
difficulty.

The goal of the present paper is to offer another method for estimating below for p > 0. We recount it, getting an
optimal estimate of E | SIl IP in the sense of the dependence on n, when 0 < p < 2. The original idea of the method arose
in probabilistic number theory for getting a lower estimate in the familiar Kubilyus Inequality for additive arithmetic
functions (8]

Let Fk(u) be the distribution function of the r.v. Xk’ k= 1,‘11 In what follows, a tilde over a r.v. or a distribution
function will denote symmetrization. Let us assume that £| X;|?<o fork=1,n. Fort=> 0 we set

A, (p, t)=(i f“’dFk(u))pl:+i flu|”dFk(u)

k=) lul<t k=1 |u|>t

and

A (P) =,‘2£ Au(p, 0).

THEOREM 1. Let X, ..., Xa be independent random variables EXk =0and E| Xx|P<o0 for I1<p<2andk=1,n.
Then there exist positive quantities ¢, (p) and c, (p), depending only on p, such that

¢y (p) Ay (P)<E|S, PP <ca(p) An (D). &)
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Proof. It is known [6)} thatforarv. X for I <p <2, EX =0 and E [X|P<es

4 EIXP<EXP<EXP. @)
Forany t> 0 and k= 1, n we set X} = X, if 1X, | <tand Xj =0if X, >t Let X;=%,—X; . Now, using (1) and

(2), we have

EiS,P<E\S,p<21E| 3 Xi | +271E| 3 0 U<2 A, )
: k=1

k=1
for any t 2 0. Whence follows the right inequality of (3).
We now see that there exists a quantity th = tn(p) 2 0 such that

El Sn !p ? Cl (p) An (pr tn)'
We shall repeatedly refer to the inequality .
E|X+Y{P>E|X}?, p>l, 5)

which holds for independent r.v. X and Y, for which E}X{?<w, £|{Y|?P<c and EY=0(cf.[9]). If E1SnIp = 0, then
(5) implies EIin P=0,s0 A () = A, (p, 0) = 0 and the theorem is-proved. If El‘Snlp # 0, we set ¥2==20+1E(S 7, ¥, =
Y. X, k=1, n, Sp=Y,+...Y, . Let Vi (u) = Fp(u¥,) be the distribution function of the r.v. Yy, k=1, n. We have
that E|S§,?=2"+"1, so Markov’s inequal:ty gives a lower estimate of the concentration function
supP{S,ely, y+ 1} =1-P{|S5;'>1/2} > 1]2.
y

The latter in conjunction with Theorem 3 of {5] implies the inequality

S [ edhew+ 3 [ ew<aa, 6)

k=1 t41<] k=1 juizl

where A is an absolute positive constant.

We set & = %, if V| <1, and £ = 0, if 1%} 1> 1. Letny =¥y — g, k=1,n. Noting that B =0,k =1, n,
we get from (1) and (6),

E| 3 &

kek

’ <24y '©)

for any K< {k, 1<k<n} . Let L={k, 1<k<n, P {n,#0}21/2} and L={k, 1<k<a\L. From (6) follows the following
inequality for the number of elements of the set L:

{L]<84% @)
We note further that from (4) we have the inequality
Ei > 7. | <2E|s;p =277,
k=1
which with (5} implies
E [ Z v, lp<2—p and Eé Z 7. {p <2-r, 9
kel kel
This allows us fo estimate E; Z TN l" . In fact, in view of (7), we have
kek
E| 3 al<rE| 3 Bl +2nE| 3 af <oterria=al). (a0

kel kel kel
Here and below cj(p), i =3, 4, ... denote positive quantities depending only on p. Any of them can be calculated explicitly.

For the guantity on the left in (10) we apply the idea of the sieve, arising from the above-mentioned problem of proba-
bilistic number theory [8]. First we define the events. Forj € L we set



A;={n,#0}n{n;=0, VieL, i#j}={n,#0}n4].

Let x( ) be the indicator of the event given in parentheses. Noting that the events Aj for distinct j € L are disjoint, we
deduce from (10) that

@z E(] 3 nl x@)= 32 E(Inrx)=

jel keL JeL

=3 E(inlx))= X ElnrP)> [T P{n,=0} 3 Eln,P.

jeL jeL iel jeL

But in view of (6) and the inequality In(1 — x) > —2x, 0 < x < 1/2,

[ taoimen {2 5 pasor o
tel ieL

SO

3 Eln P <cy(p) e =c,(p). an

jeL
For k € L one gets an analogous estimate even more easily. From (9) and (7) we have

E| T al<2E| 3 hf+20E| X & <2+ 2@ =a)
kel kel keL

But Eny = 0, k= 1, n, so from (5) follows the inequality Elnklp <c, (p) for any k € L. Now (8) and (11) give the
estimate

>, Elnlr <842, (p)+ o (p) =cs (p)- a2
k=1

We turn to the variables i(k-. From (6) and (12) we conclude

B=(Y [ wdh@+ % [ luldiw <@dr+cn=cl.

k=1 lu|<l k=1 \ul=1

But since
B,(p)=Y;? A, (p, T =(2PFE|S,i7) " Au(p, W),
one has from the last inequality that the assertion of Theorem 1 follows with ¢, (p)=2"#"1¢5'(p).
We study the case 0 < p < 1. It is now natural to set that the medians of the summable r.v. are equal to zero. Let
X be the median of the r.v. X. One has the following

THEOREM 2. Let Xl, ey Xn be independent random variables, uX;=0, E| X, [?<ofor k = ﬁ and 0<p< L.
Then there exists a positive quantity c(p), depending only on p, such that
¢ (p) Ay (P) SE| Sa [P <2A,(p).

The proof of Theorem 2 coincides word for word with the proof of Theorem 1, only instead of (4) and (5) one uses
special cases of the following simple lemma.

LEMMA. Let X and Y be independent random variables, EIXIP < oo, E| Y|P < o0, where 0 < p < 1, and pY = 0.
If A is the event defined by the random variable X, then

E(|XPy(4)<2E(1X+Y?(4))
Proof of the Lemma. For a r.v. Z for which El ZIP < oo, Markov’s inequality gives
P{|Z|>@E|ZPPy"}< /2.

66



Consequently, |u Z|<@E|Z|?)Y? | and for any real x we have

[x[P=lp(x+Y)P<2E|x+YIP.
Hence

o«

E(x+vir)= [ dF0 ( x+yPdFy()) >3 [ 1xPdFe()=5 E(1XPy(4).
A

- 4

The lemma is proved.

We omit the rest of the details of the proof of Theorem 2. We note only that the estimation below by this method
is carried out by word for word repetition of arguments. In addition one should enlarge the integrals in the definition of
Aq(p, t) to the corresponding moments and: pass to nonsymmetrized random variables.
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