6. Quantum Field Theory (QFT) — QCD

Physics of the renormalized gauge boson propagator, continued

e the photon propagator describes the interaction of charges

— one can compare the renormalized 1-loop result with the tree level
— again we have to consider elastic scattering

+ the scattered particles stay the same
« defining the currents J!' = u(ge)v*u(pe) and J) = u(qp)y u(pp)
e the amplitude for elastic e™ p scattering:

7:(277)454(}76 + Pp — Qe — Qp)MQFT
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— with k* = ¢t — p' = p) — q),

e putting momenta from the gauge dependent part into the currents:

Sk = u(ge )y ulpe) by = ulqe)(d, — p,)ulpe) = ulge)(me — me)u(pe) = 0

= current conservation
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6. Quantum Field Theory (QFT) — QCD
Physics of the renormalized gauge boson propagator, continued

e the one-loop renormalized scattering amplitude

— 19w JV O( %) g v oy
ME = QQpa e r|u[2](k)] =" QeQpg°[L + AP JE—Z T,
can be compared with the tree level
—1g u
Mol — QerQQJ“ kQM J

= motivates the definition of a running coupling constant
— [D o
92(Q%) == ¢?11 - APl (@?)

— defining the energy scale Q2 = |k?|
+ in elastic scattering k* is space-like in the CM-frame
— 50 k2 < 0, and hence Q% = —k?

e evaluating I=I,[Y2](Q2) for Q2 = —¢?2 > m?
— I was given by M,(¢?) = N4(¢?) — (Z5— 1)
— the renormalization condition was lim o MN,(¢g%) =0

= (Z3—-1) =N,(0) and ﬁv(qz) — HW(QQ) —M,(0)
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6. Quantum Field Theory (QFT) — QCD
Physics of the renormalized gauge boson propagator, continued

e we calculated the regularized gauge boson self energy

ol oy N (1 —x)
I_I’Y (¢°) = - (4n )2/ d /7,71‘2 [p? + (1 — 2)(—Q?) — m? + i€]?

—(ﬁrg);p/o dz z(1 — z) (ﬁ + e 0[]+ In[1 4 2(1 — 2)L] 4 O(4 — D))

— in the limit D — 4 we get ( with Q2 = —¢?)

1
(o) = %/O dea(1—a) (725 + e + Inlm?) = 25— 1
1
= |:|[72](q2) — (ﬁr—g;m/ da:a:(l—a:)ln[l—ka:(l—a:)g—z] ... calculate with Mathematica
0
~ & (Il - S+ m 4 oE?) = & (%] -5+ 00))
e this gives the energy dependent fine structure constant ( a:= j—ﬁ )
Q)= —— = — = -
1— I‘I,[YQ](QQ) 1- %(In[%] -32) In[Am2]
— with A = ¢5/3 running coupling constant
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6. Quantum Field Theory (QFT) — QCD
Changing the scales of measurements

e renormalization conditions give the energy scale of our measurement

— changing the scale in the renormalization condition from O to Mz
— changes the value of the counter terms:

Z3(0) = 14+nNP0) - Z3(v*) = 1+ NP
8¢° !

= (477—%[’/2/0 dexz(l —x) (% 4+ ., +In[m? 4+ z(1 — a:),LL2]>

= changes the value of the renormalized one-loop correction
1
ﬁf[YQ](QQ,,LLQ) — H[WQ](QQ) _ |‘|[72](’u2) — (4ig)p/2/0 dz x(1 —x)ln[zQiﬁ((ll:?)gQ]

— 2 2 2 2 2 2

= NP¢*) - nE0) — (NP (p?) - NiFl(0))
2 (IN[&) - $+ 005 - (N[4] - § 4+ 0(22)) ) = £ In[%)

Q

e choosing the scale of our definitions (renormalization conditions)
— we can change the size of the corrections relative to that scale

— but then we have to accept different parameter values:
— the coupling is now defined at a different scale
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6. Quantum Field Theory (QFT) — QCD
Changing the scales of measurements

the renormalized coupling can be related to the bare coupling by

9(0) = gol1 + NP2 = go(zF (0))"/2
e changing the scale from 0 to u we have

9() = goll + NG = go(257 (u*)"2
= g = gOIZZN? ~ g2 ~ (0)(1 + N2 (u2) - 4l (0))
= g(0)(1 + 3P () = g(0)(1 + & In[£=]D)

e changing the scale u/ continuously from m to u

— the coupling is a continuous function of u, ¢/, and m

= We can write ,
g = g) = Glg(w); ")

e differentiating logarithmically with respect to u/
LG(g(p)i B, ™) = 25.G(g(); 2, ™)

Wing = w

dp’
e and letting u/ go to u we get the Callan Symanzik equation
m . m m<<,u
Wikd kg = [£G(aiz®)| = 8(9,2) "=" 8(g,0) = Blg)

— this beta function describes the change of the coupling with the scale
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6. Quantum Field Theory (QFT) — QCD
Changing the scales of measurements

e the beta function integrates from one scale to the other:
M2
A9 _ W giny o nE2= 49

B(g) w 1 u B(g)
e dimensionless quantities can always be expressed

by dimensionless combinations of dimensionful quantities

. . loo
= the ratio between the one-loop and the tree-level cross section S = gtre:
. 2
can only depend on g and on ratios of scales &, ™
il

e Physics should not depend on the renormalization scale u
= the logarithmic derivative of S with respect to p should vanish:

_ ¢ m2] __ 9 9g(u) 0  m?
0 = kSl 5.1 = (| +u20] 55| ) stoG, 2.2
= (M% + B(g)a%) S[g,Z—Z, 73—22] Renormalization group equation for S

— the normal form of the Renormalization group equation
uses a = % instead of g and p? instead of u:

(122 + B)Z) Sla, &, 2] = 0

Q_
> p?
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6. Quantum Field Theory (QFT) — QCD
Changing the scales of measurements

e the Renormalization group equation for S can be solved exactly

— by introducing the energy dependent coupling a(|¢?|)
« Implicitly defined by
12| a(l¢?]) da
|n—2 — / <
a(p)  Bla)
« one has to integrate and solve for the upper boundary for a(|q?|)

* for simplicity we also ignored the dependence on masses,
since we assumed |g?| > m?

|
= 5 = f,frZE depends on |g2| only through a(|g?|)!

e allows predictions to higher/lower energy scales

e gives a tool for the control of quantum corrections:
— check of the stability of the theoretical calculation
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6. Quantum Field Theory (QFT) — QCD
Quantum Chromodynamics (QCD)

the bare Lagrangian including gauge-fixing
Lo = wo(ilo—mo)to — 3G, G — 5 (8" A3,) (8" Ap,) + (8"6*) (D)
e quarks v are in the fundamental representation of SU(3).

e gluons A? are in the adjoint representation of SU(3).: A, = A\T"

— T® = (3X°) are the 8 generators of SU(3).
— with the structure constants [T¢, T?] = i febeTe
— and the normalization Tr[T°T"] = 5%

e the covariant derivative D, = 9, + igsA, IS gauge group valued

e D, acting on quarks: Disy® = [67°0, 4 igs AL (3AP) 5]

— r and s are color indices of the quarks: r,s =1...3

D, defines the field strength Gy = ;-[Dy, Dy] = 9y Ay — 9, Au + igs[Ay, Al

— so GY, = 2Tr[T"G] = 9, A) — 0, A + igaif P ASAL = §,AL — 9,AY, — igs f*? A Al

ghost ¢® and antighost b* are in the same representation as the gluons
— b% is not the anti-particle to c¢?,
+« but they belong to each other like variable and conjugated momentum

— D% acting on the ghost: D%c" = [§%9, 4 g, f" AS]c’
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6. Quantum Field Theory (QFT) — QCD

QCD in renormalized perturbation theory

e the renormalized fields ¢ = Z;1/2¢0 and AH = Z§1/2Ag

— are like in QED

e the counter terms are like in QED
— since QCD is also a vector-like theory

e Feynman rules describing the incoming and outgoing states:

— fermion spinors contain additionally a color index
— gauge boson polarization vectors contain additionally a group index

— the ghosts are anticommuting scalars, but cannot appear as asymptotic states
e diagrammatic Feynman rules can be obtained from the path integral
Z[naﬁa J'u1 g] = N X /DQZ Dw Db De DAM eij;E[TZﬂ/’aAmb,C;g]+1E”’7+7_7¢+J“A#

— with the same sources as in QED

— the Faddeev-Popov determinant Ay[A,]
+ IS expressed by the path integral over the introduced ghosts b and ¢
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6. Quantum Field Theory (QFT) — QCD
QCD in renormalized perturbation theory

e Feynman rules obtained from the path integral are similar to QED

— they have to account for the additional color structure

+ but the color structure can be treated separately: "color factor”
— the quark propagator carries also the color of the quark: S.(p) = ;ﬁfn

— the gluon propagator carries the group index: A% (k) = k;‘ﬁig (—gw + (1 —g)%)

— the quark-quark-gluon vertex includes also the group generator
—igs[h(p, p'; k) = —igs(2m)*6*(p 4 k — P) (1) GA)™

e additional Feynman rules are
— the three- and four-gluon vertices from the SU(3) self interactions
« Viabe(p, q,r) = —igs f*[(q — )ugvp + (= P)vgou + (0 — @) pgpuv]
« Viabed(p,q,r,5) = —g2[f* fUNgupgvo — Guogvp) + P (Guvgop — GupGor) + F*%F(Guogpr — Guvgpo)]
— a ghost-antighost propagator A% (k) = #
«x connects ghost and antighost, like the fermion propagator connects ¢ and v

+« carries a direction as ghosts are complex scalars

— a ghost-antighost-gluon vertex v®<(p,p’; k) = g.f*p),
+ the momentum is the one of the outgoing antighost

+« appears only in loops and the ghosts form a closed ghost-antighost loop
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6. Quantum Field Theory (QFT) — QCD

QCD in renormalized perturbation theory

® QCD has only 2 4+ ny free physical parameters and their renormalization constants:
— the gluon field A, with §Z4 (or Z3)
— the strong coupling constant gs with dgs (or Z1)

— the ny (number of "flavors”) quark fields ¢ with §Z; (or Z»)
— the ny quark masses m; with omy

e Feynman rules for the counter terms are the same as in QED
(for the diagrams that appear also in QED, supplemented by color indices)
— quark field counter term i6™[(Z2 — 1)p — ém]
— gluon field counter term §®[—g"*k? + kHkY](Z3 — 1)

— quark-quark-gluon vertex counter term —igfy“(%)\b)”(Zl —1)

e additional counter terms cannot depend on new parameters

— that is the advantage of writing for example gos = gs + dgs

— the counter terms for the three- and four-gluon vertices
« can only depend on dgs and dZ4

— the counter terms for ghost propagator and ghost-antighost-gluon vertex
* can only come in at two- or more-loop order

+ and we restricted ourselves to the discussion of one-loop
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6. Quantum Field Theory (QFT) — QCD
Renormalization conditions in QCD

e in QED we were choosing asymptotic states
— the full fermion propagator at p? = m?

— the gauge independent part of the full photon propagator at ¢g° =0
— the fermion-gauge boson vertex should give the classical scattering
e in QCD we do not have these asymptotic states |
— but we can still measure something at some scale u
— and relate measurements at different scales
by the renormalization group equations (RGESs)
+ for that we have to choose gauge invariant quantities (like cross sections)

e we can still require that propagators are simple — at a certain scale!

— that fixes the field renormalization constants 67
— and sets the scale, where the masses should be measured — dm
— the masses are no longer defined by relating energy and momentum

+ the masses are defined as gauge invariant couplings in the Lagrangian

e the strong coupling is defined by a cross section ratio at a certain scale:
— example: the ratio of three jet events over two jet events at the Z-pole
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6. Quantum Field Theory (QFT) — QCD
The gluon propagator at one-loop

e For a general result we can take SU(N) with ny quarks
— we have to sum over these five dlagrams .

(@) < (b) © . (d) (e)

— the sum of all of them should give a finite result
+ independent of the scale where the parameters are defined

— we calculated (a) in QED — except for the color factor
* which is (T®)"s(T?)s" = Tr[T*T*] = C(T)5;
for the fundamental representation N of SU(N) the normalization factor is C(N) = =
— for (b), (c), and (d) the color factor is fecd fbde = Cr(G)§w?
+« coming from the vertices in the adjoint representation: i fabc
— the counter term (e) has to have the same color factor as the other diagrams

— for the explicit calculation of (b), (c), and (d) see

* Peskin & Schroeder, p. 522 - 526
* Srednicki, Quantum Field Theory, p. 430 - 432

e the diagrams (a)-(e) determine §Z4(u) or Zz(u)

— in general, one has g(u) = goZl_l(u)Zz(u)Zg,l/Q(u); in SU(N) Z1 # Z>
— for the change of g(u), one has to calculate also Z; (vertex) and Z, (fermion field)
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6. Quantum Field Theory (QFT) — QCD
QCD beta function at one loop

e was the logarithmic derivative of the scale dependent coupling g(u)

— taking g(u) = goZ; (1) Z2(1) Z3'* (1) we get

LB = oy () Z2(1m) 75 ()
(f) ch? _ azl(u) 3Z2(,u) A
. . g(u)[ + 2 ou ]

— Z» has only a single diagram, (f), that we calculated without the color factor

x which is (T)"3§%(T?)st = Co(T)d"™;

for the fundamental representation N of SU(N) this Casimir operator is Co2(N) = 2 N1

=3
— Z1 has two diagrams, (g) and (h), as the gluon can also couple to itself

+ the color factors are different: (g) gives [Co(T) — %CQ(G)](T’))’“S;
(h) gives %CQ(G)(TI))TS, but get a factor of 3 from the momentum integral

so (g)+(h) gives [C2(T) 4+ C2(G)].
e taking the factors from the loops and the number of quarks nf:

B(g) = 16 T [(Co(T) + Ca(G)) — Co(T) - 2(§C2(G)_ﬂnfC(N>>]
SU(3)

= ~L(ALCR(G) — 4npC(N))

T (33 —2ny) <0

3(4 )2
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6. Quantum Field Theory (QFT) — QCD
running of the couplings
e With the beta functions we can now solve for the running of «
lIQ_2: _ 47rdg_ 7r|:1:|Q:_2_7T|:1 _ 1]
2 p B(g) 29%], b [92(Q*)  g2(p?)

72(Q?) B g>(p?) B Oz(,u2)

47
4 o _ p2W?) n @2 _ 2) 1n €2
U 1 — b5~ 1n . 1 — ba(pu?)In .

= a(Q?) =

— with bqep = 3% and bqcp = —331_;”]”

— one assumption in the derivation was QZ2, u? > m?

— with increasing energy Q2:
— aem(Q?) becomes bigger

« ... and eventually hits the Landau pole at Q = meess ~~ 1.2 x 10277 GeV

— as(Q?%) becomes smaller = asymptotic freedom

e with decreasing energy Q2:
— aem(Q?) becomes smaller until Oéem(Qmm
— as(Q?) becomes larger = confinement

1
_mg)z&ozﬁ
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6. Quantum Field Theory (QFT) — QCD
running of the couplings

e the electromagnetic coupling aem(Q?) is well defined for small Q2

1
137

— for @ ~ mp),,« QED is still perturbative: aem(mppank) ~ 35

— for Q ~ 0 we have the Thompson-limit cem(0) = ag ~

— for higher energies, QF T is no longer applicable
* ... we would need a quantum theory of gravity

e the strong coupling is measured at LEP: as(M%) ~ 0.1183 + 0.0027

— it shrinks to as(mpypK) ~ 0.0022 ~ 235 < aem(MpanK)
— it grows to as(m,. ~ 1.776 GeV) ~ 0.34 + 0.03
— and grows for Q — 1.4 GeV > mproton tO infinity

e Perturbation theory cannot be used for QCD at energies < m._.

® seperating color charges uses more energy than creating a particle-antiparticle pair
— color charges are confined to bound states (hadrons)

= this is confinement
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6. Quantum Field Theory (QFT) — QCD
What do we observe from QCD?

e the bound state spectrum: baryons and mesons

— but the energy of the bound quarks is small ... the quarks are "soft”
— we cannot use perturbation theory

e the scattering of electrons on protons/neutrons
— is mediated by gauge bosons (v or Z)
— at high momentum transfer (i.e. large recoil of the electron)
+ the gauge bosons (v or Z) ""sees" only a single quark
+ this quark gets a lot of energy ... it becomes "hard”
— its coupling to the rest of the proton/neutron becomes small
— the proton/neutron "fragments” = deep inelastic scattering (DIS)

e the same applies for high energy proton-(anti)proton scattering

e we can calculate the hard process using perturbative QCD (pQCD)
— the fragmentation cannot be calculated in pQCD
— but it is "universal”: it is independent of the hard process

— defining the content of the proton/neutron by
parton distribution functions (PDFs)
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6. Quantum Field Theory (QFT) — QCD
What we observe from QCD: parton distribution functions (PDFs)

the parton model describes the proton as an assembly of particles
e their amount depends on the energy with which one |looks at the proton
e they should give the total momentum four vector of the proton

the asymptotic description is done in the "infinite momentum frame”

— the total momentum of the proton is much bigger than anything else
= all momenta of the partons are parallel
= the mass of the proton (and of the partons) can be neglected

the " parton has a fraction z; of the momentum of the proton PH: pl' = x;P*

— the probability to find the parton i in the proton looking with the energy Q2
is given by the parton distribution function f;(x;, Q)

the basis set of partons for the proton has to contain quarks and the gluon

— which quarks are taken to be in the basic set is not fixed
— the minimal set includes gluon, up-, down-, sea-quarks, and their anti-quarks:
+ the Q2 dependence is usually understood and not explicitely written:

w(@) = fu(ze, Q%) , d(@), s(z), g(x), a(z), dx), 5

e this basis set is universal (it does not depend on the process)

this is a similar view as we have from the QFT vacuum

Thomas Gajdosik — Concepts of Modern Theoretical Physics 13.09.2012 18



6. Quantum Field Theory (QFT) — QCD

What we observe from QCD: parton distribution functions (PDFs)
the parton model describes the proton as an assembly of particles

e the PDFs fulfill constraint equations:
— a proton at rest has two up-, one down-, and no other quarks:

1 1 1

/ dze[u(z) — u(x)] = 2, / dx[d(z) —d(z)] =1, / dx[s(x) —s(x)] =0
0 0 0

— the total momentum of the proton is conserved:

1
/O drelg() + 3 (@) + 7)) = 1

e in DIS a parton can come from another parton by internal scattering:

— an electron scattering on an up-quark, that afterwards emits a gluon

— could also have scattered from an up-quark that was created by a gluon
« we see only the electron and the "escaping” parton, anyway ...

— but both processes reduce the energy available in the scattering

= all PDFs are connected by partial differential equations:

DGLAP equations Gribov and Lipatov (1972), Altarelli and Parisi (1977), Dokshitzer (1977)
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6. Quantum Field Theory (QFT) — QCD

What we observe from QCD: parton distribution functions (PDFs)
the parton model describes the proton as an assembly of particles

e using the PDFs we can calculate hard processes in QCD
— processes with a large energy transfer

e the soft processes are split off and "put into” the PDFs
— this splitting is done by introducing a factorization scale pr:

+ processes with Q% > u7 are calculated in pQCD

* processes with Q2 < u% are assumed to be described already by the PDFs

— physics should not depend on the factorization scale
= similar treatment like with the RGESs

e determining the PDFs by using all available data

IS similar to setting up statistical renormalisation conditions

e the PDFs describe the proton, but only at high energies
— what should be done at low energies? ... effective field theories (EFTs)
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