
2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation

• starting with definition of the S-matrix Sβα = 〈Ψ+
β |Ψ−

α 〉

• multiplying the Lippmann-Schwinger equations with 〈Φβ|V we get

T±
βα = 〈Φβ|V |Ψ±

α 〉 = 〈Φβ|V |Φα〉+
∫

dγ
〈Φβ|V |Φγ〉T±

γα

Eα − Eγ ± iǫ

= Vβα +

∫

dγ
VβγVγα

Eα−Eγ±iǫ +

∫

dγdγ′
VβγVγγ′Vγ′α

(Eα−Eγ±iǫ)(Eα−Eγ′±iǫ)
+ . . .

where Vβα = 〈Φβ|V |Φα〉.

– we get old fashioned perturbation theory.

• and looking at the asymptotic behavior t → ∞, we get (assuming (T+
αβ

)† = T−
βα

)

Sβα = δ(β − α) + 2iπδ(Eβ − Eα)T
−
βα

so T+
βα describes the interaction.
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation

• writing the S-operator as Sβα = 〈Φβ|S|Φα〉

• we get S = Ω(∞)†Ω(−∞) = U(+∞,−∞)

• where U(τ, τ0) = Ω(τ)†Ω(τ0) = eiH0τe−iHτeiHτ0e−iH0τ0

• so i d
dτU(τ, τ0) = eiH0τV e−iH0τU(τ, τ0) =: V (τ)U(τ, τ0)

• with the solution U(τ, τ0) = 1− i
∫ τ
τ0

dt V (t)U(t, τ0)

= 1− i
∫ τ

τ0
dt1 V (t1) + (−i)2

∫ τ

τ0
dt1

∫ t1

τ0
dt2 V (t1)V (t2) + . . .

= 1+
∞
∑

n=1

(−i)n

n!

∫ τ

τ0
dt1dt2 . . . dtn T{V (t1)V (t2) . . . V (tn)}

= T exp

(

−i
∫ τ

τ0
dt V (t)

)
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation

• evaluating now Sβα with β = φ(x4)φ(x3) and α = φ(x2)φ(x1)

Sβα = 〈φ(x3)φ(x4)|T exp

(

−i
∫

dt V (t)

)

|φ(x1)φ(x2)〉

• taking V (t) =
∫

~z
g
4!φ

4(z) or
∫

dt V (t) = g
4!

∫

dz φ4(z)

• splitting φ = φ+ + φ− into the annihilation and the creation part

φ−(t, ~x) =

∫

d3~k e−ik.xa(~k)

(2π)3/2(2E~k
)1/2

and φ+(t, ~x) =

∫

d3~k eik.xa†(~k)

(2π)3/2(2E~k
)1/2

• since t1, t2 < t < t3, t4 and writing φi = φ(xi)

Sβα = T 〈0|φ−3 φ
−
4 e

−ig
4!

∫

dzφ4zφ+1 φ+2 |0〉

= T 〈0|φ−3 φ
−
4

(

1− ig
4!

∫

dz φ4z + 1
2(

−ig
4! )

2
∫

dz1dz2 φ
4
z1
φ4z2 + . . .

)

φ+1 φ+2 |0〉
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation

• a normal ordered product of fields has a or φ− to the right of a† or φ+:

– N{φ−(x)φ+(y)} := φ+(y)φ−(x)

– it has vanishing vacuum expectation value: 〈0|N{. . . }|0〉 = 0

• a time ordered product has the smaller time to the right:

– T{φ(x)φ(y)} := θ(x0 − y0)φ(x)φ(y) + θ(y0 − x0)φ(y)φ(x)

– it is related to the normal ordered product by Wick contractions:

T{φ(x)φ(y)} = N{φ(x)φ(y)}+DF (x− y)

• because

T{φ(x)φ(y)} = θ(x0 − y0)(φ+
x φ+

y + φ+
x φ−

y + φ−
x φ

+
y + φ−

x φ
−
y ) + θ(y0 − x0)(. . . )

= θ(x0 − y0)(φ+
x φ+

y + φ+
x φ−

y + [φ−
x , φ

+
y ] + φ+

y φ−
x + φ−

x φ
−
y ) + θ(y0 − x0)(. . . )

= N{φ(x)φ(y)}+ θ(x0 − y0)〈0|[φ−
x , φ

+
y ]|0〉+ θ(y0 − x0)〈0|[φ−

y , φ
+
x ]|0〉

= N{φ(x)φ(y)}+DF(x− y)

Thomas Gajdosik – Concepts of Modern Theoretical Physics 13.09.2012 4



2. Quantum Field Theory (QFT) — Feynman Diagrams

Canonical Quantisation

• so with DF (xj − xk) = DFjk we get

Sβα = 〈0|T{φ−3 φ
−
4 φ

+
1 φ+2 }|0〉 − ig

4!

∫

dz 〈0|T{φ−3 φ
−
4 φzφzφzφzφ

+
1 φ+2 }|0〉+ . . .

= 〈0|(N{φ−3 φ
−
4 φ

+
1 φ+2 }+N{φ−4 φ

+
1 }DF23 +N{φ−3 φ

+
1 }DF24

+DF23DF14 +1 ↔ 2)|0〉

− ig
4!

∫

dz 〈0|T{φ−3 φ
−
4 φzφzφzφzφ

+
1 φ+2 }|0〉+ . . .

= DF13DF24 +DF23DF14 − ig
∫

dz DF1zDF2zDFz3DFz4

− ig
2!

∫

dz (DF13DF2zDFzzDFz4 +DF14DF2zDFzzDFz3

+DF13DF24DFzzDFzz +1 ↔ 2) + . . .

• the first two terms are just ”no interaction”

• the first term with g is the scattering

• the other terms are ”loop corrections” to the propagators
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Diagrams

• each propagator is a line

– for scalars a dashed line .

.

– for fermions a straight line .

.

– for photon, W -, and Z-boson a wavy line .

.

– for gluons a springy line .

.

– for ghosts a dotted line .

.

– if a charge flows, the line has an arrow .

.

• for the φ4-theory, the propagator is a simple line

• each coupling is a dot

– connecting the lines
.

.

• the diagram can flow from bottom up — like SR worldlines

• the diagram can flow from left to right — like writing

Thomas Gajdosik – Concepts of Modern Theoretical Physics 13.09.2012 6



2. Quantum Field Theory (QFT) — Feynman Diagrams

Diagrams

• Sβα is then represented as
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

Z(J) =
∫

Dφ ei(S+
∫

x Jφ) with S = −
∫

d4x 1
2φ(∂

2 +m2)φ+ g
4!φ

4

• splitting S into the potential and the bilinear (= kinetic) part

• writing the kinetic part as −1
2φ(∂

2 +m2)φ = 1
2φD

−1
F φ

Z(J; g) =
∫

Dφ ei
∫

1
2φD

−1
F φ+Jφ e−

ig
4!

∫

φ4

• expanding the potential as a power series e
−ig
4!

∫

φ4 =
∑∞

n=0
1
n!(

−ig
4! )

n[
∫

φ4]n

• replacing in the series φ → δ
iδJ and putting φ-indepentent parts in front:

Z(J; g) =
∞
∑

n=0

1
n!(

−ig
4! )

n

[

∫

d4x

(

δ

iδJ

)4
]n
∫

Dφ e
i
∫ 1
2φD

−1
F φ+Jφ

• solving the Gaussian integral and rewriting the sum as an exponent:

Z(J; g) = Ne
−ig
4!

∫

( δ
iδJ )

4
e
− i

2

∫

x,y J(x)DF (x−y)J(y)
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

• the free propagator is obtained with g = 0:

D0
F (x−y) =

i

N

δ2Ne
− i

2

∫

x,y J(x)DF (x−y)J(y)

δJ(x) δJ(y)

∣

∣

∣

∣

∣

∣

∣

J=0

=
i

Z(0; 0)

δ2Z(J; 0)

δJ(x) δJ(y)

∣

∣

∣

∣

∣

J=0

• the full propagator is obtained with general g:

iDF (x− y) :=
1

Z(0; g)

δ2Z(J; g)

iδJ(x) iδJ(y)

∣

∣

∣

∣

∣

J=0

• the previous example, Sβα, is a four-point function:

Sβα =

∫

Dφ φ1φ2φ3φ4e
i(S+

∫

x Jφ)

∫

Dφ ei(S+
∫

x Jφ)
=

1

Z(0; g)

δ4Z(J; g)

δJ1 δJ2 δJ3 δJ4

∣

∣

∣

∣

∣

J=0

• evaluating Sβα by expanding the exponent to the desired order of g.
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

• to order g1 we get Sβα =
1

Z(0; g1)

δ4Z(J; g1)

δJ1 δJ2 δJ3 δJ4

∣

∣

∣

∣

∣

J=0

• now Z(J; g1) = N

(

1+
ig

4!

∫

z
(

δ

iδJz
)4
)

e
− i

2

∫

x,y JxDxyJy
∣

∣

∣

∣

J=0

– all Js from the second factor have to be differentiated

– the remaining Js are set to zero

• abbreviating
∫

x,y JxDxyJy = DJJ and
∫

y DzyJy = DzJ

• so Z(0; g1) = N
(

1+ ig
4!

∫

z(
δ

iδJz
)4
) (

1− i
2DJJ + 1

2[−
i
2DJJ]

2
)

|J=0

– we have 0 or 4 derivatives of J, so the middle term vanishes.

Z(0; g1) = N

(

1+
ig

4!

∫

z
(

δ

δJz
)4

1

8
(iDJJ)

2
)

= N

(

1+
ig

8

∫

z
(iDzz)(iDzz)

)
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

δ4Z(J; g1)

δJ1 δJ2 δJ3 δJ4

∣

∣

∣

∣

∣

J=0

= N
δ4

δJ1 δJ2 δJ3 δJ4

(

1+
ig

4!

∫

z
(

δ

δJz
)4
)

e−
i
2DJJ

∣

∣

∣

∣

∣

J=0

• here we have 4 or 8 derivatives

• the exponent has to be expanded to these orders (n = 2,4):

e−
i
2DJJ ∝

1

2

[

−
i

2
DJJ

]2

+
1

4!

[

−
i

2
DJJ

]4

= e2 + e4

• differentiating gives:

δ4Z(J; g1)

δJ1 δJ2 δJ3 δJ4

∣

∣

∣

∣

∣

J=0

=
δ4e2

δJ1 δJ2 δJ3 δJ4
+

ig

4!

∫

z

δ8e4
δJ1 δJ2 δJ3 δJ4 (δJz)4

where

δ4e2
δJ1 δJ2 δJ3 δJ4

= (iD12)(iD34) + (iD13)(iD24) + (iD14)(iD23) =: Dtree
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

• with writing δi =
δ

δJ1
and δ1234 = δ1 δ2 δ3 δ4 we get

δ1234 (δz)
4e4 = δ1234 (δz)

3 1
4!
4[ i

2
DJJ]

3(iDzJ)

= δ1234 (δz)
2
(

1
3!
3[ i

2
DJJ]

2(iDzJ)
2 + 1

3!
[ i
2
DJJ]

3(iDzz)
)

= δ1234 δz
(

[ i
2
DJJ](iDzJ)

3 + 3
2
[ i
2
DJJ]

2(iDzJ)(iDzz)
)

= δ1234
(

(iDzJ)
4 +6[ i

2
DJJ](iDzJ)

2(iDzz) +
3
2
[ i
2
DJJ]

2(iDzz)
2
)

• the first term immediately gives 4! (iDz1)(iDz2)(iDz3)(iDz4)

• the middle term gives 12 (iDab)(iDzc)(iDzd)(iDzz)

where abcd = P(1234) is a permutation of 1234.

• the last term gives Dtree · 3 (iDzz)2

• we have to set D12 = D34 = 0, as we are looking at 12 → 34

– this comes from ”wave-function factors” outside the Path Integral
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2. Quantum Field Theory (QFT) — Feynman Diagrams

Path Integral Quantisation

• δ1234Z(J; g1)
∣

∣

∣

J=0

= Dtree

(

1 +
ig

4!

∫

z
3 (iDzz)

2
)

+
ig

4!

∫

z
4! (iDz1)(iDz2)(iDz3)(iDz4)

+
ig

4!

∫

z
12 (iDab)(iDzc)(iDzd)(iDzz)

• Sβα = δ1234Z(J; g1)
∣

∣

∣

J=0
Z(0; g1)−1

= Dtree + ig
∫

z

[

(iDz1)(iDz2)(iDz3)(iDz4) +
1
2(iDab)(iDzc)(iDzd)(iDzz)

]

×

(

1+
ig

8

∫

z
(iDzz)

2
)−1

= Dtree + ig
∫

z

[

Dz1Dz2Dz3Dz4 + 1
2DabDzcDzdDzz

]

+O(g2)

• the same terms as in canonical quantisation
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