5. Quantum Field Theory (QFT) — QED
Quantum Electrodynamics (QED)

e the bare Lagrangian including gauge-fixing

— bare means: one writes the Lagrangian from the theorists viewpoint,
Nno connection to observation yet

Lo = Po(id — mo)vo — godoAovo — 3FouFh” — 5e:(9-A0)?
— with the abbreviations @ = v#9,, A = vy"A,, and (8.Ag) = 9, A

e QED includes one charged particle (1) and the photon (Ay)

— the charged particle vy (i.e. the electron) has the bare mass mg
x 1 IS understood as a 4-component Dirac spinor

« fulfilling the Dirac equation (i@ — mg)y =0

« 9 = 179 is the adjoint spinor
— and couples to the photon with the bare interactionstrength gg
— &p is the bare (unrenormalised) gauge-fixing parameter
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5. Quantum Field Theory (QFT) — QED
QED in renormalised perturbation theory
e introduces the renormalised fields ¢ = Z2_1/2¢0 and AH = Z3_1/2A6L
e the renormalised Lagrangian includes gauge-fixing
L = PGP —m)p — ghfep — 3 F, F* — 5:(9.A)2
+91(Z2 = 1)id) — smlyp — (Z1 — Vg Ay — 7(Z3 — 1) F, FH

— with field counterterms 62, = Z> —1 and 024 =23 —1

* since ¢ is a spinor, §Z,; will in principle be matrix-valued, treating different helicities differently

* but in QED the matrix is just a number times the unit matrix in spin space

— a mass counterterm dm = Zomg — m
— a coupling counterterm (Z; — 1) = 8g + g(6Zy + 56Z4)

«x the change of the coupling, dg, has to combined with the changes in the fields
— and the redefined gauge-fixing parameter & = &y/Z3

« in the full treatment £ should also receive a counterterm 4§¢

* the value of ¢ is then determined by a (new) renormalisation condition
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5. Quantum Field Theory (QFT) — QED
QED in renormalised perturbation theory

e Feynman rules describing the incoming and outgoing states

— fermion spinors distinguish in- or outgoing particle or antiparticle
« fermion lines carry an arrow, indicating the fermion flow

* uq(p,s) initial state particle, coming from the past —
p

* u®(p,s) final state particle, going into the future —
p

* va(p,s) final state antiparticle, going into the future, —

but fermion-arrow enters the diagram

* v¥(p,s) initial state antiparticle, coming from the past, =
but fermion-arrow leaves the diagram

« the momentum p points into the future, s describes the helicity state

— gauge boson polarisation vectors distinguish in- or outgoing bosons

x in QED the gauge boson lines carry no arrow
since there is no conserved charge connected to the photon

x in QED the gauge boson is its own antiparticle

+* et(k,\) initial state boson, coming from the past A
* e**(k,\) final state boson, going into the future A
* the momentum k points into the future
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5. Quantum Field Theory (QFT) QED

QED in renormalised perturbation theory

e diagrammatic Feynman rules can be obtained from the pathintegral
Z[n,n, J*; 9] = N x /D@Z Dy DA, et Jo Ll ApiglHintino+J4A,

e spinors ¢ and ¢ are related by ¢ = T~°
— but used as independent variables

x in the same way as using the complex numbers z and z = z* instead of real and imaginary parts

e 17 and n are anticommuting and spinorvalued source functions
= (¢n) and () are commuting Lorentz scalars
— the funtional derivative % IS also anticommuting:
o - - o
— W (Wn(y)) = —¥(y)
on(z)

5n(x)n(y) = —(y)o(z — y) = —(x)

e for QED the Faddeev-Popov determinant Ay[A,] = Det[d?]

— which is constant and absorbed in the normalisation constant N

— Det[0?] means summing over the spectrum of the differential operator 62
x this can be written as a pathintegral over the introduced ghosts

+ but it is completely independent from the physical fields in a U(1)-gauge theory
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5. Quantum Field Theory (QFT) — QED

QED in

renormalised perturbation theory

e Feynman rules obtained from the pathintegral can be pictured as

B & B
— fermion propagator [O] B(p) = [—] — ;Yo%

*

*

2_ .2
a pc—m<—+1e
carries the spinor index < > b
. . —
has a direction: p

the momentum direction is counted by the propagator arrow

— gauge boson propagator [O](k> — k2—|-ze ( guv + (1 — g)k“k”)

*

*

v

carries the vector index H

_—

has no direction k

the momentum direction does not change the propagator y

— fermion-gauge boson vertex —igrLO](p,p/; k) = —ig(vu) )

*

*

*

*

connects one vector index with two spinor indices o 3
the momenta of the fermion follow the fermion lines, p p

the momentum of the gauge boson follows from momentum conservation

together with spinors and polarisation vector:
—iga(p, )T (p,p'; k)ulp, )t (k,A) = —ig(2m)*6*(p + k — p)a@* (¥, ) () dus (p, $)eP (k, X)
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5. Quantum Field Theory (QFT) — QED
QED in renormalised perturbation theory

e Feynman rules for countertems can be pictured as

— fermion field counterterm [(Z2 — 1)p — dm] a—_;,+’_pTB

* includes two renormalisation constants, Z> and dm
* has two spinor indices to couple to two fermion propagators

* has a direction:
the momentum direction is counted by the propagator arrow

— gauge boson field counterterm i[—g"k? + kFkY](Z3 — 1) “”_;C”‘Vikl”y

* includes one renormalisation constant and a projection operator
that guarantees that the photon only couples with transverse polarisations

* has two vector indices to couple to two gauge boson propagators

* has no direction:
changing of the momentum direction does not affect the counterterm

— vertex counterterm —igy*(Z1 — 1) 8 I
* includes the renormalisation constants, 6Z,, dZ4, and dg
* has two spinor indices to couple to two fermion propagators «—~, 28
« and a vector indices to couple to one gauge boson propagators i !

x IS related to the fermion field counterterm Z, by a Ward identity
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5. Quantum Field Theory (QFT) — QED

Renormalisation conditions in QED

somewhat similar like in the ABC-theory

the full fermion propagator at p2 = m? should be Sy = p_im

— this fixes the mass counterterm ém

— and the fermion field counterterm Z,
x by considering the fermion self energy diagram

the gauge independent part of the full gauge boson propagator
at ¢°> = 0 should be A, (q) = %
— this fixes the gauge boson field counterterm Z3

x by considering the gauge boson self energy diagram

the fermion-gauge boson vertex should give the classical scattering
of photons on electrons at low energies: Thomson scattering

— this gives a condition for nearly real particles
x the decay e — e + v is kinematically not allowed
— it also enforces the Ward identity, which gives Z1 = Z»
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e are the lowest order diagrams that include loops

e can be calculated from the given Feynman rules K
e fermion self energy i E
d*k e
-ixPl(p) = (—ig)’ omya " SE @+ Y B () -
d*k E+p+m i kk
— 32 s v . . Ry
0" | oy e —mr il kz2+z'e< g+ (1 =875 )

— the first denominator D1 = (k + p)? — m? = k? 4+ 2k.p 4+ p> — m?
— the numerator can be simplified using the v-matrix identities:
E2EE+p+ m)k = k2 (KK 4 2(k.p)f — pk* + mk®) = [D1 — (p* —m)]k 2k —p+m
and Y+ p+m)v, =2k +p) — 4m

_ix 2] _ o [ d% 20ty —4am B R i p—m
=) I / (27m)* [D1 + €] [k2 + i€] (1= [k2 4 i€]2  [D1 + ie][k2 + i€]2  [D1 + €] [k2 + i€]

— the gauge dependent part vanishes for external lines:
« the first term vanishes with the integration over d*k

« the second term is zero, as for external particles p? = m?
+ the third term vanishes when acting on a spinor: a(p)(p —m) = (p — m)u(p) =0
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e fermion-gauge boson vertex correction

d4
—igF2(p,p) = (—ig)® / ﬁv”s’p{p’ + D)VSr(p + OV A (q)
= (—ig)’ d*q Pg prdt+m 1y prd+m v

o W2 —m2tic (pta)?—m2tic
(2 (_gpy _|_ (1 . g)Q,DCIV>

X

q? + ie q°
5 [ d%q (P’ + ¢+ m)y(p+ ¢+ m)y”
— T et Fidlr + 92— m2 +idl(p+ )2 — m2 + il
(1) d*q d(p' + ¢ +m)v'(p+ d + m)d

0 R + P[P + )2 — m2 + iel[(p + @)2 — m2 + ie]

— has three denominators
— without additions it cannot describe an allowed process
* as four momentum conservation forces the momentum of the photon to vanish

* Thomson limit: very low energy scattering of photons on electrons E, < m
+« this limit is used to define the renormalisation condition :

im gu(P)F 2 (p,pYu(p) = gu(p)yu(p)

— gives the Ward identity Z; = Z5 from —%(p—m)—l = (p—m) yu(p —m)?
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e gauge boson self energy il‘l,[f,,](q)
— has an additional (—1) due to the closed fermion loop

4
N = (D [ 55605, 0+ D00y, ®)

) / P Trlpi(p+d + m)wi(p+ m))
2m)* [(p + @)% — m? + ie][p? — m? + i€]
ig? / d*p4[(p + @) ppr + 2P+ Qv — g (0-(p + @) — M?)]

(4m)2 | in? [(p+ 0)2 — m2 + €] [p2 — m? + ic]
— combining the denominators with a Feynman parameterintegral [AB]~1 = fol de[zA+ (1 —z)B]2
, 1
il = - ig? " d*p4[(p + Q)upv + (P + @)v — g (p.(p + q) — M?)]
(4m)2 1772 [p?2 4+ 2xp.q + g2 — m?2 + i€]?

— replacing the integration variable p — p’ = p + g and omitting terms odd in p’
« gives for the denominator p? + 2zp.q+x¢> —m? =p? + (1 —2)g? —m? :=p? - A, =D

+ and the numerator N = (p + q)upv + pu(p + @)v — g (p-(p + @) — m?)
N = 2pp,+ 1 —20)qup), + pla] — 22(1 — 2)quqy — g (p* + (1 — 22)(p'.q) — 2(1 — 2)¢* — m?)
= 2p.p, — gw(®® — 2y) +22(1 — 2)(gwq” — qugr) + terms linear in p’
(2] _ 4ig? d*p’ 2p,p, Guw 8ig? d*p x(1 —
- M@ = / / Dt D+ @t el | [ GEE

— the first part vanishes when regulating the integral, the second part is transverse: q#l‘l,[f,,] (¢9) =0
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e regulating the gauge boson self energy il‘l,[%,](q)
— the momentum integration d*p averages over all possible directions
= the result has to be independent from the directions of p

* the only term possible is g,

— contraction with g"¥ gives a scalar integral:

w [ d'P 2pupy gw [ d*»  2p? 4
7 ) erfiD+i? D+id ) @mAD+id?  [D+id
— doing a Wick rotation p° — ik* and p — k we get
« d*p — id*k, p?2 = (p°)2 — 2 — (ik*)2 — k2 = —k2 =:; —¢2, the Euclidean length

+ and we can split off the angles into a Euclidean solid angle d23: d*k = ¢£3d¢d23,
+ then we can go from our Euclidean four dimensions to D dimensions:

d*p 2p? 4 i03ded23, —2/? 4
Cm)¢D+id? [D+id (2m)4 [-2— D, +id2  [-2 - A +id

Ay [T =2 4 R I ot N R V2 D
— (27r)4/0 “Yexartieray T ) eor ), U Merar T Er Al

— with the integration over the solid angle [ C(lg%; = (273)7;?/2(2) = Gy

— and a change of variables to y = ng”A
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e regulating the gauge boson self energy z’I‘I[Q](q)

. . _ A
— we get the boundaries y(0) = 1 and y(c0) = TA T 0
_ _ Q&MA7 > 1—
the measure dy = FTAT and the inverse function ¢ AWTy
= the contracted scalar integral is
—24d¢ 1 D[ + A , ( )D/Qd ( D 1 )
(47r)D/2|‘( ) [£2+A 12 202 (4 )D/2r( ) 21—y
QAD/2 !

— - 1 — )P/2,~D/2 _ D(q _ ,\P/2-1,,-D/2
(47r)D/2r( ) dy(1 —y)™'=y >(1—y) y

— recognising the definition of the Beta-function

1
B(a,B) = M — / dy ya—l(l _ y)ﬂ—l
0

Mo+ 3)
— the contracted scalar integral becomes (usingFr(2)=1'=r(1)=0'=1)
ool ra-Dra+2) pra-4Hr) 20877 -2) D. D_.D
~amPir (D) ( @ 2 T ) (amPPr (D) (ra+-373)

— since N(z+ 1) = 2zl (z), the contracted scalar integral vanishes identically

e this was dimensional regularisation
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5. Quantum Field Theory (QFT) — QED
Elementary one-loop diagrams in QED

e the regulated gauge boson self energy
8ig? 1 d*p (1 — x)
-1[2] _ _ %Y 2 p . 2 [2]
N (q) ( 47T)2[g;wq quq] /O dx / 22 D I id]? Lilguwa” — quar]Ny (q)
has the same structure as the gauge boson field counterterm

— together they form the renormalised one-loop selfenergy
if2(q) = iN'2(q) — ilgwd® — 901 (Z5 — 1) = ilgwd® — qua, 1112 (q)

— this can be used to resum the gauge boson propagator:
'AW = Al 4 iAlAR AL 4 ALLRR AR AL 4

— since q“l_l (q) — 0, the gauge dependent part of ALO,J does not contribute

+ the product 'LI_I[Q]/O%A[ l — = i[gP7°q° — q/f’q"]l_l7 ](q)—_ég“” = P,fl_lf[f](q)
x Where P/ = [§) — qu"] is a projection operator: PP = P} and q,P) = PJq* =0
. P oq,
= il = Al + PAP(g) + PATR@P +...) = S(—gu+ (1 - ) ( AT )
q q —N¥ )  «q
— —’L.PIUJV . ququ — _iguy -I— iq‘u,ql/ 1 B
e -] @ e -nPe) @ \1-nP(g)

— when this propagator attaches to a physical fermion line, the last term vanishes
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5. Quantum Field Theory (QFT) — QED
Physics of the renormalised gauge boson propagator

e Since the photon propagator describes the interaction of charges
— one should be able to obtain the potential of a bound state

— for that we have to consider elastic scattering e
x the particles that are bound should stay the same . .. qe\

— and compare the QFT amplitude pe/
+« that we calculate

— with the QM amplitude ¢

* that we assume: i.e. the potential in the Schrodinger equation

e the amplitude for elastic e™p scattering: i(2m)**(pe + pp — ge — qp) MKIFT

4
= / (;lﬂ_l;Ar(—’nge)(Qﬂ')‘L(S‘*(pe + k — Qe)a(Qe)’y“u(pe)iAW(k)(—z’ng)(Qw)‘*é“(pp ~ k= gp)alg)7 u(py)

= i(2m)*6* (Pe + Pp — G — 4)9?QeQpiE(g )V u(pe) ——— ot i(gp) 7 ulpy)
k2[1 — 157 (k)]

— since e~ and p are on-shell , their energies do not change
= kM =qt —pt = (0,q. — p.) is space-like

e the QM amplitude is i2r6(E. + E, — E, — E))MM = (q., G|V (k; Pe, §y) |Be, D)
— with properly normalized wave functions for e~ and p

— the potential should not depend on the initial momenta

= V(k;pe,p) =V (k) = m ~ 2e[1 4 AP(R)]
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5. Quantum Field Theory (QFT) — QED
Physics of the renormalised gauge boson propagator

e evaluating the reqgularised gauge boson self energy

il_l[vzl(q) _ 8ig? / / x(1 —x)
 (47)? in? [p? + 2(1 — x)q? — m? + ie]?
— for small momentum transfer g2 < m?
— with a Wick rotation and dimensional regularisation we get

1
NP = 2 [ dra(l—n)(m® +2(1 - 2)g)P 22— D)

— for taking the limit D — 4 we have to expand
* [ (e) %%—I—VEM—F...

« (m2 4+ 2(1 —2)q2)e = e’ +2(1-2)"] x 1 4 eln[m2 + (1 — )73 + ...

8ig?

1
inPlq) = @Eﬁﬁl;hxu—xx5%+ww+aHX1+%£mmﬂ+xu )7’ + ...

Z‘2 1
= a%%gfcmal—@uIfwmfwmmﬂ+mu+xu—x)]+ )

;2 -2 22

8ig 1 5 5 q 1 g
const dex“(1l —xz)°— = const 4+ ———
+ (47r)2/ ( ) m2 + 157 m?

Q
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5. Quantum Field Theory (QFT) — QED
Physics of the renormalised gauge boson propagator

e Fourier transforming the potential V (k)
— the renormalised gauge boson self energy has to vanish for q2 — 0

— [D 2 2 ) 72
= AP = nl(g) - (o) ~ .2,
_ -~ . 1 a3y 1 «
SO V(q ~ 6’2[1 T 157Tm2] g2 + 157rm?2

— which gives a Fourier transformed potential

d3q = 42
V() = FETV(@ ~ = -

53
(27)3 r  15mm? (r)

= gives part of the Lamb shift

e discussing the limit |¢g?| > m?
= change of the coupling strength with energy
— running coupling constant
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