
3. General Relativity — Equivalence Principle

What do we require of a theory of gravitation ?

• it should reproduce the known classical physics

– the Weak Equivalence Principle (WEP)

∗ inertial mass equals gravitational mass

– with Special Relativity we noticed:

∗ mass is just a form of energy

• it should generalize the WEP

– uniform acceleration is similar to an extended gravitational field

∗ a free falling observer cannot detect the gravitational field

⇒ the free falling observer replaces the inertial frame of SR

⇒ Einsteins Equivalence Principle:

”In small enough regions of spacetime, we only need SR;
it is impossible to detect the gravitational field”
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3. General Relativity — Geodesic equation

How can we ”derive” General Relativity ?

• without gravity a test particle should move on a straight line

– like in Newtonian mechanics

• but what is a ”straight line” in a curved spacetime?

⇒ a curve x(τ) with tangent vector dx
dτ , constant along the curve

⇒ geodesic equation: 0 = ∇V V with V = dx
dτ or

dxµ

dτ

(
∂µ

dxρ

dτ
+Γρ

µν
dxν

dτ

)
=

d2xρ

dτ2
+Γρ

µν
dxµ

dτ

dxν

dτ
= 0 (1)

• locally we can always choose an orthonormal coordinate system

– the Christoffel symbols vanish at the point P : Γρ
µν|P = 0

⇒ at P we get for the ”straight line”

d2xµ

dτ2

∣∣∣∣∣
P

= 0 with solution: xµ = x
µ
0 + vµτ (2)
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3. General Relativity — Einstein equations

How can we ”derive” General Relativity ?

• Newtonian gravity has to be a limiting case for

– constant and weak gravitational fields

– slow moving test particles

⇒ the metric should have Minkovski form with a small perturbation:

gµν = ηµν + hµν with |hµν| ≪ 1 (3)

• slow moving means |dx
i

dτ | ≪
dx0

dτ = dt
dτ

⇒ the geodesic equation becomes a perturbation series:
d2t
dτ2

= 0 and d2xi

dτ2
+Γi

00
dt
dτ

dt
dτ = ( dtdτ )

2(d
2xi

dt2
+ 1

2η
ij(−∂jh00)) = 0 (4)

– and the second looks like Newtons equation for gravity:
d2xi

dt2
= ai = − d

dxi
Φ = − d

dxi
(−GM

r ) (5)

⇒ we can identify the Newtonian limit for the metric as

g00 = 1− 2GM
r and gii = −1 (6)
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3. General Relativity — Einstein equations

How can we ”derive” General Relativity ?

• generalizing the Poisson equation for gravity

∇2Φ = 4πGρ (7)

– we need second derivatives of the potential, i.e. the metric

⇒ the Riemann curvature tensor . . . or contractions of it

– a generalization for the density

⇒ the stress-energy tensor Tµν with T00 = ρ

∗ which is conserved: ∇µTµν = 0

⇒ we have to find a conserved tensor, made out of R
ρ
σµν

– contracting the second Bianchi identity:

0 = gµρgνλ(Rµνρσ;λ +Rµνλρ;σ +Rµνσλ;ρ) = Rνσ;λg
νλ −R;σ +Rµσ;ρg

µρ = 2∇µRµσ −∇σR (8)

⇒ tells us that the Einstein tensor Gµν = Rµν − 1
2Rgµν is conserved

⇒ Einstein equations Gµν = Rµν − 1
2Rgµν = 8πGTµν (9)
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3. General Relativity — Vacuum solutions

Ricci flatness

• contracting the Einstein equations

gµν(Rµν − 1
2Rgµν) = R(1− 4

2) = −R = 8πGgµνTµν = 8πGT (10)

we can rewrite them as

Rµν = 8πGTµν + 1
2Rgµν = 8πG(Tµν − 1

2Tgµν) (11)

• vacuum means Tµν = 0. So we get Rµν = 0

– solutions with this behaviour are called Ricci flat

∗ but that does not require Rµ
νρσ = 0

• including the electro-magnetic field as Tµν = gαβFµαFνβ − 1
4
gµνFαβF

αβ

⇒ gives the electro-vacuum solutions
∗ they are not Ricci flat

• including the cosmological constant Λ as Tµν = −gµν
Λ

8πG

⇒ gives the ”Lambda-vacuum” solutions
∗ de Sitter space (dS4) with Λ > 0

∗ anti-de Sitter space (AdS4) with Λ < 0
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3. General Relativity — Vacuum solutions

symmetries can classify the possible solutions

• a vanishing R
µ
νρσ gives the maximally symmetric solution

– Minkovski spacetime has the constant metric ηµν

⇒ allows invariance under all Lorentz transformations

• the spherically symmetric solution is the Schwarzschild metric

– it does not change with time ⇒ static

– it is invariant under rotations around the central mass

– inclusion of the EM field: the static Reissner-Nordström metric

• rotational symmetry around an axis: the stationary Kerr metric

– inclusion of the EM field: the stationary Kerr-Newman metric

• since these solutions are static or stationary

– there are no problems with time evolution and stability

⇒ used for studying features of spacetime: black holes, singularities
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3. General Relativity — Symmetries

How can we express symmetries?

• We know from Noether’s theorem :

– symmetries are connected to conserved quantities
– the derivative of conserved quantities vanishes

• with the Lie derivative one studies the change along the vector

– if the Lie derivative LV (X) vanishes

⇒ X is invariant along V

⇒ the vector V generates a symmetry transformation for X

• if LV (gµν) = 0 ⇒ V generates a symmetry for M

– such a vectorfield V is called Killing vectorfield

– the equation is called Killing equation (LV (gµν) = 0)

0 = V ρ(∇ρgµν) + gλν(∇µV
λ) + gµλ(∇νV

λ) = (∇µV ν) + (∇νV µ) (12)

– here we have used the definition of the Lie derivative on covectors from

LV (A
µωµ) = V ν∇ν(A

µωµ) = V ν[(∇νA
µ)ωµ +Aµ(∇νωµ)]

= LV (A
µ)ωµ +AµLV (ωµ) = [V ν(∇νA

µ)−Aν(∇νV
µ)]ωµ +AµLV (ωµ) (13)
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3. General Relativity — Symmetries

Killing vectorfields express the symmetries

• for S2 we have three Killing vector fields V (1), V (2), V (3)

– they ”close” under commutation: [V (j), V (k)] = ϵjkℓV (ℓ)

⇒ they form the rotation group SO(3)

– S2 is maximally symmetric

• for a spherically symmetric M

– we have to have three Killing vector fields V (j)

– these V (j) transport points around within the same sphere

⇒ they foliate M (like onion shells)

• Frobenius theorem tells us:

– we can pick coordinates bk in the space spanned by V (j)

– and coordinates aK outside the space spanned by V (j)

– then the metric in M can be written as

ds2 = gJK(a)daJdaK + gjk(a)db
jdbk (14)
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3. General Relativity — Symmetries

Spherical symmetry
• choosing the coordinates on S2 as (ϑ, φ) with d2Ω = d2ϑ+ sin2 ϑd2φ

• choosing the coordinates outside S2 as (a, b) we get the metric

ds2 = gaada
2 + gab(dadb+ dbda) + gbbdb

2 − r2(a, b)d2Ω (15)
– inverting r(a, b) to b(a, r) we can replace b by r

– finding t(a, r) so that cross terms in (t, r) vanishes: dt = ∂t
∂a
da+ ∂t

∂r
dr

– making an ansatz with functions m(t, r) and n(t, r)

ds2 = mdt2 + ndr2 − r2d2Ω
= m[( ∂t

∂a
)2da2 + ( ∂t

∂a
)(∂t

∂r
)(dadr + drda) + (∂t

∂r
)2dr2] + ndr2 − r2d2Ω (16)

– gives three equations

m( ∂t
∂a
)2 = gaa m( ∂t

∂a
)(∂t

∂r
) = gar m(∂t

∂r
)2 + n = grr (17)

– can be solved for m, n, and t, which gives then a(t, r)

• looking at the flat Minkovsky metric ds2 = dt2 − dr2 − r2d2Ω

– we assume m = e2α(t,r) positive and n = −e2β(t,r) negative

⇒ we get the metric ds2 = e2α(t,r)dt2 − e2β(t,r)dr2 − r2d2Ω (18)

– now we have to solve the Einstein equations
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3. General Relativity — spherical vacuum solutions

calculating the non-vanishing Christoffel symbols

• Γt
µν = 1

2
gtt(∂µgνt + ∂νgµt − ∂tgµν) = 1

2
e−2α[(∂µδtν + ∂νδtµ)e

2α − ∂tgµν] gives

Γt
tt = 1

2
e−2α[2∂te

2α − ∂te
2α] = ∂tα (19)

Γt
tr = 1

2
e−2α[∂re

2α] = ∂rα (20)

Γt
rr = 1

2
e−2α[−∂t(−e2β)] = e−2(α−β)∂tβ (21)

• Γr
µν = 1

2
grr(∂µgνr + ∂νgµr − ∂rgµν) = −1

2
e−2β[(∂µδrν + ∂νδrµ)(−e2β)− ∂rgµν] gives

Γr
tt = 1

2
e−2β[∂re

2α] = e2(α−β)∂rα (22)

Γr
tr = 1

2
e−2β[∂te

2β] = ∂tβ (23)

Γr
rr = 1

2
e−2β[2∂re

2β + ∂r(−e2β)] = ∂rβ (24)

Γr
ϑϑ = 1

2
e−2β[∂r(−r2)] = −e−2βr (25)

Γr
φφ = 1

2
e−2β[∂r(−r2 sin2 ϑ)] = −e−2βr sin2 ϑ (26)

• Γϑ
µν = 1

2
gϑϑ(∂µgνϑ + ∂νgµϑ − ∂ϑgµν) = −1

2
r−2[(∂µδϑν + ∂νδϑµ)(−r2)− ∂ϑgµν] gives

Γϑ
rϑ = −1

2
r−2[∂r(−r2)] = r−1 (27)

Γϑ
φφ = −1

2
r−2[−∂ϑ(−r2 sin2 ϑ)] = − sinϑ cosϑ (28)

• Γφ
µν = 1

2
gφφ(∂µgνφ + ∂νgµφ − ∂φgµν) = −1

2
r−2 sin−2 ϑ[(∂µδ

φ
ν + ∂νδ

φ
µ)(−r2 sin2 ϑ)] gives

Γφ
rφ = 1

2
r−2 sin−2 ϑ[∂rr

2 sin2 ϑ] = r−1 (29)

Γφ
ϑφ = 1

2
r−2 sin−2 ϑ[∂ϑr

2 sin2 ϑ] = cosϑ
sinϑ

(30)
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3. General Relativity — spherical vacuum solutions

calculating from the Γs the non-vanishing Riemann tensor components

• Rtrσρ = gtt(∂σΓt
ρr − Γt

ρλΓ
λ
σr)− (ρ ↔ σ) = e2α(∂σΓt

ρr − Γt
ρtΓ

t
σr − Γt

ρrΓ
r
σr − ∂ρΓt

σr +Γt
σtΓ

t
ρr +Γt

σrΓ
r
ρr) gives

Rtrtr = e2α(∂tΓ
t
rr − Γt

rtΓ
t
tr − Γt

rrΓ
r
tr − ∂rΓ

t
tr +Γt

ttΓ
t
rr +Γt

trΓ
r
rr)

= e2α(∂t(e
−2(α−β)∂tβ)− (∂rα)

2 − (e−2(α−β)∂tβ)(∂tβ)− ∂r(∂rα) + (∂tα)(e
−2(α−β)∂tβ) + (∂rα)(∂rβ))

= e2β[∂2
t β − (∂tα)(∂tβ) + (∂tβ)

2]− e2α[∂2
rα+ (∂rα)

2 − (∂rα)(∂rβ)] (31)

• Rtϑσρ = gtt(∂σΓt
ρϑ − Γt

ρλΓ
λ
σϑ)− (ρ ↔ σ) = −e2α(Γt

ρrΓ
r
σϑ − Γt

σrΓ
r
ρϑ) gives

Rtϑtϑ = −e2α(Γt
ϑrΓ

r
tϑ − Γt

trΓ
r
ϑϑ) = e2α(∂rα)(−e−2βr)

= −e2(α−β)r(∂rα) (32)

Rtϑrϑ = e2α(Γt
rrΓ

r
ϑϑ) = e2α(e−2(α−β)∂tβ)(−e−2βr)

= −r(∂tβ) (33)

• Rtφσρ = gtt(∂σΓt
ρφ − Γt

ρλΓ
λ
σφ)− (ρ ↔ σ) = −e2α(Γt

ρrΓ
r
σφ − Γt

σrΓ
r
ρφ) gives

Rtφtφ = −e2α(Γt
φrΓ

r
tφ − Γt

trΓ
r
φφ) = e2α(∂rα)(−e−2βr sin2 ϑ)

= −e2(α−β)r sin2 ϑ (∂rα) (34)

Rtφrφ = e2α(Γt
rrΓ

r
φφ) = e2α(e−2(α−β)∂tβ)(−e−2βr sin2 ϑ)

= −r sin2 ϑ (∂tβ) (35)
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3. General Relativity — spherical vacuum solutions

calculating from the Γs the non-vanishing Riemann tensor components

• Rrϑσρ = grr(∂σΓr
ρϑ − Γr

ρλΓ
λ
σϑ)− (ρ ↔ σ) = −e2β(∂σΓr

ρϑ − Γr
σrΓ

r
ρϑ − Γr

σϑΓ
ϑ
ρϑ − Γr

σφΓ
φ
ρϑ)− (ρ ↔ σ) gives

Rrϑrϑ = −e2β(∂rΓ
r
ϑϑ − Γr

rrΓ
r
ϑϑ − Γr

rϑΓ
ϑ
ϑϑ − Γr

rφΓ
φ
ϑϑ − ∂ϑΓ

r
rϑ +Γr

ϑrΓ
r
rϑ +Γr

ϑϑΓ
ϑ
rϑ +Γr

ϑφΓ
φ
rϑ)

= −e2β(∂r(−e−2βr)− (∂rβ)(−e−2βr) + (−e−2βr)(r−1)) = −2r(∂rβ) + 1+ r(∂rβ)− 1

= −r(∂rβ) (36)

• Rrφσρ = grr(∂σΓr
ρφ − Γr

ρλΓ
λ
σφ)− (ρ ↔ σ) = −e2β(∂σΓr

ρφ − Γr
σrΓ

r
ρφ − Γr

σϑΓ
ϑ
ρφ − Γr

σφΓ
φ
ρφ)− (ρ ↔ σ) gives

Rrφrφ = −e2β(∂rΓ
r
φφ − Γr

rrΓ
r
φφ − Γr

rϑΓ
ϑ
φφ − Γr

rφΓ
φ
φφ − ∂φΓ

r
rφ +Γr

φrΓ
r
rφ +Γr

φϑΓ
ϑ
rφ +Γr

φφΓ
φ
rφ)

= −e2β(∂r(−e−2βr sin2 ϑ)− (∂rβ)(−e−2βr sin2 ϑ) + (−e−2βr sin2 ϑ)(r−1))

= −r sin2 ϑ (∂rβ) (37)

• Rϑφσρ = gϑϑ(∂σΓϑ
ρφ − Γϑ

ρλΓ
λ
σφ)− (ρ ↔ σ) = −r2(∂σΓϑ

ρφ − Γϑ
ρrΓ

r
σφ − Γϑ

ρϑΓ
ϑ
σφ − Γϑ

ρφΓ
φ
σφ)− (ρ ↔ σ) gives

Rϑφϑφ = −r2(∂ϑΓ
ϑ
φφ − Γϑ

φrΓ
r
ϑφ − Γϑ

φϑΓ
ϑ
ϑφ − Γϑ

φφΓ
φ
ϑφ − ∂φΓ

ϑ
ϑφ +Γϑ

ϑrΓ
r
φφ +Γϑ

ϑϑΓ
ϑ
φφ +Γϑ

ϑφΓ
φ
φφ)

= −r2(∂ϑ(− sinϑ cosϑ)− (− sinϑ cosϑ)(cosϑ
sinϑ

) + (r−1)(−e−2βr sin2 ϑ))

= r2(cos2 ϑ− sin2 ϑ− cos2 ϑ+ e−2β sin2 ϑ)

= r2 sin2 ϑ (e−2β − 1) (38)

Thomas Gajdosik Cosmology 2023 / 09 / 01 12



3. General Relativity — spherical vacuum solutions

contracting gives the Ricci tensor components, which have to be zero

• Rtµ = gttRtttµ + grrRrtrµ + gϑϑRϑtϑµ + gφφRφtφµ = grrRtrµr + gϑϑRtϑµϑ + gφφRtφµφ gives

Rtt = −e−2β(e2β[∂2
t β − (∂tα)(∂tβ) + (∂tβ)

2]− e2α[∂2
rα+ (∂rα)

2 − (∂rα)(∂rβ)])

−r−2[−e2(α−β)r(∂rα)]− r−2 sin−2 ϑ [−e2(α−β)r sin2 ϑ (∂rα)]

= −[∂2
t β − (∂tα)(∂tβ) + (∂tβ)

2] + e2(α−β)[∂2
rα+ (∂rα)

2 − (∂rα)(∂rβ) + 2r−1(∂rα)] (39)

Rtr = −r−2[−r(∂tβ)]− r−2 sin−2 ϑ [−r sin2 ϑ (∂tβ)] = 2r−1(∂tβ) (40)

• Rrµ = gttRtrtµ + grrRrrrµ + gϑϑRϑrϑµ + gφφRφrφµ = gttRtrtµ + gϑϑRrϑµϑ + gφφRrφµφ gives

Rrr = e−2α(e2β[∂2
t β − (∂tα)(∂tβ) + (∂tβ)

2]− e2α[∂2
rα+ (∂rα)

2 − (∂rα)(∂rβ)])

−r−2[−r(∂rβ)]− r−2 sin−2 ϑ [−r sin2 ϑ (∂rβ)]

= e2(β−α)[∂2
t β − (∂tα)(∂tβ) + (∂tβ)

2]− ∂2
rα− (∂rα)

2 + (∂rα)(∂rβ) + 2r−1(∂rβ) (41)

• Rϑµ = gttRtϑtµ + grrRrϑrµ + gϑϑRϑϑϑµ + gφφRφϑφµ = e−2αRtϑtµ − e−2βRrϑrµ − r−2 sin−2 ϑRϑφµφ gives

Rϑϑ = e−2α[−e2(α−β)r(∂rα)]− e−2β[−r(∂rβ)]− r−2 sin−2 ϑ [r2 sin2 ϑ (e−2β − 1)]

= 1− e−2β[r(∂rα)− r(∂rβ) + 1] (42)

• Rφµ = gttRtφtµ + grrRrφrµ + gϑϑRϑφϑµ + gφφRφφφµ = e−2αRtφtµ − e−2βRrφrµ − r−2Rϑφϑµ gives

Rφφ = e−2α[e2α(∂rα)(−e−2βr sin2 ϑ)]− e−2β[−r sin2 ϑ (∂rβ)]− r−2 [r2 sin2 ϑ (e−2β − 1)]

= −e−2βr sin2 ϑ (∂rα) + e−2βr sin2 ϑ (∂rβ)]− e−2β sin2 ϑ+ sin2 ϑ

= (1− e−2β[r(∂rα)− r(∂rβ) + 1]) sin2 ϑ = Rϑϑ sin
2 ϑ (43)

⇒ we get four independent equations
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3. General Relativity — spherical vacuum solutions

using Rtr and Rϑϑ

• Rtr = 2r−1(∂tβ) = 0 tells us that β = β(r)

• taking the derivative with respect to t of Rϑϑ

∂tRϑϑ = −e−2β[r(∂t∂rα)− r(∂t∂rβ)] = −e−2βr(∂t∂rα) = 0 (44)

tells us:
α(t, r) = α(r) + g(t) (45)

• rescaling t → t′ = g̃(t) with dt′ = eg(t)dt (and renaming t′ as t) we get

ds2 = e2α(r)dt2 − e2β(r)dr2 − r2d2Ω (46)

⇒ all metric components are independent of t

⇒ the metric has a timelike Killing vector ∂0 !

⇒ such a metric is called stationary

– if ∂0 is orthogonal to a family of hypersurfaces (like S2)

⇒ the metric is called static
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3. General Relativity — spherical vacuum solutions

using Rtt, Rrr, and Rϑϑ

• since both, Rtt and Rrr, are zero, we get

0 = e2(β−α)Rtt +Rrr = 2r−1(∂rα) + 2r−1(∂rβ) (47)

⇒ α = −β + const

⇒ but the constant can be absorbed in a constant rescaling of t

• using Rϑϑ again we get

0 = 1− e−2β[−2r(∂rβ) + 1] = 1− ∂r(re
−2β) (48)

which has the solution

re−2β = r + µ or e−2β = 1+
µ

r
= e2α (49)

• comparing with the weak field limit for r → ∞ we get µ = −2GM

– and the Schwarzschild metric

ds2 =
(
1−

2GM

r

)
dt2 −

(
1−

2GM

r

)−1
dr2 − r2d2Ω (50)
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3. General Relativity — Schwarzschild metric

the Schwarzschild metric describes the vacuum outside a spherical mass

• the metric is asymptotically flat:

– for M → 0 or r → ∞ we recover the Minkovsky metric

• it has the physical singularity at r → 0

– can be seen from RabcdRabcd = 48G2M2r−6

• it has a coordinate singularity at r → rs = 2GM

– rs is called the Schwarzschild radius

∗ the Schwarzschild radius for the Earth is ∼ 8.87mm; for the sun ∼ 2.95km

∗ but the radius of the Earth is ∼ 3870km; for the sun ∼ 7 ∗ 105km

– the coordinate singularity can be avoided by changing coordinates

∗ Kruskal-Szekeres coordinates are valid up to the physical singularity

∗ the radial coordinate of the Schwarzschild metric becomes timelike at rs

• the Schwarzschild radius defines the event horizon
– anything passing the event horizon can only move in the direction to r = 0
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3. General Relativity — more (electro-) vacuum solutions

including the electro magnetic field

• a spherically symmetric (and hence static) solution exists

– the static Reissner-Nordström metric:

ds2 = ∆dt2 −∆−1dr2 − r2d2Ω (51)

with
∆ = 1−

2GM

r
+

G(p2 + q2)

r2
= 1−

rs

r
+

r2Q

r2
(52)

– q(p) is the electric (magnetic) charge of the central mass

– p2 + q2 = GM2 is called an ”extremal black hole ”

∗ then 1
2
rs = rQ and ∆ = (1− rs

2r
)2 = (1− rQ

r
)2

• this extreme Reissner-Nordström solution is used in theory to study
– the information loss paradox of a black hole

– the quantum gravity interpretation of a black hole

∗ the electron as a charged black hole would be super-extremal with 1
2
rs ∼ 10−57m ≪ rQ ∼ 10−36m
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3. General Relativity — more (electro-) vacuum solutions

including angular momentum of the central mass

• it took 48 years to find a solution that includes angular momentum

– the stationary Kerr metric in Kerr-Schild form

gµν = ηµν − 2GMr3

r4+a2z2
kµkν with kµ = (1, rx+ay

r2+a2
, ry−ax
r2+a2

, zr) (53)

∗ where r is given by the solution of 1 = x2+y2

r2+a2 +
z2

r2

∗ and a parametrizes the angular momentum: J = Ma

• including additionally the electro magnetic field
– requires the Kerr-Newman metric

ds2 =
∆

ρ2

(
dt− a sin2 θ dϕ

)2 −
sin2 θ

ρ2

(
adt− (r2 + a2)dϕ

)2 − ρ2
(
dr2

∆
+ dθ2

)
(54)

with ∆(r) = r2 + a2 − 2GMr + p2+q2

G
= r2 + a2 − rsr + r2Q (55)

ρ2(r, θ) = r2 + a2 sin2 θ (56)

– the metric does not depend on t and ϕ ⇒ ∂t and ∂ϕ are Killing vectors
– notice the cross term between dt and dϕ

⇒ ∂t is not orthogonal to S2 hypersurfaces ⇒ not static
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3. General Relativity — more (electro-) vacuum solutions

features of the Kerr-Newman metric
• there are several surfaces, where the metric becomes singular

– with the Schwarzschild metric we had only the Schwarzschild horizon
– with the Reissner-Nordström metric there are two horizons at r± = 1

2
(rs±

√
r2s − 4r2Q)

∗ going in ∂(0) changes its character at r±: timelike
r+−→ spacelike

r−−→ timelike

– with Kerr-Newman there is an additional Killing horizon outside of r+

– between the outer event horizon at r+ and the Killing horizon is the ergosphere

• inside the ergosphere

– everything rotates in the same direction as the central body

∗ this is called dragging of inertial frames

– the conserved energy can be negative in the ergosphere

∗ following a geodesic into the ergosphere one can ”throw a rock” into the
black hole and emerge on a geodesic with more energy afterwards

⇒ Penrose process

– the extracted energy reduces the angular momentum of the black hole

⇒ analogy between black holes and thermodymics
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