2. Quantum Field Theory (QFT) — Feynman Diagrams
Canonical Quantisation

e starting with definition of the S-matrix Sg, = (W |W7)

e Mmultiplying the Lippmann-Schwinger equations with (¢5|V we get
P5|V[Py) T
Eoq — Ey * e

Vs V. Ve V. V.,
= Voot / D Eo—ErEie T / drydy (Ea— ExEie)(Ba—E. Eic) T

where VBOK = <¢5|V|¢a>

— we get old fashioned perturbation theory.

(
T, = (®glVIWE) = (05V|®a) + [ dy

e and looking at the asymptotic behavior ¢ — oo, we get (assuming (T,5)" = T;,)
Sﬁa =6(B— ) + 2757?5(E5 — Ea)T_a

SO Tﬁ"('l describes the interaction.
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Canonical Quantisation

e writing the S-operator as Sg, = (Pg|S|Pa)

e we get S = Q(c0)TQ(—0) = U(+o0, —c0)

e where U(r,19) = Q(7)TQ(1g) = eHloTe—iHTiHT0—iHoTo
® SO z’%U(T, m0) = 0TV e 0Ty (1, 79) =: V(1)U (1, 10)

e with the solution U(r,70) =1 —i [L dtV()U(t, 70)

[T ~2 [T t1
= 1—i[ dty V(L)) + (i) / dt1 [ i, V() V(L) 4 ...

T0 70 70
= 14+ 2—31 (_nZ!) Todtldtg...dtnT{V(tl)V(tQ)...V(tn)}

-
= Texp (—7; dtV(t))
70
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Canonical Quantisation

e evaluating now Sg, with 8 = ¢(z4)¢(z3) and a = ¢(x2)P(x1)

S = (@(22)6(a)|Texp (—i [ At V(D)) [B(e1)(2)

o taking V(t) = [34¢*(2) or [dtV(t) = & [ dz ¢*(2)

e splitting ¢ = q5+ + ¢~ into the annihilation and the creation part

B o~ d3lze—ik.xa(lz) i o~ d3Eeik.maT(E)

e Since tq,t> <t < tz,t4 and writing ¢; = ¢(x;)

Ssa = T(Ol¢565¢ a0 | =%yt s 0)

= T(Ol¢365 (1§ [ de st + 3(GD? [ derdza 608, + ... ) el eF 10)
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Canonical Quantisation

e a normal ordered product of fields has a or ¢~ to the right of af or ¢T:

— N{¢~(@)¢T ()} = ¢T(v)¢~ (=)

— it has vanishing vacuum expectation value: (O|N{...}|0) =0

e a time ordered product has the smaller time to the right:

— T{p(x)p(y)} = 0(z° — yO)p(2)p(y) + 0(3y° — 2°)(y) (x)

— it is related to the normal ordered product by Wick contractions:

T{p(x)o(y)} = N{¢(z)é(y)} + Dp(z — y)

e because
T{p(x)p(y)} = 0(z°—y°) (o) + b, + o + b, 0,) +0(y° —2°)(...)
= 0(z® — ) (oF o + oF o, + (61, 071+ o &, + b 6,) +0(° —a®)(...)
= N{¢(@)d(y)} + 0(z° — y°)(0l[¢;, ¢, 110) + 0(y° — z°)(0l[¢, , ¢:1/0)
= N{¢(@=)o(y)} + Dr(xz —y)
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation
e SO with DF(JZJ — a:k) = DF]k we get
Spa = (OIT{653065 6763 H0) — i [ dz(0IT{63 65 6:0:6:0:67 63 H0) +
= (O|(N{p3¢5 071 #3 } + N{dg 6T }Dpos + N{¢3¢7 }Drag
+Dpo3Dp1a + 1 < 2)[0)
5 [ d= (01T {65 65 d:6:0:0:07 63 }0) +
= Dp13Dpos + Dpo3Dp14 — 19 / dz Dp1,Dp2,Dp,3Dp 4
—% / dz (Dp13Dp2,DF,.DF.4 + Dp14Dp2,DE, . DF.3
+Dp13Dp24Dp,.Dp,, + 1+ 2) + ...

e the first two terms are just "no interaction”
e the first term with g is the scattering

e the other terms are "loop corrections” to the propagators
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Diagrams

e each propagator is a line

— for scalars a dashed line  --------
— for fermions a straight line

— for photon, W-, and Z-boson a wavy line AN
— for gluons a springy line SERRRRRE
— for ghosts a dotted line  -----ooooe--
— if a charge flows, the line has an arrow >

e for the ¢4-theory, the propagator is a simple line

e each coupling is a dot
— connecting the lines

e the diagram can flow from bottom up — like SR worldlines

e the diagram can flow from left to right — like writing
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Diagrams 5
o S3, Is then represented as ><
1
3 4
3 4
_|_
_|_
1 2
1 2
3 4 3
' ' %< %
1 2 1
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

Z(J) = /quei(s+fx J$)  with = § = —/d4 Lp(02 + m2)¢ + 4o*

splitting S into the potential and the bilinear (= kinetic) part
writing the kinetic part as —%qﬁ(@z +m?)¢p = %qﬁDl}lgb

Z(J,g) :/qu eif%quglqb_l_qu e — 41 f¢4

4
expanding the potential as a power series e 4gf¢ — oo nl( —tig n[f¢4]n

replacing in the series ¢ — % and putting ¢-indepentent parts in front:

2(J;9) = ioﬁ(%ﬁg)” [/d4az (%ﬂnquﬁ i [ 5oDpto+Je

solving the Gaussian integral and rewriting the sum as an exponent:

Z(J g) = Ne 4'g f(z5J)4 —% fx,y J(x)DF(x_y)J(y)
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Path Integral Quantisation
e the free propagator is obtained with g = O:
i 52Ne 2 faz,y J(z)Dp(z—y)J(y) i 5QZ(J, O)

N 5.7 (x) 87 (y) . ~ 2(0;0)07(2) 67(¥)| ;g

Dy (z—y) =

e the full propagator is obtained with general g:

1 627 (J; g)
Z(0;9)i6J(x)i0J (y)

iDp(z —y) =

J=0

e the previous example, Sﬁa, IS a four-point function:

D p1da¢3pac’CTLIO 1 s47(J;g)
B [ D 5] T9)  Z(0:9)6J1 60260364

SBa

J=0

e evaluating Sﬁa by expanding the exponent to the desired order of g.
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation
1 6% Z(J; g1)
Z(0;g1)8J16J56J38J4

o to order g* we get Sg, =

J=0

' ) i
e now Z(7igh) =N (147 [(L*) e 2Py

J=0

— all Js from the second factor have to be differentiated
— the remaining Js are set to zero

e so Z(0;gl)=N (1 + 4 z(ﬁ)ﬂ ( —LDyj+ %[—%DJJP) |J=0
— we have 0 or 4 derivatives of J, so the middle term vanishes.
’Lg ) 41 ) 2)
Z(0;g') = N (1 —/ ~GiD
(0;97) -|-4! Z(5Jz) 8(2 JJ)
g [,. .

— N (1 + g/(zpzz)(zz)zz))

z
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Path Integral Quantisation

4 : Z.
N ) (1+£/( Y )4)€—§DJJ
0J10J20J30J4 41 Jz d0J,

§4Z(J; g1)
0J10J20J30J4

J=0 J=0

e here we have 4 or 8 derivatives
e the exponent has to be expanded to these orders (n = 2,4):
1 )

e_%DJJoc———D 2—I—l —ED 4_6 +e
> > JJ 41 > JJ| — €2 4

e differentiating gives:

64Z(J;g") _ 5%es + Y / 58ey4
0J16J208J3604| g 0J10J28J38Js Al J268J1 8020803804 (672)%
where
5%es _ (D | | | | | B
57100507500 12)(iD34) + (¢D13)(iD24) + (iD14)(iD23) =: Dtree
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Path Integral Quantisation
e with writing 9§; = % and 01034 = 01 029304 we get
S1234 (0:)%esa = 01234 (8.)° 3 4[4D,s13(D.y)
= 01234 (6:)? (5 3[5D1)?(D.0)? + £ [5D1]3(D22))
= 61234 0. ([Dss1(iD.;)°> 4+ 2 [£1D;s1°(iD.;) (iD..))

= 01234 ((’iDzJ)4 + 6[%DJJ](7:DZJ)2(7:DZZ) + % [%DJJ]Q(’iDzz)Q)

e the first term immediately gives 4! (iD,1)(iD.5)(iD,3)(iD,4)

e the middle term gives 12 (iD ) (iDzc)(iD,4)(iD22)
where abed = P(1234) is a permutation of 1234.

e the last term gives Diree - 3 (iD25)?2

e we have to set Dyp = D34 = 0, as we are looking at 12 — 34
— this comes from " wave-function factors” outside the Path Integral
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2. Quantum Field Theory (QFT) — Feynman Diagrams
Path Integral Quantisation

o 51234Z(J;91)‘J:O
= Dyee (145 [3(iD=2)?) + 38 [ 41(D1)(iD22)(iD23) (iD-4)

+%/z 12 (iDab>(ich>(iDzd)(iDzz)

® Sgy = 51234Z(J;91)‘J:0 Z(0;g1)1

= Diree+ig [ [(1D:1)(iD:2)(iD23)(iDz4) + 3(iDap) (iDze) (iD.a) (iD:=:)]

< (14 %L(wzz)?)_l

Dtree + 7;9/2 [DlezQDz3Dz4 + %DaszchdDZZ] + 0(92)

e the same terms as in canonical quantisation
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