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Abstract We study the effect of orbital angular momentum transfer between optical fields
in a semiconductor quantum well waveguide with four energy levels in a closed-loop con-
figuration via four-wave mixing. The waveguide is driven by two strong control fields and
two weak probe fields. We consider three different cases for the light-matter interaction in
order to efficiently exchange optical vortices. In the first two cases, the system is initially
prepared in either a lower electromagnetically induced transparency or a coherent population
trapping state, while the last case prepares the system in an upper state, enabling to induce the
electron spin coherence. We find that for appropriate parameters and via the spin coherence
effect, the efficiency of four-wave mixing is much higher in the quantum well waveguide.
Working in the electron spin coherence regime, we then study the light-matter interaction
under the situation where only one of the control fields has an optical vortex. The orbital
angular momentum of the vortex control beam can be efficiently transferred to a generated
probe field via the spin coherence. We also show that the spatially dependent optical effects
of the waveguide can be strongly modified by the electron spin coherence.

1 Introduction

The coherent interaction of light with atoms is responsible for many essential phenomena,
and enables to study new research directions. Various combinations of atomic interactions
and electromagnetic fields has disclosed important optical effects such as electromagneti-
cally induced transparency (EIT) [1,2], stimulated Raman adiabatic passage (STIRAP) [3,4],
refractive index enhancement or change into negative sign [5, 6], manifestation of slow, stored,
or fast light [7-11], lasing without inversion [12], giant Kerr nonlinearity [13—16], and more.
All of the phenomena are realized experimentally and have a potential for the practical appli-
cation. The slow and stored light can be explored in reversible quantum memories [17-20]
or in rotation sensors [21,22], optical switchers [23], and atomic clocks [24].

Similar quantum-coherence phenomena as in cold atomic media have been in parallel
studying in semiconductors, which, in particular in quantum structures (like quantum dots
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or wells) exhibit an ability to tune a band gap by modification of the structure’s geometry.
Thus, these structures with tunable properties acting as artificial atoms extend the potential
for their application in optoelectronics and quantum information science [25-30].

The preparation of media into coherent superposition of ground or metastable state (so-
called dark state) results in an effect, known as coherent population trapping (CPT). In its
simplest case, the state can be the result of quantum interference in a three-level A system.
The same system is used to explore EIT, which requires two-photon resonance condition.
More available three-level systems like V-type or cascade-type have been investigated and
compared [31-33]; however, only A system exhibits complete transparency.

Light beams can carry an orbital angular momentum (OAM) [34,35]. This feature provides
additional possibilities for the manipulation of light as it represents another degree of freedom,
which is suitable for the application in the quantum computation, quantum teleportation, and
quantum information storage [35—40]. In the A system, the scenario of slow, stored and
restored light in many previous works have been accomplished by using strong so-called
control beam and much weaker incident probe beam which can carry an OAM [41-44].
Another scenario can be implemented with the control beam carrying the OAM. However,
the intensity of the beam with OAM has an optical vortex profile, and at the center of the
beam, the intensity goes to zero, resulting into the absorption losses of the probe beam. The
solution to adiabatically suppress these losses is obtained by modifying the three-level system
by coupling it to more light beams of strong intensity. This may be achieved, for example,
by converting the A system to tripod [45,46] or double-A [24,47-50] schemes.

In semiconductors, EIT has been demonstrated by using nonradiative quantum coher-
ences [30], via electron spin coherence (ESC) in a quantum well waveguide [27,51,52]
or by intersubband transitions [53]. The intersubband optical transitions in semiconductors
enable to exploit the quantum coherence for the observation of the different quantum phe-
nomena, including gain without inversion, coherent control of absorption and dispersion,
and four-wave mixing (FWM) [54-63]. The spin-related coherences are equally attractive
and additionally have longer lifetimes than intersubband transitions. The spin coherence is
related to the conservation of the total spin, and in the absence of magnetic field, the flip of
the spin may be realized with the polarized light. In AlGaAs/GaAs quantum wells, two
upper doubly degenerate states are formed from electron spin states in a conduction band and
the lower two states are the doubly degenerate light hole states in a valence band [27,64].

Recently, attention has been given to the interaction of intersubband quantum well tran-
sitions with light fields carrying OAM [65—-67]. This work is focused on a four energy-level
medium interacting with four light beams forming a closed-loop configuration similar to the
schemes described in [51,52]. Because of the symmetry obtained in geometrical representa-
tion of the levels and the beams, the same system may be treated as double A or double-V
structures. The distinction of the sub-systems may be considered in one case by attributing the
intensities of the beams either as two strong beams for one strong sub-system and two weak
beams for the weak sub-system, or another case as one strong and one weak beam for one sub-
system and the rest of the beams for the another sub-subsystem. In the following, the system,
in general, is characterized by five kinetic equations, and then further assumptions are used
to obtain analytical relations. Three different cases are studied and compared. In the first two
situations, the system is initially populated in a lower EIT-state or CPT-superposition state.
In the third case, the system is prepared initially in an upper state which enables to induce
the electron spin coherence (ESC). It is found that for proper parameters, the ESC results in a
high-efficiency FWM in the quantum well waveguide. Assuming a situation where only one
of the control fields has an optical vortex and taking into account the effect of ESC, the optical
vortex of control beam can be transferred to a generated probe field with a high efficiency.
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It is also shown that the position-dependent optical effects of the waveguide system can be
well-controlled by the ESC. The dipole interaction, rotating wave approximation and density
matrix formalism are used to calculate the energy-level population evolution, and slowly
varying envelope approximation is exploited for the description of the electromagnetic field
evolution.

2 Formulation

Let us consider a double A-type (or double-V) quantum well (QW) waveguide system. The
valence-band states are labeled with J, and the conduction-band states are labeled with
S; = 1/2 (spin up) and S; = —1/2 (spin down). The polarization selection rule for the
dipole transitions rules between the conduction band and the light hole (LH) valence band
in the QW waveguide in the absence of an external magnetic field, where the two electron
spin states can couple to a common LH valence-band state. Here, we consider three types
of configuration in quantum well waveguide structure. In the first configuration (Fig. 1a),
the sample interacts with a linear polarized weak probe field with Rabi frequency £21 and a
generating o+ polarized mixing field with Rabi frequency £2.;. Moreover, the o~ polarized
field with Rabi frequency £2_ and the linear polarized field with Rabi frequency §2, as two
strong coupling lights interact with the sample, respectively. While, in second one (Fig. 1b),
the sample interacts with the linear polarized weak probe field with Rabi frequency §2 and the
o~ generating polarized mixing field with Rabi frequency £2_. Moreover, the o polarized
field with Rabi frequency £2 and the linear polarized field with the Rabi frequency £2, as
two strong coupling lights interact with sample, respectively.

For the third assumption (Fig. 1¢), we suppose that the condition for the presence of spin
coherence is adapted. In this case, a strong field §2, drives the transition from |c) to |d) and
a weak probe field with Rabi frequency £2_, which is o ~polarized, couples the transition
|c) to |a). The electron spin coherence (ESC) can also be induced through the transition
|b) to |a), which is driven by the mixing field, and the transition from |b) to |d) which is
driven by the second strong o polarized field. Consequently, a coupled double-V scheme is
formed.

The system under consideration may be viewed as consisting of two A or double-V
subsystems coupled via four optical fields driving dipole-allowed transitions in a closed-loop
configuration. Such a closed-loop system allows one of the fields to be generated out of the
QW waveguide ensemble through the FWM process. In our study, we will be interested in
three scenarios where the light-matter interaction is dominated either by EIT, CPT or via
ESC. Specifically, we will be studying the effect of OAM (vortex) transfer between the fields
propagating in this closed-loop system.
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Fig. 1 Schematic of energy levels for the EIT (a), CPT (b) and ESC (c) cases
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Taking the dipole and rotating wave approximation, in the interaction picture, the Hamil-
tonian can be written as

Hp /h= Ap|b) (bl + A |¢) {c| + (A- — Ay) |d) (d]
—(£2_|a) (c| + 24 |d) (b| + H.c.)
— (821 ]a) (bl + £221d) (c| + H.c.) ey

where the detunings are defined as A| = w1 — wup, A— = W— — Wy and Ay = w3 — W4
Here wy,, = (em — €n) /R is the optical transition frequency (m,n = a,b,c,d; m # n),
Em(n) 18 the energy of state m(n), w;(j = 1, 2, &) shows the frequency of the corresponding
laser; 24 = (Upg - €)E4/h, 2 = (Rge - €-)E_/h, 21 = (Uap - €1)E1/h and 2, =
(ac-€2) E2 /R denote the corresponding Rabi frequencies with p,,,, being the dipole moment
for the relevant transition |m) <> |n), and E;(j = &, 1,2) and e; being the corresponding
electric field amplitude and the unit polarization vector of the electric field, respectively. We
can write the density matrix elements as follows:

Pab =i (A1 +iy1) pab + 821 (Pbp — Paa)

+i82—pcb — 1824 Pad, (2)
Pra =i [(A= — Ay — A +iya] ppa + 1825 (Paa — pob)

— 0825 ppe + 182 pad. 3)
Pac = i (A= +iy3) pac + 82— (Pec + Paa) — i§220ad

+ i 821 Ppes 4)
Pre =i [(A= — A)) +iva] ppe — i2—ppa — i8220pa

+i927 pac + 182 pac, (5)
fad =i [(A— — A2) +iys| paa + 121 ppa — i2-pea

— 1825 pap — 1525 pac- (6)

The overall dephasing rates y; (i = 1—5) aredefinedby?2y; = y;,1+yhda, 2yr = yh1+ydz+y,;1d,
273 = Yo + ¥4, 278 = Vor+va+ v and 2ys = Yai+Vaa+va = va. Here, yji(j = b, d, c)
is due to longitudinal optical photon emission events at low temperature, yfjl. may originate
not only from electron—electron scattering and electron—phonon scattering, but also from
inhomogeneous broadening due to the scattering on interface roughness, and y,; characterizes
the decay rate for the spin coherence.

Let us now define a general form of a vortex beam §2; characterized by a Rabi frequency

2; = |$211"?, (7

where /; denotes OAM number, and @ is the azimuthal angle. For a Laguerre—Gaussian
(LG) doughnut beam, its amplitude is

NI
il =ei () e ®)

where r represents the distance from the vortex core (cylindrical radius), w is the beam waist
parameter, and ¢; is the strength of the vortex beam. In Fig. 2, we show the intensity pattern
of a vortex beam for / = 1 (solid line), [ = 2 (dashed line) and / = 3 (dotted line). One can
see that the intensity of the vortex beams with different vorticities / = 1, 2, 3 take the same
values at the position r/w = 1.
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Fig. 2 Dimensionless quantity |£2;|/|$2.;| given by Eq. 7 versus dimensionless distance from the vortex core
r/w when |§2.;| = &; and for various OAM numbers

3 Model
3.1 The EIT scheme

First, we consider a scenario where the system is a mixture of two EIT subsystems in A
configuration. The first A subsystem is formed by a weak probe field described by a Rabi
frequency £2; and a strong control field with a Rabi frequency §2_. Another weak probe field
with a Rabi frequency §24 and a strong field with a Rabi frequency £2, build the second A
subsystem.

To solve Eqgs. (2)—(6), we consider a steady-state condition using a perturbation theory to
denote FWM process in a closed-loop system. In the latter, the §2 field is generated via the
FWM pathway |b) — |a) — |c) — |d) — |b). We assume that both probe fields, applied
£21 and generated §2., are much weaker than the control fields £2_ and §2,. Moreover, the
system is prepared initially in the ground state |b). Note that in each subsystem, the strong
laser fields £2_ and 2, are responsible to control the propagation dynamics of the probe
fields £21 and £2, through the quantum medium, and induce the EIT for the resonant probe

beams [68]. Therefore, one can obtain the off-diagonal matrix elements of the first-order ,027)

and ,ot(i}?) for the corresponding probe transitions as follows:

ay _ —i(AcbAap + 12:1%) 21 +iR2_252,
ab Aap (AchAdp + 5221%) + Aap| 2
1 —i(Acpdap +12-7) 24 +i2:2* 2

= =ar$21 + b2, 10
Py Adp (Ach Aap + 12-17) + Aap|$221? e (10

=a1821 + bi1$24, 9)

where Agp = i(A1+iy1), Acp = i[(A-— A +iyaland Agp = i[(A-— Ay — Ay) +iya].
Here, we introduce coefficients a; (i = 1, 2) and b; (i = 1, 2) expressed as:

—i (AcpAap + 12217)
Aap (Acv Ay + 152217) + Aap| 22—

a) =
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i 2
by = > 5 11
Aap (Ao Adp + 8221%) + Aap| 2|
i§$2,2%
ay =

Ay (AcpDap + 12-17) + Aap|22)*
—i (AcpAap +12-1%)
Aap (Acv Aap + |2-17) + Aap|221>

by = 12)
Under the slowly varying envelope approximation and assuming time-independent fields, the
Maxwell equations for the corresponding probe fields §2; and £2 propagating in z direction
are reduced to the coupled wave equations as follows:

0821 iy

9%a _ Q1+ bi12.). 13
a2 L (@121 +b1£24) (13)

8.Q+ iaerz

— T = 2 br$21). 14
3z oL (a2821 + b2 82) (14)

Here, a1 and o are the optical depths of the corresponding probe fields, and L is the length
of the medium. We assume £21(z = 0) = £21(0) and £2(z = 0) = 0 at the entrance of the
medium. By solving the coupled wave Eqs. (13) and (14), we obtain the expressions for the
Rabi frequency of §2; and £2; fields:

212) AI_BZQ ©) | sinh A n A h A A144232Z (15)

) = ——= sinh | — ————cosh | —z ,

1 A aL*) T A - B aL’) |

20 = 222, sinh (2 ) o i (16)
= — sinh| —z e ,
+(z il 1L°

where we introduced parameters
Al =iaiyiar, By =iainibi, 17)
A2 = ioz+y2a2, Bz = iol+)/2b2, (18)
A= \/(Al — By)> +4A2B. (19)

Equation (16) characterizes the propagation of generated probe light through the medium.

Note that the coherence term ,oc(llb) can be easily obtained by substituting Eqs. (15) and (16)

into Eq. (10):
D — 002 ) ! sinh + cosh e (20)
=a — — — e .
Pap = @318 | 7 aL® aL’

3.2 The CPT scheme

In this section, we consider the atom-light coupling configuration where £2, and 2 fields
are strong and one of the A subsystems is put in a CPT (dark) state
ID) =cp |b) —ccle), 2D
where o o
P e = (22)

, Cc .
V122 4+ 19242 V12217 + 182412

Fields with Rabi frequencies 21 and §2_ are considered to be weak probe pulses. Conse-
quently, this weak pulse pair propagates in a coherently prepared medium interacting with
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the upper legs of the double scheme. By considering the above conditions, we can obtain the
coherence terms as follows:

1 —ilep?21 +icech 2

Py = =c181 +d152_, (23)
llb Aah
iepc*§2) —ilce 22—
Py = e el 2 o tag (24)
Aac

where A, = i(A— +iy3). The coefficients ¢;(i = 1,2) and d; (i = 1, 2) read:

, 2 . %
—L|C IC-C
o= L gy 2T (25)
ab ab
. % . 2
L A (26)
Age Age

The following coupled wave equations for the two probe fields £2; and §2_ along the z
direction can be obtained under the slowly varying envelope approximation and for time-
independent fields:

8.(21 ia1y1

9 21 +di2), 27
2z 2L (c1§2) +d1£2-) 27
02 _ 10V (ot dr2) (28)
98- _ . .

3z 2L TR

where o1 and o— are the optical depths of the corresponding applied weak and generated
probe fields. Assuming £2;(z = 0) = £21(0) and £2_(z = 0) = 0, the analytical expressions
for the Rabi frequency of the £2; and §2_ are obtained using the coupled Eqgs. (27) and (28)

2@ =920 0y [sinn (£2) + —€ h( A %2 (o)
= —F sinh | —z ———cosh | —z ,
1 c aL°) T =D, ar*)|¢
2C C Ci+D
2-(2) =~ 21(0)sinh (Ez) e, (30)
where
Ci =iariyici, Dy =iaryd, 31
Cr =ia_y3cy, Dy =ia_y3ds, (32)
C = \/(cl — D1)? +4C;Dy. (33)

Subsequently, the steady state form of the coherence term pé? can be expressed as:

C C C C1+D
oD = ¢,21(0) [?‘ sinh (Ez) + cosh (Ezﬂ e, (34)

3.3 The ESC scheme

In this section, we consider the situation where §2_ and £2; are the weak probe light beams,
and the system remains in upper level |a). For the Maxwell-Bloch equations, we consider
a steady-state condition assuming perturbation theory to denote FWM. Here, £2; can be
generated via FWM pathway |a) — |¢) — |d) — |b) — |a). In this case, both probe fields
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§21 and §2_ are much weaker than the control field £21and £2;. The off-diagonal matrix
elements then read

) —i2 2502 +i(AgeAaa + 122172y

Pab = Ay DacBad + Dac 2 P + Aap| 22

—i(AapAad + 24112 — iS02% 2

AapAacAaa + Aac|9+|2 + Aab|~92|2

= g182_ + h152, (35)

1
P =

= 2 +h2, (36)

where Ay = i(Ay +iy1), Age = i(A- +iy3) and Ayg = i[(A- — Ay) +iys]. The
Maxwell equations describing the propagation of two laser fields §2; and §2_ take the form

082_ ia_y3
—_— = 2+ h1821), 37
a2 oL (12— + h1821) (37)
00 _ 1Y o 4 e (38)
9z = oL 8284~ 2841) ,
with
g —i (AabAad + |~Q+|2)
1: 9
AabAacAud + Aac|~Q+|2 + Aah|92|2
i$2,82*%
h = - s (39)
AapAuc Aga + Aac|~Q+| + Aab|92|
i.Q_~_.Q;<
82 =

AahAacAud + Aac|~Q+|2 + Aab|92|2 ’

h —i (AacAad + |~QZ|2) (40)
2 = bl
AapDacAad + Aac|~Q+|2 + Aah|92|2

where a_ and o1 show the optical depths of the corresponding applied weak and generated
probe fields. We consider that £2_(z = 0) = §£2_(0) and £2;(z = 0) = 0 at the entrance to
the medium (z = 0). Solving the coupled Maxwell equations then leads to

2 @="""0 olsm(Z)+ € h (G |22 )
() = —=2_ sinh [ —z —— cosh [ — 3
z G i) 6 —m aL”) ¢

G G| +H.
@) = EZQ‘(O) [e%z - 67%1] T, 42)
where
Gl = l'Ol,ylgl, Hl = l'()(7)/1]/117 (43)
Gy =inyag2, Hy=iaiyha, (44)
G = \/(Gl - H2)2 + 4G2H1. (45)
One can also find the analytical form of the coherence term pé;)) as
G G G Gl+H:
Pé}} = g282_(0) [El sinh <EZ> + cosh (Ezﬂ . i+ 27 46)

The imaginary and real parts of the coherence term pl(llb) correspond to the absorption and
dispersion of generated probe light.
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Fig. 3 Intensity of generated probe light |24 ()]2/]£21 (0)|? (solid line) ,|2_ (z)|?/]£21(0)|? (dashed line)
and |£2 (z)l2 /12— (O)|2 (dotted line) versus dimensionless distance. The other selected parameters are y; =
=y, 1a=0001y , Al =A_=A,=0,2=02_=yET,y=yp=y,4=4_=0,
20 =24+ =y, (CPT)and yp = 4 =y, y5 = 00001y, Ay = A_ = Ay =0, 24 =1y, 27 =0.77y
(ESC)

4 Exchange of optical vortices

In the following, we analyze transfer of the optical vortex assisted by the FWM mechanism.
Equations (16) (EIT case), (30) (CPT case) and (42) (ESC case) show that the transfer of
OAM to the generated FWM is possible for all these cases. We compare in Fig. 3 the high-
efficiency FWM conversion assisted by the EIT, CPT and ESC effects. The FWM efficiency,
defined by the energy of the output generated probe beam and the energy of the input applied

probe beam, can be expressed by n = f . Obviously, the generated probe beams for all three
cases slightly oscillate at the begmnmg of the medium when the absorption losses occur.
However, going deeper through the medium the losses disappear. We find that the efficiency
of the generated light is much higher for the case with ESC. In particular, the FWM efficiency
is as high as 0.8 with the assistance of ESC.

Therefore, in the following, we consider the exchange of vortices assisted by the ESC as
it results in a higher FWM efficiency. Specifically, we analyze the transfer of the OAM from
the coupling field £2; to the generated probe field £2;. In this case, the coupling field £2; is
characterized by Rabi frequency given by Eqs. (7)—(8) where k = 2. The second coupling
control fields is assumed to be without any vortices £2_ = |§2_|. Itis clear from Eq. (41) that
the generated FWM beam £2jacquires the same vorticity as of the coupling field §2; during
its propagation as a result of the FWM process.

In Fig. 4, we display the intensity distribution, phase profile and absorption of generated
probe light for different OAM numbers in the presence of spin coherence, i.e.,l> =0, 1, 2, 3.
Clearly, the intensity and phase profiles illustrate a single vortex case. When/, = 0, the FWM-
generated field is a Gaussian wave. A doughnut (ring) appears in the intensity distribution
with a zero-intensity at its center for the nonzero /. The higher the OAM number is, the
larger the zero-intensity hole is. When I, = 3, the FWM beam has a relatively large hole,
indicating a higher OAM index. In the phase profile, no vortex is observed when I = 0
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Fig. 4 Intensity (ai), phase (bi) and normalized absorption (ci) (i=1-4) of generated probe light versus nor-
malized positions x /w and y/w when the control field §2; has optical vortices with OAM of I, =0, 1,2, 3.
Here, .Q+ =Y, = 0.77}/, Y5 = 0.0001]/ and Al =A_ = A2 =0

showing a Gaussian-shaped wavefront of the laser field with a normal phase. The number of
27 cycles around the circumference corresponds the OAM number />. The absorption profile
of the FWM-generated beam changes periodically when the winding number is nonzero,
illustrating a number of absorption and gain maxima equal to the winding number of the
weak probe field />. The absorption profile shows a />-fold symmetry distributed in regions
of optical transparency.

Finally, we study the effect of the ESC decay rate when OAM number is equal to [, = 1
(Fig. 5) and I, = 2 (Fig. 6) on the absorption and dispersion of the generated probe light
given by Eq. 46. The absorption and dispersion of generated probe light are plotted against
the azimuthal phase. We find that the absorption and dispersion properties of the system can
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Fig. 5 Normalized absorption (a) and dispersion (b) part of generated probe light giving by Eq. 46 versus
azimuthal angle of vortex field for different value of spin coherence decay rate. The selected parameters are
I =1, r/w = 1 and others are same as Fig. 4
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Fig. 6 Normalized absorption (a) and dispersion (b) part of generated probe light giving by Eq. 46 versus
azimuthal angle of vortex field for different value of spin coherence decay rate. The selected parameters are
I =1, r/w = 1 and others are same as Fig. 4

change in space significantly via the effect of spin coherence decay rate. This indicates that
the spin coherence decay rate has a critical role on an efficient exchange of optical vortices
and can result in a lossless propagation of beams carrying the OAM.

5 Conclusions

In summary, we have analyzed the effect of OAM transfer between optical fields in a quantum
well waveguide structure effectively comprising two A type or double V-type configurations.
Specifically, we considered three situations where the system is dominated by either EIT ,
CPT or ESC interaction regimes. In the EIT regime the system is initially prepared in a lower
ground level, while in the CPT case the system is trapped in a superposition of two lower
ground states. In ESC regime, however, we prepare the system in an upper excited state. We
found that the efficiency of the FWM can be improved via the ESC. We let then one of the
control fields to carry an OAM, while the second control field is not a vortex beam. The
intensity of one of the probe fields is zero at the entrance. Subsequently, the generated probe
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field can obtain the same OAM as the vortex control beam during the propagation. We have
also shown that the spatially dependent absorption and dispersion of the waveguide can be
strongly modified by the ESC. As a result, the spin coherence decay rate plays an important
role to achieve an efficient transfer of optical vortices between different frequencies.
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