1. Quantum Field Theory (QFT) — Approaches
Classical Field Theory

e for the classic (non-quantum, real, free) Klein-Gordon field

Lo = 3(0" ) (Oup) — smZ¢? = (Vo) - (V¢) — 3m?¢?

e field equations are the Euler-Lagrange equations:

. oL _8_[: here 2 2 2
O—fm(a(am)) fe = 0u(@6) +m2 = (0P + )

—ik.x

e they are fulfilled by plain wave solutions fz(¢,Z) = 2 )372(2E Y172
7'(' g
k
- B2 = k2 + m?

— k.x=kum“=EEt—lg-f
e a general solution is a superposition (Fourier integral)

o(t,7) = [ d®F [a(k) fr(t, ) + ol (B)£3(2,2)
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation

e in Quantum Mechanics we started with

— generalized coordinates g;

— conjugate momenta p; = %—g

— equal time commutation relations
[g5, 1] = [pj,px] = O and lqj, pk] = iRdjp

e applying these to the harmonic oscillator
— states |n) have n quanta
— introducing creation operators a’ and annihilation operators a:

aT|n> =cy|n+1) and aln) =c_|n — 1)

— have also equal time commutation relations

[aT,aT] = [a,a] =0 and [a, aT] =1
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation
e the quantum system is given by a quantum state |W)

e it can be labeled by the eigenvalues of operators:
— the position of W is found by X|W) = Zy|WV)
— the momentum of W is found by P|W) = gy, |W)
— the space wave-function of W is W (¥) = (Z|WV)
— the momentum wave-function of W is W(p) = (p|W)
— and (Z|p) = e'PT facilitates the Fourier transform

C
W(@) = AT(FNPY) = [ L8 ()
and
W (5) = (|W) /d3* (Z| W) =/d3f e~y ()

e time evolution is given by the Hamiltonian:

(W(ty)) = e HE1~t0)|w(tg))
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation
defining asymptotic in- and out-states |WL) as
e o« denotes all defining quantum numbers:
— momentum, spin, particle-type, etc.
e cigenstates of the full Hamiltonian: H|WL) = E,|w)
e non-interacting = like eigenstates of the free Hamiltonian Hy:

HO|¢O¢> — Ea|¢a>

e though the eigenvalues are the same, the states are not: |WL) £ |dy)
e the states are orthogonal:

(WEIWE) = (PslPa) = 5(8 - @)

e the states are complete:

1= [da|wiwi| = [ da]®a)(®a
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation

e splitting the Hamiltonian into a free part Hp and an interaction part V
H=Hy+V = (Bo — HY)|VZ) = V|V3)

e without the interaction V, |WE) ~ |dg)
e using the completeness of |Pg)

e we get the Lippmann-Schwinger equations

|¢6> Ba
— Eﬁ + 7€

(WY = | o) 4+ (Fa — Ho +i€) " VW) = [bg) + /dﬁ
+
where T = (Pg|V|W3).
e the S-matrix is defined as Sg, = (\U}'N};)
e the S-matrix is unitary due to the completeness of states:

[ 488550 = [ dB (W IWENWEIWE) = (W W5 = 8(y - )
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1. Quantum Field Theory (QFT) — Approaches

Canonical Quantisation

For Quantum Field Theory we start with

generalized coordinates ¢g; — ¢(t,Z) (or other fields)

OL(t,7)
¢ (t,%)

conjugate momenta p; — w(t, %) =
equal time commutation relations

[6(¢, T), ¢(¢, y)] = [7(¢,2),n(¢,y)] =0

and  [¢(t, @), 7(t,9)] = RS> (F — §)
these give for the Fourier components a(k) and af(k)
[a'(t, k), al (t, k)] = [a(t, k), a(t, k)] = O

and [a(t, k), a’(t, k)] = §3(k — k)

the same as the harmonic oscillator
— al(k) and a(k) are creation- and annihilation operators.
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation
defining the Hilbert space as a complete set of states:

e the vacuum |0) with (0|0) =1

e |n;(k)) with n particles of type i and momentum k
~ created by al(k): al(¥)|ni(k)) = cpq(B)|(n + 1);(k))
— writing the one-particle states as |k;) = ‘/QEEaI(ENO)

— we have the normalisation (setting h = 1)
(Kilk;) = 2/EpE; (0la;(K)al(F)|0) = 2,/E;, E (0|[a;(K'), al(F)][0)
= 2,/E;E;(06;;6°(k — K')|0) = 2,/E;E;6;;6%(k — k')(0]0)
= 2E;6;;6°(k — k')
e since it is a complete set, we can write
d3k | .
1= /— (R))———(n;(E

k
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation

e from the Lagrangian we get the Hamiltonian H = [ d3ZH with
. N . . h ) - -
H(t, &) = n(t, D)(t,T) — L(t,T) = 3¢+ 5(Ve) - (Vo) + 3m?¢°
e USing

6(t,8) = [ &k [a(R) (6, D) + o () £(t, @)

e and the equal time commutator, we get

H= / BELE;: [a(R)al () 4 ol (Ha(®)] = / &k B[N + 35°(0)]

o that yields a zero-point energy of Eg = 363(0) fd3EEE ~ 00

e normal ordering N{H} gets rid of the zero-point energy:
— ol is always left of a: N{a(k)af(k)} := af(k)a(k)
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1. Quantum Field Theory (QFT) — Approaches
Canonical Quantisation ... considering propagation:

e the correlator is the amplitude of a field between x and y

e—z’kz.(x—y)

D(x —y) = (0lé(x)e(w)[0) = [ d*F s

e the commutator becomes

—ik.(x—y) _ gik.(x—y)

(0ll6(2), (w)][0) = D(x —v) = D(y —x) = [ PR
e the Feynman propagator is

D(x—vy) for 20> 40
Dp(x —y) = o o =1(0[T{o(z)9(y)}0)
D(y—xz) for z¥ <y
with T denoting time ordering

e Or in the usual notation

_ d*k ' —ik.(z—
Dp(z—y) = (2m)4 k2—n12+iee k(=)
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1. Quantum Field Theory (QFT) — Approaches
Path Integral Quantisation
e the amplitude for |W;) going to |Wg) was

A= (W ple” HUEr—tD |y )
e splitting the time interval into N equal parts 4t

e inserting complete set of states |qn) at time t; + ndt

N . .
A = { I1 / dqn] (W plan)anle™ " qn_1) - - (a1le” " q0) (0| W)

n=0

e inserting complete set of states |pn) we get

(ant1le™an) = [ dp {anyale™ ) (plan) = [ dpe™ ™ (g, 4 11p)(plan)
2
— /dp o~z V (@)1t Lip(gnt1—an)

where h is no longer an operator, but only a normal function.

Thomas Gajdosik — Concepts of Modern Theoretical Physics 13.09.2012 10



1. Quantum Field Theory (QFT) — Approaches
Path Integral Quantisation

i 2 . i o

e integrating the gaussian integral [ due2%% T4/T — ﬁe_%‘]
: . - i
<qn—|—1|€_ZH5t|Qn> — e_ZV(Q)5t\/@€@2ﬂ&(qn+1—Qn)

6t—=0  2rim _i(Z¢2—V(q))dt _  [2mim _iL(gn,gn)dt
— 5t € ° — 5t €

e inserting this into the amplitude

N—-1 5 N—-1 . N
A= [day (Wrla) | TT VB [ dan| T] ™o golw))
e in the limit 0t — O we get the initial and the final state wavefunctions:

(Wrlay) = Wrlan)® (a0|W 1) — V1(q0)

e taking initial and final state as the groundstate |0)

i rt .
7 — <O|e—iH(tF—t])|o> — /Dq(t} el ftIF dtL(q(t),q(t))
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1. Quantum Field Theory (QFT) — Approaches

Path Integral Quantisation

e making the step to fields:

q

qi(t) — ¢(t,T) = ¢(x)

1

_>
%

8l | ©-

> — [dPz

sending t; —+ —oo and tp — o0

including sources J(x) for the field ¢(x)

we get the Path Integral

this includes all quantum corrections !
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