Reminder: 1. Special Relativity (SR) — four-vectors — slide 8
Vectors, Tensors, and notation
in more dimensional space we just have more coordinates

e In 3D space (our 3D world):
— ¥ = (vgz, vy,vz) = v; (in cartesian coordinates)

e In 4D Minkovsky space people do not write an arrow:
— momentum p = (E =p',p*, p¥,p*) = (p°, p*,p?,p3) = p*
x and the index is usually a greek letter: u, v, p, etc.
— position r = (ct,z,y,2) = (29, 21, 22, 23) = r#
« time ct = 20 is measured like spacial distances in meters

x [ he constant speed of light ¢ is used as the conversion factor
between seconds and meters

For the rest of the lecture we set ¢c= 1. (i.e.: 3-108m = 15s)
e SO we measure time in seconds and distances in light-seconds (=300.000km)
e Or distances in meters and time in "3 nanoseconds’ (the time light needs to travel 1m)
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Reminder: 1. Special Relativity (SR) — Invariants — slide 9
What are invariant objects?
e Objects that are the same for every inertial observer

e Examples in 3D: rotations or translations
— the distances ¢ between points: 2 = (Az)? + (Ay)? + (Az)?

— the angle a between directions: cosa = (& - b)/(|a| * |b])
e In 4D Minkovsky space: (As)? = (At)? — (Azx)? — (Ay)? — (Az)?

— The time t is measured like spacial distances in meters

— The constant speed of light ¢ is used as the conversion factor
between seconds and meters

e Any scalar product of four-vectors in Minkovsky space:

1 1 2 2
(p.q) = p*¢" g = p°¢° — plal —p°¢? — p3¢> (1)
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Reminder: 1. Special Relativity (SR) — characterisation — slide 12

Special scalar products

e Particles are described by their energy-momentum four-vector:

p* = (p°,pt, p%,p°) = (E,pz, py, p2) = (E, D) (2)

— The mass of the particle is defined in its rest-frame: p = 0
— There, the energy-momentum four-vector is p# = (m,0)

— Since p?2 = (p-p) is a scalar, it is the same in every frame
— In the rest-frame p2 = m2 — 02 = m?

— Therefore in every frame
m? = E° —p° | (3)

e This can be applied to collisions, too: (p1 + p»)? is constant
— In the rest-frame of (p1 +p2) we have p1 +p> =0 = (p1 + p2)? = (E1 + E»)?
+ F1 and E» are the energy values of p1 and p» in the rest-frame of (p1 + p2)!
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Reminder: 2. Special Relativity (SR) — raising and lowering indices — slide 7
The metric g"” (or g, ) is used to raise (or lower) indices
e in flat Minkovsky space the components of the metric tensor are
goo = g° =1 gi=9g"=-1 gizk =9¢7" =0 (4)
e that gives for the contravariant four vector p* = (E/c, pz, py, Pz)
— the covariant four vector
pu = 9uwp’ = gukE/c+ 910z + 9.0Py + 9,302 (5)
SO
po = gooE/c+ go1pz + goopy + 903p: = 1 X E/c+0Xp; +0Xpy, +0 X p, = FE/c (6)
p1 = g10E/c+ g11px + g12py + g13p: =0 X E/c+ (1) X pr + 0 X py + 0 X p, = —pz  (7)
p2 = gooE/c+ go1pz + goopy + go3p. = = —Dy (8)
p3 = g30E/c+ g31px + g32Py + 933Pz = -+ = —p. (9)
— and hence
Py — (E/Ca —Pz, — Py, _pz) (10)

e an equation with four-vectors, eq.(5), are four equations, eqs.(6-9)

— four-vectors give naturally energy-momentum conservation

Thomas Gajdosik — Introduction to Elementary Particles Physics 1 Special Relativity 3



3. Special Relativity (SR) — Collisions
Classical mechanics requires energy and momentum conservation

e these are four separate equations
— one for energy
— three for the three components of the momentum

e in the energy-momentum four-vector p* = (p°, ) we have
— Energy (or mass) in the zero component p® = E/c
— three momentum in the components > 0
p= (p*,p? p>) = (pz, Py, p2)

e writing energy-momentum conservation for homework 3.16

mn
p’j+p%=qé1+q(‘f~2+---+qén=Zlqz” (11)
1=

— These are four equations — the form is the same in every frame

— specifying a single of the four-vectors fixes the frame:
* in homework 3.16, B is at rest, meaning: pp = (mp,0)
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.16 has two meaningful frames (coordinate systems)

e the Lab-frame with the given initial four-vectors:
ph = (BEa,pa) and  ply = (mp,0 ) (12)

e the CM-frame (center-of-mass coordinate system)
— where the sum of initial (or final) 3-momenta is zero

mn
A+ P =0=qc, +qc,+ - +d5, = > & (13)
i=1
— the prime ’ on the vectors indicates the "different” frame

* the momenta were first given in the Lab-frame, but I kept the names

e the CM-frame is better suited to discuss properties of the final state

— but we do not know the final momenta, not even the inital ones!
(in this frame)

— eq.(11) is still valid . = use invariants
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.16 with invariants

e introducing an initial state four-vector P* in eq.(11)
n

Pat+rp=P'=qc, tac,+ - tas, = > @ (11a)
i=1

e we know that the "norm’ of P# is the same in every frame:

PZ,, = PP, = P&y = P'#P), = invariant (14)

e we can use this invariant to determine E4 in the Lab-frame:

invariant = (B4 4+ mp,5a)? = (Ex + mp)? — (54)° (15)
= B4+ 2Egmp +mf — (B3 — m3) = 2Eamp +mg +m5

— or simplified: 2

Invariant — m4 —mp

Ep= (16)

QmB

= the smaller the invariant the smaller also E4
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.16 with invariants

e How can we minimize the invariant 7
— in the CM-frame

2 . 2 N 2
invariant = P&, = (Z g ) — (Z @’) = (Z E{) (17)
i=1 '

— a particle has the minimal energy if it does not move:

Emln—||||r_>no\/m +p2=m (18)

= the minimal invariant for all particles at rest in the CM-frame |

2
n
invariant g = (Z mi> = M? (19)
i=1
— then M2 — m2 —m?2
EA,min — 5 A B (20)
mp
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.19 has two (three) meaningful frames

e the rest-frames of A (= Lab-frame) or B (or C)
ply =(ma,0) and plf=(Eg,pg) and pf = (Ec,Pc)
— taking eq.(11a) and renaming:

P* — pfy and  ply —pli  and keeping p’g
"solves’ the setting of the frame
— the conservation equations are p'y = py 4 pl,, or
my=Ep+ Ec and pp=—pci=p
e calculating the invariants in the three frames gives
pi=m3 = (Ep+ Ec)’ — (Fs + ﬁc)2 = (Ep + Ec)’

(21)

(22)

(23)

py =m% = (ma — Bc)? — (5c)? = mA 2maEc + EZ — (Pc)? = mA 2maEc + mC
pé = mé = (ma — Eg)? — (§)° = m3 — 2maEp + E3 — (§p)° = m3 — 2maEp + m%
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.22 has two meaningful frames

e the rest-frame of A (= Lab-frame)
ply = (ma,0) and py=(Ep,pp) and pp = (Ec,bc) (24)
— notation: C1 means C, C> means D, etc. ...

e the rest-frame of the particles Cj:

— can be written more explicitely by

n
ph — pjé‘=P’“=q'cl-l-q + -+l Zq;“ (11b)

— and then solved in analogy to problem 3.16

* just note, that the minumum of E,4 in 3.16 will correspond to the minimum

of —FEp in 3.22, which describes the maximum of Ep
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.25 has three meaningful frames

the energy-momentum conservation can be written in the

s-channel St =p/, +pf = p’é + v’ (25)
t-channel T* = ply — pf, = pf) — ply (26)
u-channel UM = ply — p/, = p/’é — ply (27)

e the invariants s=582 t=T72 and u="U? (28)

have the same value in every frame

e calculating the invariants in terms of energies £ and momenta p

— allows to compare the values of £ and p between different frames

+* one frame for the initial input

* another frame for the requested output
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3. Special Relativity (SR) — collision frame examples
Homework problem 3.18 has three meaningful frames

p+p+ @ —p+p+ KT+ K +(p) (29)
=lp+p+ KT+ K +p—=p+p+KN+Q + K"+ KT

e the Lab-frame with
pM:(Epaﬁ) ' pM:pM:(mp76) ' and k_M:(EK—7E_) (30)

e the rest-frame of KO + KT

— for the minimal needed value of E -

e the rest-frame of [p+p + K]

— for the minimum value of Ej,

+ depending on the minimal needed value of £ -
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