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tunneling induced two-dimensional 
phase grating in a quantum well 
nanostructure via third and fifth 
orders of susceptibility
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We study the nonlinear optical properties in an asymmetric double AlGaAs/GaAs quantum well 
nanostructure by using an external control field and resonant tunneling effects. It is found that the 
resonant tunneling can modulate the third-order and fifth-order of susceptibilities via detuning 
frequency of coupling light. In presence of the resonant tunneling and when the coupling light is in 
resonance with the corresponding transition, the real parts of third-order and fifth-order susceptibilities 
are enhanced which are accompanied by nonlinear absorption. However, in off-resonance of coupling 
light, real parts of third-order and fifth-order susceptibilities enhance while the nonlinear absorption 
vanishes. We investigate also the two-dimensional electromagnetically induced grating (2D-EIG) of the 
weak probe light by modulating the third-order and fifth-order susceptibilities. In resonance of coupling 
light, both amplitude and phase grating are formed in the medium due to enhancement of third-order 
and fifth-order probe absorption and dispersion. When the coupling light is out of resonance, most of 
probe energy is transferred from zero-order to higher-order directions due to resonant tunneling effect. 
The efficiency of phase grating for third-order of susceptibility is higher than phase grating for fifth-
order susceptibility. Our proposed model may be useful for optical switching and optical sensors based 
on semiconductor nanostructures.

It is known that the electromagnetically induced transparency (EIT)1 leads to many appealing optical effects 
in quantum and nonlinear optics2–8. An important and favorable phenomenon arising from interaction of a 
standing-wave field with the EIT medium is known as electromagnetically induced grating (EIG)9. The EIG is 
due to a periodic spatial modulation of absorption and dispersion of an atom. Many proposals have been sug-
gested to investigate the EIG in various media10–15. The coherent control of the EIG patterns via spontaneous 
emission has been studied by Xie et al.16. Considering a three-level atomic system in the Λ configuration with two 
closely-lying lower levels and in the presence of spontaneously generated coherence (SGC), it has been found that 
the diffraction efficiency of phase grating can be enhanced due to the presence of SGC. In another work by Gao17, 
the SGC effect on Kerr nonlinearity and EIG of four-level atomic system were investigated. It was shown that as 
a result of the SGC, it is possible to achieve an enhanced nonlinear refraction with zero linear absorption. The 
diffraction efficiency of weak probe light can transfer from zero-order to higher-order components. The effect of 
SGC on EIG pattern in a four-level N-type atomic system was also investigated18. It was shown that the SGC can 
adjust the diffraction efficiency of high order patterns in the presence of incoherent pumping field. The relative 
phase between applied fields due to the presence of SGC can influence the diffraction efficiency of the phase grat-
ing. Two dimensional electromagnetically induced grating (2D EIG) has been also studied in a four-level double 
Λ-type atomic system via incoherent pumping field19. It has been shown that by applying a standing-wave beam, 
the higher order Fraunhofer diffraction can be obtained for a probe light due to the modulation of the refractive 
index. Recently, the discreet diffraction patterns established via optically induced atomic lattices have been also 
experimentally demonstrated20.

ElGs with their adjustable optical properties are proper candidates for all the areas which require the diffrac-
tion grating. For instance, the structure of photonic band gaps can be improved by optically induced lattice21. EIG 
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also makes it possible to store the propagated light through an atomic medium22. Construction of all-optical beam 
splitting and fanning using EIG have been presented in23. Diffraction of light via EIGs can also be employed to 
form the electromagnetically induced Talbot effect which is essential for imaging of two-dimensional ultra-cold 
atoms24. We recall that recently, the study of nonlinear susceptibilities and their effects on the behavior of quan-
tum systems has attracted a great deal of attention25,26. A new scheme of multi-component vector solitons based 
on EIG have been introduced27. The generation of two-dimensional surface solitons of a four-wave mixing signal 
has been also experimentally demonstrated in an optically induced atomic lattice28.

On the other hand, optical properties of semiconductor quantum wells (SQWs) or quantum dots (SQDs) are 
well studied due to their large electric dipole, high nonlinearity and flexible designed29–34. The theory of quantum 
coherence phenomena in SQDs has been discussed by Chow et al.35. It was shown that gain without population 
inversion (GWI), EIT and enhancement in refractive index can be obtained for dephasing rate at room tempera-
ture. Several other studies have been carried out afterwards, on optical properties of SQWs and SQWs and based 
on quantum coherence and interference effect36–41. For example, Li et al.37 investigated the optical bistability and 
multistability in unidirectional ring cavity with SQWs. They found that the bistable threshold can be adjusted by 
using of intense laser field. The effect of tunneling induced quantum interference on optical properties of SQW 
nanostructure has also been studied recently42–46. Yang et al.42, studied the tunneling induced giant Goos-Hanchen 
shift in SQW. It is realized by using an external control light beam and strength of resonant tunneling, the GH 
shifts of transmitted and reflected light beams from a cavity with a four-level SQW system can be manipulated. 
Peng et al. investigated nonlinear properties of a coupled QD system via resonant tunneling effect. It was realized 
that the linear absorption converts to the gain when the self-Kerr nonlinearity of the system increases. EIGs have 
been also offered to produce a two-port all-optical switch as illustrated in an experiment with a three-level Λ-type 
system47. The standing wave used in such an EIG setup is made of two counter-propagating control fields. In the 
absence of the backward-propagating control field, the probe field is transmitted through the medium without 
reflection as a result of EIT in the forward direction. As soon as the counter-propagating control field is switched 
on, the probe field is reflected in the opposite direction as a consequence of EIG. Such a switch is accessible by 
tuning the intensity of the counter-propagating control field.

In this paper, we propose a model for obtaining a 2D-EIG in a SQW nanostructure by using a coupling laser 
field with two-dimensional standing-wave pattern. Expanding the susceptibility of the medium into higher orders 
of the coupling light, we investigate the effect of resonant tunneling on the third-order and fifth-order suscep-
tibilities in resonance and off-resonance of the coupling light. It is found that the third-order and fifth-order 
susceptibilities can be modulated by adjusting the controllable parameters of the system. The 2D-EIG patterns 
of the weak probe light are then analyzed by using the third-order and fifth-order nonlinearities. We realize that 
the energy of probe light can be transferred from zero-order to higher-order direction by modulating both third- 
order and fifth-orders susceptibilities. However, the efficiency of two- dimensional phase grating for third-order 
susceptibility is higher than fifth-order susceptibility. In the presence of Fano interference in our proposed EIG 
scheme, competition between the third-order and fifth-order nonlinear susceptibilities enables the switching 
between amplitude and phase gratings resulting in increasing the efficiency of diffraction.

Model and equations
The schematics of four sub-band SQWs nanostructure with relevant conduction band levels are presented in 
Fig. 1(a). The energies of the ground state and first excited state are = .E meV46 71  and = .E meV296 34 , respec-
tively42. By using resonant tunneling two intermediate states 2  and 3  with energies = .E meV174 82  and 

= .E meV183 53  can be obtained, respectively42. The weak probe light couples the ground level 1  to intermediate 
states 2 , 3  via a weak probe light with frequency ωp and Rabi-frequency Ωp. The control light Ωc with fre-
quency ωc couples the intermediate states 2 , 3  to the excited state 4 . Under the rotating-wave and dipole 
approximation, the equations of motion of the amplitude are given as follows:
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and γΓ = ∆ + ∆ + ip t 4. In what follows, we obtain the third-order and fifth-order susceptibilities between the cou-
pling and the probe fields, by expanding the probe susceptibility χ ω( )p  into second and fourth orders of Ωc by using the 
Maclaurin formula:

χ χ χ χ= + Ω + Ω[ ], (3)c c
(1) (3) 2 (5) 4

where χ χ,(1) (3) and χ(5) stand for the first, third- and fifth-order susceptibilities, respectively, defined by

χ ∝ −
A
B (4a)

(1)

Figure 1. (a) Four-level semiconductor quantum well system interacted with a weak probe light and a coupling 
field with standing-wave pattern. (b) The probe and coupling fields propagating through SQWs.
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Equation (3) illustrates that the total susceptibility of the medium is related to the intensity of coupling light 
via third-order and fifth-order susceptibilities. By employing a coherent coupling field with standing-wave pat-
tern π πΩ = Ω 

 Λ + Λ 
( ) ( )x ysin / sin /c c x y0  and space period Λ Λ,x y, the diffraction pattern of the probe light 

through the medium can be obtained (Fig. 1(b)) by using the Maxwell equation under the slowly varying enve-
lope approximation and in steady-state regime:
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Parameter λp corresponds to the wavelength of the probe light. The transmission function for an interaction 
length L of the two-dimensional grating is then given by:
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By using the Fourier transformation of the transmission function T(x, y), we obtain Fraunhofer diffraction 
equation
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Where θx and θy show the diffraction angle with respect to the z-direction. The (m, n)-th order diffraction angle is 
determined by the grating equation θ λ= Λmsin /x p x and θ λ= Λnsin /y p y, where m and n are the spatial period 
numbers of the atomic grating.

Results and Discussion
In this section, the role of Fano interference is considered in the study of optical properties of nonlinear suscepti-
bilities as well as the 2D-EIG in an SQW. It is known that the term η γ γ= .l l2 3  represents the cross-coupling 
term between levels 2  and 3  related to the tunneling effect from the electronic continuum42. Moreover, the 
parameter η γ γ= .p / 2 3 denotes the strength of Fano-type interference induced by strong tunneling. In the 
absence (presence) of Fano interference, we consider = =p p0( 1), respectively. In Fig. 2, we display the absorp-
tion and dispersion of third-order (a, b) and the fifth-order (c, d) nonlinear susceptibilities versus probe detuning 
in the absence and presence of Fano interference. Here, we consider that the coupling light is in resonance with 
the corresponding transition i.e., δ = 0c . The solid line is plotted for η = 0 while the dashed line is depicted for 
η = .0 83. In the absence of Fano interference, the third-order nonlinearity shows large absorption accompanied 
by zero cross-Kerr nonlinearity, while the fifth-order absorption is equal to zero on resonance experiencing 
nonzero fifth-order dispersion. The third-order absorption and dispersion enhance in the presence of Fano inter-
ference. Yet, the fifth-order susceptibility experiences zero absorption with enhanced nonlinear dispersion at 
δ = 0p . Therefore, the quantum interference has no significant effect on optical properties of the third-order 
susceptibility, whereas it has great impact on the fifth-order susceptibility. When the dephasing rates γid become 
large enough, the impact of tunneling induced interference on the third-order susceptibility becomes less impor-
tant. In this case, the third-order absorption becomes large on zero probe field detuning. However, increasing the 
dephasing rate leads to enhanced fifth-order dispersion with no absorption. In Fig. 3, we display the behavior of 
nonlinear susceptibilities versus the probe detuning in the absence (solid line) and presence (dashed line) of Fano 
interference for the non-resonant coupling field. We find that (a) the third-order absorption in the absence (solid 
line) and presence (dashed line) of Fano interference has a zero value at δ = 0p . However, away from resonance 
condition δ ≠ 0p , its value increases in presence of the Fano interference. The cross-Kerr nonlinear coefficient 
also increases when we consider the Fano interference effect in the system (Fig. 3(b)). Therefore, the Fano inter-
ference enhances the cross-Kerr nonlinear coefficient accompanied by vanishing nonlinear absorption for the 
non-resonance coupling light. The fifth-order probe susceptibility behaves similarly with the third-order suscep-
tibility, as illustrated in Fig. 3(c,d). Figure 4(a,b) show the amplitude and phase modulations of total susceptibility 
versus x and y in the absence of Fano interference at δ γ= −6c . Here, we have relatively small amplitude and large 
phase modulations for total probe susceptibility. Therefore, we expect that a portion of probe energy is gathered 
in the zero-order component with other portions gathering in higher orders directions. The impact of Fano inter-
ference on amplitude and phase modulations for total susceptibility is displayed in Fig. 5. One can see that due to 
the Fano interference effect, the efficiency of amplitude and phase modulations are modified. The amplitude and 
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phase modulations are respectively large due to the presence of Fano interference. The dephasing rates γid become 
small physically in the presence of the Fano interference. Consequently, the tunneling interference becomes very 
important, leading to the increase of dispersion (third- and fifth- orders) as well as the phase diffraction patterns. 

Figure 2. Absorption (a,c) and dispersion (b,d) of third- and fifth-order of susceptibility versus probe 
detuning. Solid line corresponds to absence of Fano interference and dashed line corresponds in presence of 
Fano interference. The selected parameters are δ δ γ= =0, 2c , γΩ = .0 65 ,c  and γ γ γ γ= . =0 84 , 1 ,l l2 3  
γ γ γ γ= . = .0 19 , 0 12l d4 4 . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.

Figure 3. Absorption (a,c) and dispersion (b,d) of third- and fifth-order of susceptibility versus probe 
detuning. Solid line corresponds to absence of Fano interference and dashed line corresponds in presence of 
Fano interference. The selected parameters are δ γ δ γ= − =6 , 2c , γΩ = .0 65 ,c  and γ γ γ γ= . =0 84 , 1 ,l l2 3  
γ γ γ γ= . = .0 19 , 0 12l d4 4 . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.
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Therefore, one expects that the efficiencies of Fraunhofer diffractions are improved when both the third- and 
fifth-order susceptibilities are taking into account. Therefore, phase modulation is possible in the system due to 
both third-order and fifth order nonlinear components of probe susceptibility. Also, the medium becomes nearly 
transparent for the probe light due to the two-dimensional standing-wave pattern of the coupling field. In Fig. 6, 
we show the normalized Fraunhofer diffraction patterns versus θsin x and θsin y using total (a), first-order (b), 
third-order (c) and fifth-order (d) susceptibilities in the absence of Fano interference for δ = 0c . For the total 
probe susceptibility (a), some portion of probe energy is accumulated in the zero-order while other portions of 
probe energy backlog in higher orders directions. The role of different components of the probe susceptibily on 
Fraunhofer diffraction pattern are displayed Fig. 6(b–d). When only the first- order (b) and third-order (c) orders 
susceptibilities are considered, most of the probe energy gathers in the zero-order while all higher-order direc-
tions are zero. One can see from Fig. 6(d) that the fifth-order susceptibility (d) causes the transferring of probe 
energy to the higher-order directions. As a result, the main nonlinear mechanism contributed to transferring the 
probe energy from zero-order to high order-directions stems from the fifth-order susceptibility. These treatments 
can be interpreted by studying the absorption and dispersion properties of the medium for the third and fifth 
orders of susceptibility, which was presented in Fig. 2. The third-order susceptibility involves strong absorption 
with small dispersion, while the fifth-order of susceptibility shows approximately vanishing absorption and 
strong dispersion at δ = 0p .

In Fig. 7, we display two-dimensional Fraunhofer diffraction patterns for total (a), first-order (b), third-order 
(c) and fifth-order (d) susceptibilities in the presence of Fano interference at δ = 0c . We find that the efficiency of 

Figure 4. Amplitude (a) and phase (b) of total susceptibility versus x and y in the absence of Fano interference. 
The selected parameters are γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 ,c d d l l l2 3 2 3 4  
γ γ δ γ δ γ= . = − =0 12 , 6 , 2d c4 . Our calculation is based on MATLA R2014b software. https://www.
mathworks.com/.

Figure 5. Amplitude (a) and phase (b) of total susceptibility versus x and y in the presence of Fano interference. 
The selected parameters are γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 ,c d d l l l2 3 2 3 4  
γ γ δ γ δ γ= . = − =0 12 , 6 , 2d c4 . Our calculation is based on MATLA R2014b software. https://www.
mathworks.com/.
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diffraction patterns enhances for total and different orders probe susceptibilities. The Fano interference enhances 
the cross-Kerr nonlinear coefficient and therefore nonzero higher orders diffractions appear in the Fraunhofer 
diffraction pattern. Yet, due to strong third-order absorption, most of the probe energy is placed in the zero-order 
direction. Meanwhile, for fifth-order probe susceptibility, we have phase grating in the system due to suppressing 
the fifth-order absorption and enhancing of dispersion. Hence, it is realized that the Fano interference can 
improve the efficiency of amplitude grating for the third-order susceptibility and phase grating for fifth-order 
susceptibility at δ = 0c . However, the behavior of Fraunhofer diffraction for total susceptibility shows that the 
main mechanism for adjusting the diffraction patterns comes from the contribution of the first-order and 
third-order susceptibilities.

In Fig. 8, we show the two-dimensional Fraunhofer diffraction pattern for total (a), first-order (b), third-order 
(c) and fifth-order (d) susceptibilities in the absence of Fano interference and δ γ= − 6c . Figure 8(a) reveals that 

Figure 6. The Normalized Fraunhofer diffraction intensity versus θsin x and θsin y in the absence of Fano 
interference for (a) total susceptibility, (b) first-, (c) third- and (d) fifth-order of susceptibility. The selected 
parameters are γ γ γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = . = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 , 0 12 ,c d d l l l d2 3 2 3 4 4  
δ δ γ= =0, 2c . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.

Figure 7. The Normalized Fraunhofer diffraction intensity versus θsin x and θsin y in the presence of Fano 
interference for (a) total susceptibility, (b) first-, (c) third- and (d) fifth-order of susceptibility. The selected 
parameters are γ γ γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = . = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 , 0 12 ,c d d l l l d2 3 2 3 4 4
δ δ γ= =0, 2c . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.
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some portion of the probe energy gathers in zero-order and some portion of energy gathers in higher orders. In 
this case, we have approximately identical amplitude and phase modulations. Therefore, the efficiencies of 
Fraunhofer diffraction for the zero-order or higher orders directions are identical. However, the diffraction effi-
ciency due to third-order susceptibility is higher than diffraction efficiency due to the fifth-order susceptibility.

Finally, the two-dimensional Fraunhofer diffraction patterns are displayed in Fig. 9 for total (a), first-order (b), 
third-order (c) and fifth-order (d) susceptibilities in the presence of Fano interference when δ γ= − 6c . We 
observe that the diffraction efficiency of all components of the probe susceptibility is modified in the presence of 
Fano interference. In particular, the intensity of zero-order reduces, and high-order increases due to the presence 
of Fano interference. In this case, some portion of the probe energy diffracts to the high order of diffraction due 
to the presence of phase modulation. The phase coefficient of the probe light (third-order and fifth-order) 
becomes physically large and, therefore, the diffraction efficiency and phase modulations increase, respectively.

Figure 8. The Normalized Fraunhofer diffraction intensity versus θsin x and θsin y in the absence of Fano 
interference for (a) total susceptibility, (b) first-, (c) third- and (d) fifth-order of susceptibility. The selected 
parameters are γ γ γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = . = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 , 0 12 ,c d d l l l d2 3 2 3 4 4  
δ γ δ γ= − =6 , 2c . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.

Figure 9. The Normalized Fraunhofer diffraction intensity versus θsin x and θsin y in the presence of Fano 
interference for (a) total susceptibility, (b) first-, (c) third- and (d) fifth-order of susceptibility. The selected 
parameters are γ γ γ γ γ γ γ γ γ γ γ γ γΩ = . = . = . = . = = . = .0 65 , 0 32 , 0 38 , 0 84 , 1 , 0 19 , 0 12 ,c d d l l l d2 3 2 3 4 4
δ γ δ γ= − =6 , 2c . Our calculation is based on MATLA R2014b software. https://www.mathworks.com/.
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conclusion
We have investigated the two-dimensional electromagnetically induced phase grating in a semiconductor quan-
tum well system via adjusting the third-order and fifth-order susceptibilities. The effect of resonant tunneling 
on diffraction efficiency of probe light has been studied. Based on the results, the third-order and fifth-order 
susceptibilities can be manipulated by controlling the strength of Fano interference in off-resonance of coupling 
light. We find that the ability of grating can be controlled for third-order and fifth-order susceptibilities due to the 
Fano interference-effect. Also, the energy could transfer from zero-to high orders diffractions when we consider 
the third-order or fifth-order susceptibilities in different parametric conditions. Thus, phase grating is possible for 
both third-order and fifth-order susceptibilities by adjusting the detuning of coupling light and in the presence 
of Fano interference. The results indicate that the phase modulation of the medium is more significant than the 
amplitude modulation.
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