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Cosmology
Lectures: NFTMC B435, Monday 15% to 17% (catch-up) ; Tuesday 13% to 15% (lecture)

09/04 Overview, Introduction; description of the course

09/05 Special Relativity [1, 2]

09/11 Special Relativity: Astronomical relevance [1]

09/12 GR 1: General covariance [3, 6, 7]

09/18-19  no lecture: conference ”Matter to the Deepest”

09/26 GR 2: Riemannian geometry & Einstein equations [3, 6, 7|

10/03 GR 3: Vacuum solutions: Schwarzschild, Reissner-Nordstrém, Kerr-Newman [3, 6, 7]
10/09-10  no lecture: 3rd CERN Baltic Conference

10/17 GR 4: symmetric solutions: de Sitter, anti de Sitter, FLRW; time evolution [3, 6, 7]
10/24 GR 5: Big Bang [3, 6, 7, 8, 9]

10/31 GR 6: Inflation [3, 6, 7, 8, 9]

11/07 GR 7: CMB [6, 7, 8, 9]

11/14 GR 8: Gravitational Waves [13, 14]

11/21 Special Relativity: Algebra of the Poincaré group

11/28 The Standard Model: Particle content

12/05 Supersymmetry (SUSY) & Dark Matter from SUSY

12/12 Particle detection, DM Searches

12/18 Repetition of the Homework

12/19+ Exam

The exam will be a written test, that I want to discuss afterwards with the student;

if needed also on Saturday or online ...

Homework is given to get familiar with concepts and notation.

can be discussed in the discussion / catch-up meetings ...

Students presentations are practicing the soft skill of presenting. The presentations
should not last longer than 10-15 minutes, but also be longer than a pep-talk of 2-3 minutes.
They allow the students to choose a subject of their interest that is somehow connected
to GR and/or Cosmology (Astronomy).
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Homework: Vector, Tensors
David Griffiths, Chapter 4, pp. 137-138, n. 4.6, and n. 4.7,
and David Griffiths, Chapter 3, pp. 100-102, n. 3.8:

4.6.

4.7.

3.8.

Consider a vector @ in two dimensions. Suppose its components with respect to
Cartesian axes r,y, are (a,,a,). What are its components (a,, a;) in a system ',/
which is rotated, counterclockwise, by an angle 6, with respect to x,y? Express your
answer in the for of a 2 x 2 matrix R(0):

(5)=ro (%)

Show that R is an orthogonal matrix. What is its determinant? The set of all such

rotations constitutes a group; what is the name of this group? By multiplying the

matrices show that R(61)R(02) = R(0; + 02); is this an Abelian group?
0.6+0.2+0.240.24-0.2+0.2 POINTS

0 —1
is its effect on the vector @ of Problem 4.67 Does it describe a possible rotation of
the plane? 0.2+0.240.440.4 POINTS

Consider the matrix ( L0 ) Is it in the group O(2)? How about SO(2)? What

A second-rank tensor is called symmetric if it is unchanged when you switch the
indices (s"* = s*); it is called antisymmetric if it changes sign (a"* = —a"").

(a) How many independent elements are there in a symmetric tensor? (Since

51?2 = s these would count as only one independent element.) 0.2 POINTS

(b) How many independent elements are there in an antisymmetric tensor?
0.2 POINTS

(c) If s* is symmetric, show that s, is also symmetric. If ¢ is antisymmetric,
show that a,, is antisymmetric. 0.2 POINTS

(d) If s* is symmetric and a* is antisymmetric, show that s*”a,, = 0. 0.2 POINTS

(e) Show that any second-rank tensor (") can be written as the sum of an anti-
symmetric part (a*”) and a symmetric part (s**): (t** = a*” + s*¥). Construct
(a") and (s*) explicitly, given (t*"). 0.2 POINTS
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Homework: Lorenztransformations
David Hoggs, Chapter 3, p. 14, Problems 3.3 and 3.4, and Chapter 4, p.22, Problems 4.7
and 4.8:

3.3.

3.4.

4.7.

4.8.

A rocket ship of proper length ¢, travels at constant speed v in the Z-direction relative
to a frame S. The nose of the ship passes the point x = 0 (in S) at time ¢ = 0, and
at this event a light signal is sent from the nose of the ship to the rear.

(a) Draw a space-time diagram showing the worldlines of the nose and rear of the

ship and the photon in S. 0.6 POINTS
(b) When does the signal get to the rear of the ship in S? 0.6 POINTS
(c) When does the rear of the ship pass z =0 in S7 0.6 POINTS

At noon a rocket ship passes the Earth at speed § = 0.8. Observers on the ship and
on Earth agree that it is noon. Answer the following questions and draw complete
spacetime diagrams in both the Earth and rocket ship frames, showing all events and
worldlines:

(a) At 12:30 p.m., as read by a rocket ship clock, the ship passes an interplanetary
navigational station that is fixed relative to the Earth and whose clocks read

Earth time. What time is it at the station? 0.6 POINTS
(b) How far from Earth, in Earth coordinates, is the station? 0.6 POINTS
(¢) At 12:30 p.m. rocket time, the ship reports by radio back to Earth. When does
Earth receive this signal (in Earth time)? 0.6 POINTS
(d) Earth replies immediately. When does the rocket receive the response (in rocket
time)? 0.6 POINTS
(e) The spacetime diagrams 0.4+0.4 POINTS

In an interplanetary race, slow team X is travelling in their old rocket at speed 0.9c
relative to the finish line. They are passed by faster team Y, observing Y to pass X
at 0.9c. But team Y observes fastest team Z to pass Y’s own rocket at 0.9c. What
are the speeds of teams X, Y and Z relative to the finish line? 0.8 POINTS

An unstable particle at rest in the Lab frame splits into two identical pieces, which
fly apart in opposite directions at Lorentz factor v = 100 relative to the Lab frame.
What is one particle’s Lorentz factor relative to the other? What is its speed relative
to the other? 0.6 POINTS
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Homework: Particle kinematics
David Hoggs, Chapter 6, p. 34, Problems 6.7, 6.8, 6.9, and 6.10:

6.7. A particle of mass M, at rest, decays into two smaller particles of masses m; and

6.8.

6.9.

6.10.

mo. What are their energies and momenta? 0.4 POINTS

Solve problem 6.7 again for the case my = 0. Solve the equations for p and F; and
then take the limit m; — O. 0.6 POINTS

If a massive particle decays into photons, explain using 4-momenta why it cannot
decay into a single photon, but must decay into two or more. Does your explanation
still hold if the particle is moving at high speed when it decays? 2 POINTS

A particle of rest mass M, travelling at speed v in the z-direction, decays into
two photons, moving in the positive and negative z-direction relative to the original
particle. What are their energies? What are the photon energies and directions if the
photons are emitted in the positive and negative y-direction relative to the original
particle (i.e., perpendicular to the direction of motion, in the particle’s rest frame).

141 POINTS
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Homework: FLRW universes

The Friedmann equations

. 2 .
a 8 k a 4 4
— — — [ — —_ = — — = — = 1
(a) 37rG,0 o - 37TG(p+3p) 37TG( + 3w)p
can be solved explicitely for specific matter content. a := % and a := %

Show that the parametric solutions are really solutions and determine the parameter b for
each solution:

A.1 For w = 0 we have p = m * a~3 and
for k= —1 for k=0 for k = +1
a = b(coshg —1) —(%)1/%2/3 a = b(l—coso)
t = b(sinh¢ — @) =\ t = b(¢—sing)

2+1+4+2 POINTS

A.2 For w = 3 we have p = Exa* and

for k= -1 for k=0 for k = +1
a=[(2b+ t)t]"/? a = (4b)/* ¢1/2 a=[(2b— t)t]"/?
1+1+1 POINTS
A
A.3 For w = —1 we have p = 5.
If A <0 wehave k = —1 and a = b~ ! sin bt. 1 POINTS

If A > 0 we have

for k = —1 for k=0 for k = +1
a = b tsinh bt a=bleb a = b~ ! cosh bt

14+1+1 POINTS
B Find Killing vectors for the Robertson-Walker metric

dr?
1 —kr?

ds? = dt? — a®(t) { + TQdQQ]

6 POINTS
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Homework: Spin
David Griffiths, Chapter 4, p. 139, n. 4.23 and inspired by David Griffiths, Introduction
to Quantum Mechanics, p. 169, n. 4.38:

4.23.

"4.38"

The extension of everything in Section 4.4 to higher spin is relatively straightforward.
For spin 1 we have three state (ms = +1, 0, —1), which can we may represent as
column vectors

1 0 0
O], 1 1]-10];
0 0 1

respectively. The only problem is to construct the 3 x 3 matrices S, Sy, and S,.
The latter is easy:

(a) Construct S, for spin 1. 0.5 POINTS

To obtain S, and Sy it is easiest to start with the "raising” and ”lowering” operators,
Sy = 5, £145,, which have the property

Silsm) =hy/s(s +1) —m(m £ 1) |s(m % 1))

(b) Construct the matrices S, and S_ for spin 1. 0.5 POINTS

(c) Using (b) determine the spin-1 matrices S, and S,,. 0.2 POINTS

3

(d) Do the same construction for spin 3. 1.3 POINTS

Consider a "boundstate” B, made out of two spin—% states, f1 and fo. These states
fi are described by S@ . The boundstate has a spinoperator

§— 50 1 e

with S@ acting on the ¢th constituent f;.

(a) What are the possible eigenvalues of S, for B? 0.5 POINTS
(b) What are the possible eigenvalues of S? for B? 0.5 POINTS
(c) What are the possible eigenstates of B with respect to 52 and S, in terms of

the constituent eigenstates f;? 0.5 POINTS
(d) How does that compare to the previous exercise 4.23 7 0.5 POINTS

(e) How can you apply that to the two SU(2) subgroups of the Lorentz group?
1.0 POINTS



