3. Special Relativity (SR) — Generators as differential operators

Translation and Rotation Operators

e The momentum operator P = —ia% — —id generates translations:
C . - B
— in index notation: P, = —ls = —10),
a® k9 S k
e hf(z) = eV kf(x) =Y —(a%0)" f(2) (1)
n=0 """

1 .
= f(2) + a"0pf(2) + Zala"0;0uf (x) + ...
— the Taylorseries of f(x + a) is
1 . 3
fleta) = f(z)+a"0pf(2) + Sa/a"0;0pf () + -+ = V' f(2) (2)
= the operator ei‘ﬂ3 moves the function f by the amount a
e The angular momentum operator L = X x P generates rotations

— in index notation: L; = ejppa™ Py = —iejpp 2”0, (3)
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3. Special Relativity (SR) — Generators as differential operators
Translation and Rotation Operators

e The components of I, do not commute:

— if you rotate around the x-axis and then around the y-axis,
you get a different result than rotating first around y and then zx.

— mathematically:
[Ly, Ly] = i%[(20; — 20:) (20y — yd:) — (28y — y02) (2dy — 201)]
= iz[(:cc?y + 20,0y — :cyag — zzﬁxﬁy + 2y0:02)
— (2280, — 220y0y — Y202 + YOy + y20.0:)]
= °[30y — yOu] = —iL, (5)
— or in index notation: [Lj, L] =ie;,Ly, =  Rotationgroup (6)
e but the square L2 =L - L = L;L;, does commute:
[L?,L;] = Lg[Ly, L]+ [Ly, Lj1Ly = LyiegjoLo + iegjoeLoLy,
= LyiepjmLm + i€y jnLpLm = i(epjm + €mjn) LpLm = 0 (7)

— use L2 and L. to describe quantum mechanical states (particles)
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3. Special Relativity (SR) — the Rotationgroup
Eigenstates of the Rotationgroup

e We write an eigenstate of the operators L2 and L. as |\, m)
L2\, m) = A\, m) and Lo\, m) = m|\, m) (8)
— |f) is called a ket and used to denote a quantum mechanical state.

e We define the ladder operators L4+ = Ly F iLy with
(L%, L+] = [L7, Ly] Ti[L% Ly =0 and (9)
(L2, L+] = [Lz, La] Fi[Lz, Ly] = iLy F i(—iLe) = +(La F iLy) = £L+(10)

= L4|\,m) is also an eigenstate of L2 and L. :

L?(L4|A\,m)) = ([L? L+]+ L+L?)|A\,m) = 0+ LyL?|\, m)
= LiAN,m) = AL4|A,m)) (11)
and
Lz(L:E|>‘7m>) — ([Lz,Lj:] + L:I:Lz)|>‘7m> — (:l:L:t + L:I:LZ)|>‘7m>

(XLt + Lim)|A,m) = (m =+ 1)(LL|A,m)) (12)
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3. Special Relativity (SR) — the Rotationgroup
Eigenstates of the Rotationgroup
e [.1 does not change the eigenvalue X\ of the state |\, m)
e [+ changes the eigenvalue m of the state |\, m)

= the states |\, m 4+ n) with n € Z are related
= for each A\ there would be co many states unless there is
* 4 = Mmmin With L_|\,a) = 0 and

e uSing

(Ly FiLy)(Le £4Ly) = L3&iLyLyFiLyLy+ L
(Lz+ L5+ L2) — L £i[Ls,Ly] = L*— L2 +4i(iLz)
L2 —L,(L,+1)

we can relate a and b.

(13)
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3. Special Relativity (SR) — the Rotationgroup
Eigenstates of the Rotationgroup

e relating a and b:

— 0=LiL_Na)=O-(a®*+a))|\a) = I=a’+a (14)
— O0=L_Lyi\b)y=OA—=(b% =b)Nb) = A=0b>—b (15)
ala+1)=bb—1) or a=-b (16)

e Applying (L4 ) n times on the state |\, a) gives |\,a + n)
e for some n we have to reach |[\,b) = a+n=b
n

e with a=—-bweget —b+n=>b0r mmax =b=75

e T he rotationgroup allows for half integer eigenstates

= Spinors

we will encounter spinors again . ..
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3. Special Relativity (SR) — Algebra of the Poincaré group

Groups — what is a group?

e a set G together with a "multiplication o
— fora,be G = c=aob €G
— (aob)oc=ao(boc)
—VYaeG:deeGFwithaoe=ecoa=a
—VaeG:3dateGwithaoal=aloa=ce

with the properties:

e ifaob=0"boa Va,b € G : abelian group, otherwise non-abelian
— abelian: {R,4+} or {RT, x}

— non-abelian: regular square matrices with the matrix multiplication

e continuous groups: the elements depend on a continuous parameter

— example: rotations around an axis R[0] with 6 € [0, 27)

e Lie group: a continuous group with an analytic multiplication

— g[Z] o gly]l = g[f (&, v)] with f(Z, ¢) analytic in £ and ¥
— the unit element is e = g[0]
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3. Special Relativity (SR) — Algebra of the Poincaré group
Lie groups and Lie algebras
e The n x n (complex) matrices form representations of Lie groups

e group multiplication is analytic = expansion around unit element

— unit element e = 1,,«n,
9T (glod)
Oay,

— representation T(gla]) = expli; X;] = X = — lg=0 (17)

— generators {X.} span the representation of the Lie group

o the generators { X} fulfill the Lie algebra [X;, X;] = Cj,fXg (18)

— with the antisymmetric structure constants Cj,f — —Ckf
— rank of the group: number of commuting generators
— a Casimir operator commutes with all generators = e

e the indices 1,3, k,£ need not indicate single numbers!
— for the generators we will have X; = X, .1 = —X[;,,]
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3. Special Relativity (SR) — Algebra of the Poincaré group
Representations of the Lie group

e using the Jacobi identity
0 = [A[BCll+[B,[C,All + [C, [A, B]] (19)
— ABC - ACB— BCA+CBA + BCA— BAC —CAB+ ACB + CAB— CBA— ABC + BAC

we get for the structure constants
0 = C,'A, D]+ C. B, D] + C,{[C, D] (20)
= G Cof + Coi'Cof + Cil'Crf = —(CoCyf — Cu'Cyd) + Coui'Crf

e writing the structure constants as matrices (Mk)je = Cj,_f we have
0 = —[(Ma)e *(My) g — (My) "(Ma) 4] + Co (My)..© (21)
or
[Ma, M) = Cop My (22)

= the structure constants form the adjoint representation of the Lie group
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3. Special Relativity (SR) — Algebra of the Poincaré group
Lie Algebra of the rotation group

e a rotation around the z-axis by the angle 0 is done by the matrix

cosf® —sind O 0L
R[O] = sing  cosd 0 | = "2 (23)
0] 0] 1
— in index notation: R[0)%), = cos8(8.6% + 6362) — sin0(8,62 — 540%) + 6455 (24)

e SO the generator of the rotations, L., IS

—sing —cos6fd O O -1 O
il, = OR[0] = | cos6 —sing 0 =1 o o (25)
90 |p—g 0 0 0 /|p=0 0 0 O
— and similar
0 0 O 0 0 -1
1L, = <O o -1 ) iLy: (o 0O 0 > (26)
0 1 O 1 0 O

e these rotations (incl. L, and L,) act on 3d column vectors v = ( J; )
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3. Special Relativity (SR) — Algebra of the Poincaré group
Lie Algebra of the rotation group
e With simple matrix multiplication we can see:
[iLy,iLy] = —iL, [iLy,iL,] = —iLy [iL,iLy] = —iLy (27)
— or in index notation with =1, y =2, and z =3: [Lj, Lp] = i€;poLy (28)

e but there is a smaller dimensional realisation of the rotation group!
— using the Pauli matrices

(0 1 ({0 —i (1 o0
‘755_(1 o) 0y—<z’ o) JZ_(O—l) (29)
— one can define the Spin matrices S, = %ak . which give
[Sj, Skl = i€reS (30)

e these Spin matrices act on 2d complex column vectors s = ( g )
with |a|2 + |5|2 —1 =X Spinors

= fundamental representation of the rotation group SU(2)
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3. Special Relativity (SR) — Algebra of the Poincaré group
Rotations of Spinors

e With simple matrix multiplication we can see for the Pauli matrices:
1 0
‘7:%:052032(0 1):12><2 (31)

e SO the finite rotation of a spinor around the y-axis is
) ©.@)
ezHSy — Z _I(ZH%O'y)n: Z (Z )no_n_l_ Z (’L )n n
n=0 """ n=om ™' n=2m4+1""
N GRC P2y 430 "G > o
(2n)! (2n + 1)! ys =y

n n

R[0]

sing  cos? (32)

0 P
cos 3 —sm§)
2

= CO0S3 *12X2—|—zs|ngay_(

— acting on the spinor s = ( g )

— spinors rotate only with half of the rotation angle 6
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3. Special Relativity (SR) — Algebra of the Poincaré group

Lorentz transformations ( like Galilean transformations )
consist of Boosts and Rotations

e a boost in x was done by
A(H, = coshn(846% + 681 — sinh (8%, + 648%) + 6562 + 6453 (33)

e a rotation between y and z can be done by
A, = 1559 + 6161 + cos0(8%52 + 6%53) — sin0(5485 — §%462)  (34)

e we obtain the generators for boosts with — a/\(") Y| p=0 =

—isinhn(6%5% + §'/61) + i coshn(5461, + 6469 =0 = (6551, + 645%) (35)

e we obtain the generators for rotations with _Za/\(e) L |g—

+isin 0(556% + §%63) + i cos (8553 — 6%52)|g—g = (5505 — §562)  (36)
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3. Special Relativity (SR) — Algebra of the Poincaré group

The other boosts go in § or z direction: i(5/55%, + 6%69),

or with the indices 0i down: (Mg, =i(85(—giv) + 8 g900) - (37)
The other rotations go in #j or Zz direction: z(6“(5’f — 5“5 ),
or with the indices jk up: (M;)*, = z((S“( gky) o (— gj,/)) . (38)
both generators have now the same form: (MQB)MV = —z(5agﬁy 55,9%)
with w® = —wf> we get

A(w)#, = exp[i(Magw®)H ] = exp[(5tgs, — 5%gay)wa5] (39)

these generators fulfill the Lie algebra of the Lorentz group:

[Maﬁa ng]“,/ — i(gowMﬂcS - gﬁ’yMaé - goz(SM,ny + gﬁéMav)Mz/ (40)
unifying time and spatial translations P, = (H,F;) . (41)
we get the rest of the Poincaré algebra:

[P,Lba Pl/] =0 and [Maﬂa P,u] — Z(gOé/JJPﬁ — gﬁ/,LPOé) (42)
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3. Special Relativity (SR) — Algebra of the Poincaré group

Invariants of the Poincaré group

e obviously [ab, c] = alb, c] + [a, c]b = abc — acb + acb — cab = abc — cab

[Py, P?] = [Py, P,)P" + P’[P,, P,)] =0 (43)
and
[Mag, P2l = g"'[Mag, PPy + " PulM,g, Pl (44)
Quyi(ga,upﬁ — gﬁlupa)PI/ + g'uypui(gowpﬂ - gﬂypoz)
= —2i[Pa,P3] =0 .

— P2 = m? invariant is a consequence of the Poincaré algebra!

e Another invariant is W?2
— with the Pauli-Lubanski vector W = 2e#PAM,,, Py (45)
e since P, and WH commute: [P, WH] = L[ P, M,,P)]

= 2e"PM([Pr, Mypl Py + Myp[Pe, PA]) = 267 i(gpe Py — guwBPp) Py = 0 (46)

— Particles can be characterised by the eigenvalues of P2 and W2
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3. Special Relativity (SR) — Algebra of the Poincaré group
Invariants of the Poincaré group

e the spin vector WH# is orthogonal to P, :
(PW) = Plie,, \M"PP* =0 (47)
e a particle at rest: P, = (m,0) and W, = %m € poM"P = m(0,J) (48)
— then W2 =-m?J? = -—m2s(s+ 1) (49)
— the eigenvalues of P2 is m? and of W2 is m2s(s+ 1)
e a massless particle has P, = (n,7,0,0) and W = %e“”p)‘Mpr,\ (50)
— and we get P2=(PW)=W?=0 (51)
— 5o the eigenvalues of P2 and W?2 are O
— noticing 0= NP2 —2X(PW) 4+ W? = (AP — W)? (52)
— we can require WH = \PH with the helicity A\ = 0,4+1, 41, ...
* \ depends on the representation (i.e. the spin) of the particle
— Particles are characterised by mass and spin !
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3. Special Relativity (SR) — Algebra of the Poincaré group
Investigating the Lorentz group

e distinguishing again boosts and rotations

K; = Mg; = —M% and Ji = SeiinMIF (53)
the Lorentz algebra gives
[, Jk) = dejpede o Ky, Kl = —tejpedy , [Jj, Kl = tejpeKy  (54)
e defining
Li= N; = 1(J; +iK;) and R; = N = 1(J; —iK;) (55)
one gets
[Lj, Bkl =0, [Lj, L] = tejrely [Rj, R] = €0y (56)
e the Lorentz algebra is similar to SU(2); @ SU(2)p !
e two invariants: L;L; =n(n+ 1) and R;R; = m(m + 1)
— since J;,=L;+ R; = spin j=n—+m (57)
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3. Special Relativity (SR) — Algebra of the Poincaré group
classifying particles

e according to the eigenstates (n,m) of SU(2); ® SU(2)R
— (0,0) is a scalar
— (3,0) is the xq left-handed Weyl-spinor
— (O,%) is the 77‘5‘ right-handed Weyl-spinor
— (%,O) — (O,%) is W = (fga) the Dirac-spinor
— (2,0) ® (0, 2) = (2, 2) is (xotn) = Xo‘%ano‘ the spin-1 four-vector
= in that sense is the spinor the square root of the vector
e under Parity: J; s J;, K; —s —K;, = L; < R;, (n,m) < (m,n)
— the scalar stays the same
— (3,0) LN (0,3), therefore xq PN
- (,00(0,3) <= 0.HaE0 =@E0003),
— SO a Dirac-spinor stays a Dirac-spinor
— the four-vector stays the same
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3. Special Relativity (SR) — Algebra of the Poincaré group
classifying particles

e Charge conjugation also interchanges SU(2); < SU(2)p
— like Parity

= the combined transformation CP leaves SU(2); and SU(2)g invariant
— but it still includes mathematically a complex conjugation

e Time reversal T is an antiunitary transformation

— it includes a complex conjugation

any quantum field theory

e built from the representations of the Poincaré algebra
— that means: scalars, spinors, vectors

= has to be invariant under CPT
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