
2. Special Relativity (SR) — Lorentz transformations

Lorentz transformations

• relate the coordinate systems of two inertial observers

• leave the ”4-distance” invariant

• assuming linearity, they can be written as

x′µ = Λµν xν + aµ

– These are called inhomogeneous Lorentz transformations (Λ, a)

Homogeneous Lorentz transformations have aµ = 0

• They leave scalar products invariant: (p′.q′) = (p.q)

• They describe 3 Rotations and 3 Boosts

– compare with the Galilean transformations
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2. Special Relativity (SR) — Lorentz transformations

Rotations are the same as in the Galilean transformations

For Boosts between O and O′ let us align the coordinate systems:

• The origins of O and O′ should be at the same place at t = t′ = 0

• The constant relative velocity v between O and O′ should point in the
x̂-direction for both, O and O′

• ŷ ( ẑ ) should point in the same direction: y′ = y (z′ = z)

• Only ct = x0 and x = x1 are affected by such a boost:
Λµν = δ

µ
ν for either µ or ν being 2 or 3

• So with p′ = Λp and q′ = Λq we have (p′.q′)− (p.q) = 0

• Since y′ = y and z′ = z we can ignore ŷ and ẑ in the equation

0 = (p′.q′)− (p.q) = (p′0q′0 − p′1q′1)− (p0q0 − p1q1)
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2. Special Relativity (SR) — Lorentz transformations

Determining Boosts

0 = (Λ0
0p

0 + Λ0
1p

1)(Λ0
0q

0 + Λ0
1q

1)− (Λ1
0p

0 + Λ1
1p

1)(Λ1
0q

0 + Λ1
1q

1)

−(p0q0 − p1q1)

= (Λ0
0Λ0

0 − Λ1
0Λ1

0 − 1)p0q0 + (Λ0
0Λ0

1 − Λ1
0Λ1

1)p0q1

+(Λ0
1Λ0

0 − Λ1
1Λ1

0)p1q0 + (Λ0
1Λ0

1 − Λ1
1Λ1

1 + 1)p1q1

is solved by

Λ0
0 = Λ1

1 = ± cosh η Λ0
1 = Λ1

0 = ∓ sinh η ,

where η is the ”rapidity” of the boost. The usual choice is the upper sign.

How can we relate η to the relative velocity v between O and O′?

• Let us take two events and describe them in O and O′:

– A: the origins of O and O′ overlap; set t = t′ = 0

– B: at the origin of O′ after the time t′, where t = ∆t
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2. Special Relativity (SR) — Lorentz transformations

determining Boosts . . . continued

• The coordinates of A are aµ = a′µ = (0,0,0,0)

• The coordinates of B

– in O are bµ = (∆t, v∆t,0,0) because O′ was moving with the
constant relative velocity v for the time ∆t

– in O′ are b′µ = (t′,0,0,0) because B is at the origin of O′

• But b′µ = Λµνb
ν

= (cosh η∆t− sinh η v∆t , − sinh η∆t+ cosh η v∆t , 0 , 0)

Therefore
t′ = cosh η∆t− sinh η v∆t

0 = − sinh η∆t+ cosh η v∆t

or

v =
sinh η

cosh η
= tanh η ∼ η for η small
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2. Special Relativity (SR) — Lorentz transformations

Lorentz transformations on vectors

• A vector V µ can be understood as the distance of two events

⇒ Its transformation is the same as for events

• We used already the coordinate representation of events

⇒ V ′µ = Λµν V
ν

• If we want to write Λ as a matrix

– we have to choose how we represent the vector V µ.

– the usual representation is a column-vector:

V µ = (V 0, V 1, V 2, V 3)> =


V 0

V 1

V 2

V 3


– then we can write the Lorentz transformation as V ′0
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V ′3

 =
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 .
=
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2. Special Relativity (SR) — Lorentz transformations

connecting to ”conventional” Lorentz transformations

• Lorentz transformations are usually written down using equations:

t′ = γ(t− v·x
c2

)

x′ = γ(x− v · t)
y′ = y

z′ = z

or better:

ct′ = γ(ct− v
c · x)

x′ = γ(x− v
c · ct)

y′ = y

z′ = z

– where γ = 1√
1−β2

• defining β = v
c we can easily connect to the matrix-form of Λ

– suppressing the unchanged coordinates y and z:

ct′ = γ( ct− β · x)

x′ = γ(−β · t+ x)
⇒

 ct′

x′

 =

 γ −γβ
−γβ γ

 ·
 ct

x


• comparing to the matrix-form with the pseudo rapidity η

– we see: cosh η = γ and sinh η = γβ, or β = tanh η
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2. Special Relativity (SR) — Lorentz transformations

More on vectors, the metric, and Lorentz transformations

• We defined the scalar product of contravariant* vectors:
– ∗ contravariant can be understood as: the vector has an upper index

(p.q) = pµqνgµν = p0q0 − p1q1 − p2q2 − p3q3 ,

where gµν = gνµ is the metric with g00 = 1, gii = −1, and gµ 6=ν = 0

• We can define covariant vectors with the index down: Vµ = gµνV ν

• The index can be raised again by V µ = gµνVν

• This obviously gives gµνgνρ = gνµgνρ = gµνgρν = δ
µ
ρ

• That means for the Lorentz transformations:

V ′µ = gµλV
′λ = gµλΛλκ V

κ = gµλΛλκ g
κνVν = (Λµν )−1Vν

or

(Λµν )−1 = gµλΛλκ g
κν = Λ ν

µ
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2. Special Relativity (SR) — Lorentz transformations

More on the Matrix Representation for Λ

• We can do the same trick (matrix representation) for covariant vectors

– just Λ(v) will look differently:

Λ(v) ν
µ = gµλΛ(v)λκ g

κν ”= ”

 cosh η sinh η

sinh η cosh η


– here we represent the covariant vectors also as column vectors!

∗ in order to use the normal matrix multiplication: (V ′µ) = (Λ(v) ν
µ ) · (Vν)

• The matrix representation of Λ(v) ν
µ has the same form as Λ(−v)µν

• Both gµν and gµν can be written as diag(1,−1,−1,−1), but they are
not matrices in the same way as Λ(v) ν

µ or Λ(−v)µν are matrices:

Λµν × contravariant vector → contravariant vector
Λ ν
µ × covariant vector → covariant vector
gµν × contravariant vector → covariant vector
gµν × covariant vector → contravariant vector
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2. Special Relativity (SR) — Lorentz transformations

Lorentz transformations of fields

• Two observers, O and O′, can agree on a space-time point x
by calling it an event X

– X might have different coordinates xµ and x′µ in O and O′,
but it is nevertheless the same point.

– O and O′ can compare the value of different fields at X

• The simplest field is the scalar field φ(x):

φ′(X) = φ(X)

• The vector fields vµ(x) or vµ(x) transform like a vectors:

v′µ(X) = Λµν v
ν(X) v′µ(X) = Λ ν

µ vν(X)

• Tensor fields tµνρκλ(x) transform like the product of vectors:

t
′µν
ρκλ(X) = ΛµαΛν β Λ γ

ρ Λ δ
κ Λ ε

λ t
αβ
γδε(X)
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2. Special Relativity (SR) — Operators, Rotationgroup (optional)

Translation and Rotation Operators

• The momentum operator ~P = −i ∂∂~x = −i~∂ generates translations:

– in index notation: Pk = −i ∂
∂xk

= −i∂k

eia
kPkf(x) = ea

k∂kf(x) =
∞∑
n=0

1

n!
(ak∂k)nf(x)

= f(x) + ak∂kf(x) +
1

2
ajak∂j∂kf(x) + . . .

– the Taylorseries of f(x+ a) is

f(x+ a) = f(x) + ak∂kf(x) +
1

2
ajak∂j∂kf(x) + · · · = ei~a

~Pf(x)

⇒ the operator ei~a ~P moves the function f by the amount ~a

• The angular momentum operator ~L = ~X × ~P generates rotations

– in index notation: Lj = εjk` x
kP` = −iεjk` xk∂`

– or Lx = i(z∂y − y∂z), Ly = i(x∂z − z∂x), Lz = i(y∂x − x∂y)
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2. Special Relativity (SR) — Operators, Rotationgroup (optional)

Translation and Rotation Operators

• The components of ~L do not commute:
– if you rotate around the x̂-axis and then around the ŷ-axis, you get a different

result than rotating first around ŷ and then x̂.

– mathematically:

[Ly, Lx] = i2[(x∂z − z∂x)(z∂y − y∂z)− (z∂y − y∂z)(x∂z − z∂x)]

= i2[(x∂y + xz∂z∂y − xy∂2
z − z2∂x∂y + zy∂x∂z)

−(zx∂y∂z − z2∂y∂x − yx∂2
z + y∂x + yz∂z∂x)]

= i2[x∂y − y∂x] = −iLz

– or in index notation: [Lj, Lk] = iεjk`L` ⇒ Rotationgroup

• but the square L2 = ~L · ~L = LkLk does commute:

[L2, Lj] = Lk[Lk, Lj] + [Lk, Lj]Lk = Lkiεkj`L` + iεkj`L`Lk

= LhiεhjmLm + iεmjhLhLm = i(εhjm + εmjh)LhLm = 0

⇒ use L2 and Lz to describe quantum mechanical states (particles)
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2. Special Relativity (SR) — Operators, Rotationgroup (optional)

Eigenstates of the Rotationgroup

• We write an eigenstate of the operators L2 and Lz as |λ,m〉
L2|λ,m〉 = λ|λ,m〉 and Lz|λ,m〉 = m|λ,m〉

– |f〉 is called a ket and used to denote a quantum mechanical state.

• We define the ladder operators L± = Lx ± iLy with
[L2, L±] = [L2, Lx]± i[L2, Ly] = 0 and

[Lz, L±] = [Lz, Lx]± i[Lz, Ly] = iLy ± i(−iLx) = ±(Lx ± iLy) = ±L±

⇒ L±|λ,m〉 is also an eigenstate of L2 and Lz :

L2(L±|λ,m〉) = ([L2, L±] + L±L
2)|λ,m〉 = 0 + L±L

2|λ,m〉
= L±λ|λ,m〉 = λ(L±|λ,m〉)

and

Lz(L±|λ,m〉) = ([Lz, L±] + L±Lz)|λ,m〉 = (±L±+ L±Lz)|λ,m〉
= (±L±+ L±m)|λ,m〉 = (m± 1)(L±|λ,m〉)
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2. Special Relativity (SR) — Operators, Rotationgroup (optional)

Eigenstates of the Rotationgroup

• L± does not change the eigenvalue λ of the state |λ,m〉

• L± changes the eigenvalue m of the state |λ,m〉

⇒ the states |λ,m+ n〉 with n ∈ Z are related

⇒ for each λ there would be ∞ many states unless there is
∗ a = mmax with L+|λ, a〉 = 0 and

∗ b = mmin with L−|λ, b〉 = 0

• using
L∓L± = (Lx ∓ iLy)(Lx ± iLy) = L2

x ± iLxLy ∓ iLyLx + L2
y

= (L2
x + L2

y + L2
z)− L2

z ± i[Lx, Ly] = L2 − L2
z ± i(iLz)

= L2 − Lz(Lz ± 1)

we can relate a and b
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2. Special Relativity (SR) — Operators, Rotationgroup (optional)

Eigenstates of the Rotationgroup

• relating a and b:

– 0 = L−L+|λ, a〉 = (λ− (a2 + a))|λ, a〉 ⇒ λ = a2 + a

– 0 = L+L−|λ, b 〉 = (λ− (b2 − b))|λ, b〉 ⇒ λ = b2 − b

a(a+ 1) = b(b− 1) or a = −b

• Applying (L−) n times on the state |λ, a〉 gives |λ, a− n〉

• for some n we have to reach |λ, b〉 ⇒ a− n = b

• with a = −b we get a− n = −a or mmax = a = n
2

• The rotationgroup allows for half integer eigenstates

⇒ Spinors
• used to describe fermions: electron, proton, neutron, neutrino, . . .
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