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Abstract Phase-mismatch in nonlinear optical processes can severely limit the propagation and conversion efficiency of light fields.
Here, we present an efficient optimal-control strategy to mitigate the detrimental effects of phase-mismatch in an electromagnetically
induced transparency based medium via non-resonant four-wave mixing (FWM) process. By applying a set of fixed, linearly
modulated coupling fields that induce a dark eigenmode, we globally optimize a single coupling detuning to minimize the spontaneous
emission loss, the primary factor limiting conversion efficiency. Our approach outperforms existing FWM schemes by providing
stronger robustness against large phase-mismatch variations while maintaining efficient probe-to-signal conversion. These results
offer a promising route toward more efficient nonlinear frequency conversion, alleviating the stringent requirement for phase matching
in experiments.

1 Introduction

Four-wave mixing (FWM) in double-� atomic systems operating under electromagnetically induced transparency (EIT) conditions
has attracted considerable interests for quantum frequency conversion and photonic applications [1–5]. In such systems, the formation
of a dark state which suppresses spontaneous emission from excited states, enables coherent energy transfer from probe to signal
lasers with high conversion efficiency (CE) [6–8]. Exploiting this mechanism, a recent FWM experiment with spatially modulated
coupling fields achieved a CE above 43% at an optical depth (OD) of 19 in cold 87Rb atoms, with theoretical predictions reaching
96% if OD is 240 [9]. This outperforms conventional schemes because the system operates in a dark transmission mode, largely
minimizing the atomic absorptive loss due to spontaneous emission. However, realizing such spatial modulation typically requires
non-collinear laser beam geometries with large separation angles. This configuration inevitably introduces considerable wavevector
mismatch, degrades the CE and limits practical applicability. Therefore, the phase-mismatch effect, commonly-existed in complex
nonlinear atom-light systems, serves as a major obstacle to the route of efficient frequency conversion [10–12].

So far a variety of strategies have been proposed to mitigate this phase-mismatch, but most of which remain insufficient or
experimentally demanding [13–15]. Except for elaborate experimental setups that require multiple precisely aligned pump and seed
beams, careful phase-matching control, and atomic-state preparation to maintain coherence [16–19], previous efforts to overcome
this issue have shown that one can, for example, create a sufficiently large nonlinear polarization to enable efficient frequency
conversion within a single (non-phase-matched) coherence length [20]. In particular, constant two-photon detunings can compensate
small phase-mismatches by adjusting the relative phase between probe and coupling fields, but is limited to small, precisely known
mismatches.

Despite prior advances, achieving high CE over a broad range of phase-mismatches remains an open challenge. In this work,
we propose a globally optimal-control method to mitigate this phase-mismatch effect in a non-resonant FWM system. Numerical
optimization is performed using genetic algorithm (GA) method [21] with fine-tuning coupling detuning that varies smoothly in
space, while preserving a set of space-delayed coupling fields to minimize atomic spontaneous emission loss, analogously used
in Ref. [22]. Our results demonstrate that high-efficiency frequency conversion can be achieved with enhanced robustness against
significant phase-mismatch errors. Notably, even modest phase-mismatches—corresponding to small angles between the probe
and coupling fields—can noticeably reduce CE in realistic experiments [19]. To illustrate the effectiveness and robustness of our
approach, we explore mismatch angles up to ϕ ≈ 8◦ for larger OD, and extend to ϕ ≈ 13.6◦ for moderate OD to intentionally stress-
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Fig. 1 Restriction by the
phase-mismatch effect in a
non-resonant double-� FWM
system [9]. The phase-mismatch
term �kz , arising from the
separated angle ϕ between the
propagation directions of the
probe (�p) and coupling (�d, c)
beams, is detrimental to the
generation of signal field (�s ).
Inset: Schematic level scheme and
relevant energy states in 87Rb
atoms, with |1〉 � |5S1/2, F�1,
mF �0〉, |2〉 � |5S1/2, F�2,
mF �0〉, |3〉 � |5P3/2, F�2,
mF �+1〉, and |4〉 � |5P1/2,
F�2, mF �+1〉, connected by
σ+-polarized fields (�mF � +1)
at wavelengths λ780 � 780 nm
and λ795 � 795 nm. The
quantization axis is chosen along
the +z-axis propagation direction
of the probe and signal fields

test the protocol. This work, therefore, expands the scope of phase-mismatch control by integrating it with a global optimal-control
framework, distinguishing it from previous optimization approaches such as Ref. [22], and highlighting its potential for versatile
quantum photonic applications [23, 24].

2 Theoretical strategy

The atomic system is of the double-� type, consisting of two ground states |1〉 and |2〉, and two excited states |3〉 and |4〉. When states
|2〉 and {|3〉, |4〉} are driven by two strong coupling fields �c, d (with central frequency ωc, d and wavevector �kc, d ), the weak-probe
beam �p (central frequency ωp and wavevector �kp) driving the transition from |1〉 to |3〉 induces a fourth weak signal field �s (with
central frequency ωs and wavevector �ks), forming a standard FWM process |1〉 → |3〉 → |2〉 → |4〉 → |1〉 [25], as shown in Fig. 1.
The original Hamiltonian of system is (� � 1)

Ĥ �
4∑

j�2

ω j | j〉〈 j |+
(
�pe

−iωpt |3〉〈1|+�ce
−iωct |3〉〈2|

+ �de
−iωd t |4〉〈2|+�se

−iωs t |4〉〈1|+H.c.
)

,

(1)

where ω1 ≡ 0 sets the energy reference. We first apply the unitary transformation U � exp(i Ĥ0t) with Ĥ0 � (ωp −
ωc)|2〉〈2|+ωp|3〉〈3|+(ωp − ωc + ωd )|4〉〈4|. Since the energy conserves in the FWM process [26], i.e., ωs � ωp − ωc + ωd ,
the rotating-frame Hamiltonian H̃ � U ĤU † + iU̇U † can be written as

H̃ �δp|3〉〈3|+(δp − δc)|2〉〈2|+(δp − δc + δd )|4〉〈4|
+

(
�p|3〉〈1|+�c|3〉〈2|+�d |4〉〈2|+�s |4〉〈1|+H.c.

)
,

(2)

with detunings δp � ω3 − ωp , δc � ω3 − ω2 − ωc, and δd � ω4 − ω2 − ωd . Here, we assume the probe �p and coupling �c fields
resonant to their respective transitions (δp � δc � 0), and choose δ � δd (respect to �d ) as the only control knob to enhance CE by
avoiding the multi-photon destructive interference [27]. Seen from Fig. 1 (inset), we also ignore the small hyperfine energy splitting
between ground manifolds focusing on the mismatch error created by two different wavelengths. As a result, the rotating-frame
Hamiltonian reduces to

H̃ � δ|4〉〈4|+(
�p|3〉〈1|+�c|3〉〈2|+�d |4〉〈2|+�s |4〉〈1|+H.c.

)
. (3)

The dynamics of system is governed by the density-matrix master equation [28]

∂ρ

∂t
� −i

[
H̃ , ρ

]
+ Ld [ρ] + Lz[ρ], (4)

where the Lindblad superoperators are

Ld [ρ] �
∑

m∈{1,2}

∑

n∈{3,4}

(
LmnρL

†
mn − 1

2

{
L†
mnLmn , ρ

})
, (5)
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Lz[ρ] �LzρL
†
z − 1

2

{
L†
z Lz , ρ

}
(6)

The first term Ld [ρ] accounts for the spontaneous decay from excited states |n〉 to ground states |m〉 at rate Lmn � √
�nm |m〉〈n|, and

the second one Lz � √
γ (|1〉〈1| − |2〉〈2|) describes the ground-state dephasing at rate γ . Note that pure dephasing of the excited

states |3〉 and |4〉 is neglected, since spontaneous emission, characterized by the decay rate �, dominates over any residual pure
dephasing mechanisms. In contrast, the ground-state coherence is not subject to radiative decay and is, therefore, affected only by
residual dephasing processes, which are explicitly included via the rate γ [5].

In order to provide an analytical discussion, we further consider the weak-probe approximation where �p � �c, d is met [29],
so atoms will persistently stay in the initial state |1〉, satisfying ρ11 ≈ 1, ρ j j ≈ 0 with j ∈ (2, 3, 4). If the probe or signal fields
become sufficiently strong as compared to the coupling fields, this approximation breaks, and one needs to solve the full set of
coupled propagation equations involving 16 density-matrix elements ρi j (i , j � 1, ..., 4) [30]. This issue will leave for future studies.
Thereby, we retain only the atomic coherence terms associated to the initial state |1〉, yielding three reduced equations,

∂

∂t
ρ41 � i(�s + �dρ21) +

(
iδ − � + γ

2

)
ρ41, (7a)

∂

∂t
ρ31 � i

(
�p + �cρ21

) − � + γ

2
ρ31, (7b)

∂

∂t
ρ21 � i

(
�∗

cρ31 + �∗
dρ41

) − γρ21, (7c)

where we assume �nm � �/2 for simplicity because the hyperfine excited or ground energy levels often share similar properties,
see caption of Fig. 1. Moreover, to obtain an explicit interpretation under the perfect EIT condition [31], we adopt a zero dephasing
rate (γ � 0) whereas this effect will be considered in the later numerical calculations. Next, by using the steady-state assumption,
we can directly solve the atomic coherence related to the propagation of probe and signal fields

ρ31 � i
(−|�d |2�p − �∗

d�c�s
)
/D, (8)

ρ41 � i
(−�∗

c�d�p + |�c|2�s
)
/D, (9)

where D � (� − 2iδ)|�c|2+�|�d |2.
In our setup, the probe and signal fields propagate along the z-axis, while the two control fields co-propagate at the same angle ϕ

with respect to this axis. For concreteness, we assume these tilts lie in the x-z plane, yielding wave vectors �kc, d � kc, d (cos ϕ ẑ+sin ϕ x̂).
The longitudinal phase-mismatch is then �kz � kp−kc cos ϕ+kd cos ϕ−ks . Given that kp � kc � 2π/λ780 and kd � ks � 2π/λ795,
this expression simplifies to

�kz �
(

2π

λ780
− 2π

λ795

)
(1 − cos ϕ). (10)

representing the phase-mismatch strength in our scheme.
To describe the propagation of the probe (�p) and generated signal (�s) fields in the atomic medium, we use the Maxwell–Bloch

equations derived from Maxwell’s equations under the slowly varying envelope approximation [32]:

∂�p

∂z
+

1

c

∂�p

∂t
� i

αp�

2L
ρ31,

∂�s

∂z
+

1

c

∂�s

∂t
+ i�kz�s � i

αs�

2L
ρ41, (11)

Here, L is the medium length and we have ignored the diffraction terms (∇2⊥) since the universal Rayleigh length πω2
0/λ is much

larger than the propagation length L. E.g., when L � 3.5 mm in our system, ω0 � 140 μm and λ � 795 nm yield πω2
0/λ ≈ 7.8 cm

� L . Besides we define a dimensionless mismatch parameter κ � �kz L , scaled such that κ ∈ [0, 5], corresponding to a relatively
small angle ϕ � 8◦ for L � 3.5 mm [33]. αp and αs are the ODs with respect to the probe and signal transitions and we take
αp � αs � α for simplicity. Within the steady-state regime, the field envelopes vary slowly compared to the optical period and
atomic relaxation times, allowing us to safely neglect the time-derivative terms ∝ ∂/∂t . The term i�kz accounts for longitudinal
phase-mismatch in FWM, introducing a spatial phase variation that can severely reduce the CE.

By inserting Eqs.(8) and (9) into the propagation Eq. (11) without time-derivative terms, the system forms as Schrödinger-like
coupled equations (L serves as a length unit)

i
∂

∂z

(
�p

�s

)
� M

(
�p

�s

)
(12)

where

M �
(

ζ sin2 θ −ζ sin(2θ )/2
−ζ sin(2θ )/2 ζ cos2 θ + κ

)
(13)
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Fig. 2 Comparison of CE as a
function of phase-mismatch κ ,
with optimal parameters (θopt(κ),
δopt(κ)) (red, Protocol I) and fixed
parameters (θopt(0), δopt(0))
(blue). The realistic behavior
solved from Eq. (4) is shown by
the solid lines, and the theoretical
predictions shown by dashed lines
are plotted using the computed CE
function in Eq. (15). Other
parameters are α � 200, γ � 0,
�p � 0.03, �d � 1.5,
�c � �d cot θ is κ-dependent and
� serves as the frequency unit and
L serves as the length unit
throughout
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with the coefficient ζ given by

ζ � α�

2

(
2δ cos2 θ − i�

�2 + 4δ2 cos4 θ

)
. (14)

Remarkably, we define a new ratio �c/�d � cot θ , indicating that propagation depends only on the ratio of the two coupling fields
rather than their absolute values. In principle, the shape of �c and �d can be arbitrary in space, provided that the dark eigenmode
ψD is maintained (see Eq. 18). Additionally, we find the spontaneous decay loss, incorporated through the non-Hermitian matrix M
via the imaginary part of ζ , scales as ∝ e−α/2 for both �p and �s , decreasing exponentially if α increases. Hence, a dense atomic
medium with a large α (≈ 500) can achieve near-unity signal conversion [34]. In what follows, depending on optimal-control tools
we focus on achieving a high CE by reducing the spontaneous decay loss, even under the existence of a large phase-mismatch.

3 Results and discussion

3.1 Protocol I: constant-optimization

From the coupled propagation equation in Eq. 12, if all parameters are time-independent, we can analytically solve CE which
quantifies the performance of signal transmission, as

CE � |�s(z � 1)|2
|�p0|2 � |ζ sin(2θ )|2

4|λ+ − λ−|2 |eλ+ − eλ−|2 (15)

where λ± � 1
2

(
ζ + κ ± √

ζ 2 + κ2 + 2κζ cos(2θ )
)

are the eigenvalues of M. To maximize CE, we first introduce the constant-

optimization method denoted as Protocol I, where the diagonal energy shift of matrix M is set to vanish, and a π-pulse coupling is
enforced via the relationship |ζ sin(2θ )|z � π (see appendix A). Finally, we arrive at a set of optimal κ-dependent constants (θopt,
δopt) for a best CE:

θopt � π

4
+

1

2
arctan(κ/π ), δopt � α

2π2 (κ +
√

κ2 + π2). (16)

In the ideal phase-matching case, i.e., κ � 0, one gets (θopt, δopt) � ( π
4 , α

2π
) arising the maximal CE value,

CE � 1

4
(1 + e− 2π2

α )2. (17)

At a large OD, e.g., α � 200, it gives CE=0.911, comparable to other FWM protocols [35]. For a moderate OD (α � 50), CE still
preserves at 0.700. However, any nonzero phase-mismatch κ �� 0 would be strongly detrimental to the high-efficiency generation
of FWM signals.

Figure 2 shows the CE impacted by κ in a double-� FWM system. If the parameters are fixed at their optimal phase-matched
values (θ , δ) � ( π

4 , α
2π

) (blue curves), CE drops rapidly with increasing κ , reaching CE ≈ 0.01 at κ � 5. In contrast, the analytic
solution of Eq.(16) developed in Protocol I (red curves) yields substantial improvement: for any given κ , setting the coupling fields
in the ratio �c � �d cot θopt together with the κ-dependent detuning δopt can significantly enhance CE, reaching 0.72 for κ � 5.
The full numerical solutions (solid) based on the density-matrix evolution (4) perfectly validate the scheme accuracy (dashed). Thus,
this constant-optimization strategy can partly compensate for the phase-mismatch at the cost of a precise knowledge of κ , which is
unrealistic in experiments, motivating a more robust space-dependent optimization.

123



Eur. Phys. J. Plus         (2026) 141:626 Page 5 of 10   626 

Fig. 3 Performance of the FWM
scheme as a function of
phase-mismatch κ under different
optimized waveforms δ(z). The
curves comparably represent the
cases of δ(z) � 0 (Protocol II,
dashed) and δ � δ(z) (Protocol III,
solid) where optimized
coefficients are (a0, a1, a2, a3,
b1, b2, b3) � (−13.55, 20.15,
6.17, −8.93, −0.91, 2.86, 1.45).
a and b corresponds to the
detuning waveforms and the
calculated CE values, respectively.
The light gray curves in a indicate
the unchanged adiabatic
amplitudes of �c(z) and �d (z)
behaving as a space-delayed
pattern. Relevant parameters are
α � 200, �p � 0.03, γ � 10−4,
�c0 � �d0 � 1.5

0 1 2 3 4 5

0.88

0.89

0.9

0.91

0.92

C
E

0 0.2 0.4 0.6 0.8 1

-40

-20

0

0

0.5

1

1.5

la
se

r 
am

pl
itu

de
s

(a)

(b)

3.2 Protocols II and III: Space-dependent optimization

To further improve the CE, especially in the case of large phase-mismatch, we introduce two orthogonal base vectors

ψD � (cos θ , sin θ)T , ψB � (sin θ , − cos θ)T , (18)

which coincide with the eigenstates of M for κ � 0, corresponding to eigenvalues λ+ � 0 and λ− � ζ . In the phase-matched
case, ψD forms like a dark state, fully protected from spontaneous dissipation arising from the imaginary part of ζ . The adiabaticity
of this dark-state improves with optical depth α, since a larger α increases the adiabatic energy gap (∝ ζ ) relative to nonadiabatic
couplings, leading to higher CE. Ideally, with θ (z � 0) � 0, the system can adiabatically evolve along the dark state ψD to achieve
a complete transfer from �p to �s at z � 1, requiring θ (z � 1) � π/2. To test the above adiabatic control of θ (z), we introduce
spatially varying amplitudes for the two coupling fields, analogous to the counter-intuitive delayed pulse sequence used in adiabatic
passage [36]. Here, �c, d (z) are simply linearly modulated at lower technical cost, following the implementation in [37]

�c(z) � �c0(1 − z), �d (z) � �d0z, (19)

where �c0, �d0 denote the maximal amplitudes. This configuration allows global optimization to be performed solely through the
detuning function δ(z), while maintaining the adiabatic evolution along the dark state. The spatially waveform of detunings can
be implemented by applying an additional Stark field [38] or using magnetic-field-gradient modulation [39]. Notably, the detuning
waveform required to achieve high CE is not unique, providing a degree of freedom that can be exploited either to maximize the
average CE over a broad range of κ or to optimize CE for a specific large κ (see Sec. 4).

We utilize a numerical GA to determine an optimal waveform δ(z) that can achieve a higher CE even for relatively large κ values.
Taking the average value F � ∑N

i�1 CE(κi )/N as the target we minimize the cost function described by 1 − F under sufficient
samplings N � 20 for κi � i/4, i � 0, ..., N . We assume the Fourier series form

δ(z) � a0 +
3∑

n�1

[an cos(nπ z) + bn sin(nπ z)]. (20)

The detuning waveform is a smooth function in space, facilitating experimental implementation [40]. Note that the coupling
amplitudes �c, d (z) are kept unchanged as linear modulation in Protocol II and III.

To demonstrate the improved robustness of FWM protocol against the phase-mismatch effect, we first calculate the CE without
optimization by choosing δ � 0 labeled as Protocol II, an un-optimized dark-State case. Excitingly, thanks to the presence of a dark
mode ψD that adiabatically protects the system from spontaneous loss, the CE values displayed in Fig. 3b by the dashed line can
achieve a dramatically increased insensitivity to κ . Even at κ � 5, the CE remains as high as 0.876, outperforming the maximum
∼ 0.72 achieved in Protocol I (see Fig. 2). As turning to Protocol III with an optimized detuning δ(z), labeled by the solid line, we
can obtain stronger robustness against the change of κ . See Fig. 3b, the CE increases to 0.893 for κ � 5, though at the cost of slightly
reduced CE values in the regime of small mismatch values κ ≤ 1. Because our numerical algorithm requires the maximization
of average CE value within a broad range κ ∈ [0, 5], it tends to improve the overall insensitivity of scheme performance to the
phase-mismatch effect. Specifically, in Protocol III, the optimized δ(z) function needs to be far from resonance after the adiabatic
transfer at �c � �d , aiming to compensate for the large phase-mismatch κ by employing a largely negative detuning δ (≈ −45.5�)
see Fig. 3a. The large magnitude |δ(z)| suppresses the imaginary part of the effective coupling, Im(ζ ) ∝ 1/(1 + 4δ2 cos4 θ ), thereby
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Fig. 4 (a1–2) The optimized
waveforms of coupling detuning
function. (a1) δ(z) takes the
Fourier series form with
coefficients (a0, a1, a2, a3, b1,
b2,
b3)=(−1.73,−2.32,−9.08,−13.04,67.86,43.09,1.74).
(a2) A different waveform uses
Bernstein polynomial where
δ(z) � ∑7

n�0 anC
n
7 z

n (1 − z)7−n

with coefficients (a0, a1, a2, ...,
a7)=(143.76,71.73,−42.35,−53.98,111.60,−59.90,−59.94,−39.85).
Here, Cn

7 denotes the binomial
coefficient. (b1-2) The
corresponding transmissions of
the probe (solid) and signal
(dashed) fields. Here α � 50,
κ � 15 and other parameters are
the same as in Fig. 3
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reducing absorptive loss from the excited states. The negative value and spatial shape of δ(z) together tailor the dispersive contribution
Re(ζ (z)) so that its integral across the medium length compensates the accumulated phase-mismatch �kz L .

4 Mitigating larger phase-mismatch

In Protocol III, we prove that the spontaneous decay loss due to a finite OD can be decreased by applying an off-resonant detuning
modulation. A large negative detuning can also mitigate the significant (positive) phase-mismatch effect in practice. A natural question
at this stage arises, whether such space-dependent optimal control of δ(z) can further improve FWM performance under larger phase-
mismatch and moderate OD. This extreme mismatch case, though beyond typical experimental conditions, is intentionally considered
to highlight the robustness and potential of the proposed protocol under demanding scenarios. To address this, we examine the CE
at κ � 15 (corresponding to a separation angle ϕ ≈ 13.6◦) with α � 50. This choice only gives CE ≈ 0.019 based on Protocol I
with optimal constants (θopt, δopt) � (0.467π , 76.82). Switching to Protocol II improves CE to 0.132, but the simple spatial-light
modulation remains insufficient to overcome the severe energy loss caused by large phase-mismatch. In addition, note that the
optical depth is related to measurable quantities through α � nσ L , where n, σ , L present the atomic density, the absorption cross
section and medium length, respectively. Accordingly, if α ≤ 200 and σ ∼ 10−9 cm2, the atomic density requires n ≈ 1011 cm−3

accessible by trapping atoms in standard optical traps [41, 42].
In order to achieve a highly efficient conversion for larger mismatch strength in a more practical setting, Protocol III employs

GA to search for an optimized detuning waveform δ(z) at a specific mismatch value κ � 15, using 1 − CE(κ � 15) as the cost
function. This ensures maximization of CE around the targeted large phase-mismatch. Note that this may not be the best optimized
waveform over the whole range κ ∈ [0, 15). The resulting optimized waveforms of δ(z) are plotted in Fig. 4. For comparison, we
also employ the Bernstein polynomial as an alternative choice [43]. As observed in Fig. 4a1 and a2, the optimized δ(z) functions in
both cases exhibit large off-resonance at the boundaries (z � 0 or 1) to suppress spontaneous dissipation loss. Meanwhile, to obey
the adiabatic transfer along the dark eigenmode ϕD ensured by �c and �d , both δ(z) functions approach near-resonance around
the middle of z � 0.5, where the probe-to-signal field conversion occurs. The corresponding space-dependent transmission of the
probe and signal fields is depicted in Fig. 4b1 and b2. Remarkably, implementations using Protocol III achieve an enhanced CE
of approximately 0.469, significantly outperforming Protocol I (0.019) and Protocol II (0.132), highlighting the effectiveness of
space-dependent detuning optimization. This results also indicate that the optimization procedure is robust with respect to the choice
of functional form, motivating further exploration of different detuning waveforms for experimental implementation.

5 Doppler broadening effect

In the preceding analysis, we set δp � δc � 0 to work in the single-photon resonance regime, and leave δ � δd as the only control
parameter for phase-mismatch compensation. We now examine the validity of this assumption at finite temperature by taking account
of the Doppler shifts induced by atomic thermal motions.

For a field with frequency ω and wave vector k, the Doppler-shifted frequency experienced by an atom moving with velocity
v is ω(v) � ω − k · v [44]. In our two-dimensional geometry, the probe (�p) and signal (�s) fields propagate collinearly along
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Fig. 5 Effect of Doppler
broadening on the CE for the three
protocols at α � 200 and κ � 5.
The Doppler error �CE is plotted
versus temperature T . Here, we
take � � 2π × 6 MHz, all other
parameters are the same as in
Fig. 3
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the z-axis, while coupling fields (�c, �d ) propagate at an angle ϕ in the xz-plane. We, therefore, consider a two-dimensional
Maxwell–Boltzmann velocity distribution

P(v) � 1

2πv2
p

exp

(
− v2

2v2
p

)
, (21)

where v ≡ (vx , vz) and vp � √
kBT/m is the most probable speed for thermal motion in two dimensions, with m the 87Rb atomic

mass. The thermal motion introduces velocity-dependent detunings for each field: δ
(v)
p � −kpvz , δ

(v)
c � −kc(cos ϕ vz + sin ϕ vx ),

and δ
(v)
d � δd − kd (cos ϕ vz + sin ϕ vx ).

The conversion efficiency at finite temperature can be obtained by solving the Maxwell–Bloch Eq. (11) with the thermally
averaged atomic coherences 〈ρ31〉 and 〈ρ41〉 over the entire velocity distribution as [45]

〈ρmn〉 �
∫

ρmn(v) P(v) d2v, (22)

where ρmn(v) is the steady-state solution of the Hamiltonian (2) with the velocity-dependent detunings.
The single-photon Doppler shift |δ(v)

p |∼ kpvp sets the characteristic scale for the inhomogeneous broadening of the |1〉 ↔ |3〉
transition. At T � 100 μK, the corresponding Doppler width is about kpvp/(2π) ≈ 0.125 MHz, which is much smaller than
the excited-state natural linewidth (≈ 2π × 6 MHz). The two-photon Doppler shift between the probe and coupling fields is
δ

(v)
p −δ

(v)
c � −(kp −kc cos ϕ) vz −kc sin ϕ vx . For small beam-separation angles (ϕ � 1), the longitudinal component is suppressed

by the near-cancellation kp ≈ kc cos ϕ, and the residual two-photon detuning is dominated by the transverse term kc sin ϕ vx , which
scales as ϕ kcvp . This partial cancellation of two-photon detuning underlies the robustness of the copropagating �-type configuration
against Doppler broadening.

To quantify the impact of Doppler broadening on the three protocols, we define the deviation degree, i.e., Doppler error, as

�CE � CE(T � 0) − CE(T ), (23)

Fig. 5 shows �CE as a function of temperature for α � 200 and κ � 5. Explicitly, the CE of protocols II and III remains insensitive
to T across the entire range, with the error �CE < 10−2 even at T � 100μK. Whereas for Protocol I, in contrast, CE degrades
rapidly suffering from a significant Doppler error as high as ∼ 10−1. This sharp contrast reflects the role of dark state. In Protocol I,
the fixed constant parameters are optimized for a specific set of system parameters. Doppler shifts displace atoms away from this
optimized condition, significantly altering the atomic response and CE values. In Protocols II and III, the CE is governed by the
adiabatic evolution along the dark state. Importantly, the dark state remains an eigenstate of the system even in the presence of
velocity-dependent detunings. Protocol III shows a slightly larger �CE than Protocol II. This is because the GA-optimized δ(z)
encodes a precise spatially dependent two-photon detuning profile. Doppler shifts at finite temperature add a velocity-dependent
offset to this profile, partially disrupting the compensation. Nevertheless, the absolute CE of Protocol III remains higher than that
of Protocol II over the entire temperature range, confirming that the GA-optimized phase-mismatch compensation outperforms the
bare dark-state protocol even in the presence of thermal broadening.

Overall, these results demonstrate that Protocols II and III are robust at MOT temperatures (T � 100 μK), exhibiting less than
1% degradation in conversion efficiency.

6 Conclusion

We present a novel scheme to mitigate the detrimental effects of phase-mismatch in a non-resonant FWM system using optimal-
control strategy. It is demonstrated that when the two coupling fields are maintained as fixed linear spatial modulations, an optimized
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waveform for a single coupling detuning can strongly suppress the spontaneous decay loss from two excited states, leading to a
substantial enhancement in the CE even for the large phase-mismatch regime. Our Protocol III with its carefully designed detuning
provides superior robustness against variations in mismatch while preserving high-efficiency signal transmission, a key requirement
for all-optical quantum information processing such as in frequency conversion involving structured light modes where high efficiency
is crucial [46]. These features are expected to significantly relax the technical constraints on phase-matching conditions, motivating
further exploration in diverse scenarios [47, 48].
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Appendix A Deriving the optimal parameters θopt and δopt for protocol I

The propagation dynamics of FWM are described by Eq. (12), where the matrix M encapsulates the coupling and loss mechanisms
in the system. This matrix can be decomposed in the Pauli basis as M � h0I + �σz + �σx , with I the identity matrix, σx , z the Pauli
matrices, and coefficients

h0 � (ζ + κ)/2, (A1a)

� � −(ζ cos 2θ + κ)/2, (A1b)

� � ζ sin 2θ/2. (A1c)

Here, h0 contributes a global phase and amplitude modulation, � acts as an effective detuning, and � quantifies the coupling
between the probe field �p and the signal field �s . Due to the complex nature of ζ (as defined in the main text), these coefficients
are complex, reflecting the non-Hermitian character of the system arising from spontaneous emission loss [49].

Assuming initial conditions �p(0) � �p0 and �s(0) � 0, exact solution of the linear system defined by Eq. (12) is

�s(z) � −i
�

�̃
sin(�̃z)e−ih0z�p0, (A2)

where �̃ � √
�2 + �2 represents the effective coupling strength. Then, the expression of CE takes the form

CE � |�s(z � 1)

�p0
|2� |�

�̃
sin �̃|2eIm(ζ ), (A3)

where we have used the relation |e−ih0 |2� eIm(ζ ) and Im(ζ ) < 0 implying overall spontaneous emission loss. Owing to the
complexity of ζ , an exact analytical maximization of Eq. (A3) is intractable. We therefore consider the weak spontaneous emission
regime, where |Im(ζ )|� |Re(ζ )|. In this limit, the imaginary part of ζ is neglected to leading order, and we approximate ζ � |ζ |.
Consequently, � and � are taken to be effectively real, yielding � ≈ �′ ≡ −(|ζ |cos 2θ + κ)/2 and � ≈ �′ ≡ (|ζ |sin 2θ )/2.

To maximize CE, we impose the resonance condition �′ � 0, which ensures �/�̃ ∼ 1, and simultaneously set �′ � π/2 to
maximize sin �̃ ∼ 1. These yield

|ζ |cos 2θopt � −κ , (A4a)

|ζ |sin 2θopt � π. (A4b)

Dividing Eq.(A4b) by Eq.(A4a) gives tan 2θopt � −π/κ . Then, θopt can be expressed as

θopt � π

4
+

1

2
arctan(

κ

π
). (A5)

This expression indicates a deviation from the balanced point θ � π/4 for nonzero phase-mismatch κ .
Squaring and adding Eqs.(A4) yields |ζ |2� π2 + κ2. Inserting Eq.(A5) into the expression for ζ and solving for δopt such that

|ζ |� √
π2 + κ2, we obtain

δopt �
√

π2 + k2 + k

2π2

√
α2 − 4(π2 + k2). (A6)
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Fig. 6 Contour plot of CE as a
function of δ and θ for κ � 5 and
α � 200, computed using Eq.(12).
The analytical conditions from
Eqs. (A4a) (red dashed line) and
(A4b) (white dash-dotted line)
intersect near the numerical
maximum of CE (black square)

The approximation’s validity requires |Re(ζ )|/|Im(ζ )|� 1, or equivalently 2δ cos2 θ � 1. Substituting the optimal values gives
2δopt cos2 θopt � √

α2/[2(π2 + κ2)] − 2 � 1, which holds when α2 � 4(π2 + κ2). In this limit, Eq.(A6) simplifies to

δopt ≈ α

2π2 (
√

π2 + k2 + k). (A7)

This regime suppresses spontaneous emission losses via large δopt while maintaining the required |ζ | for optimal coupling.
Under these optimal parameters, the maximum CE for phase-mismatch systems is given by

CE ≈ exp

(
−2(π2 + κ2)

α

)
, (A8)

which approaches unity for large optical depth α.
To assess the error introduced by the weak spontaneous emission loss approximation and validate our analytical results, we

numerically compute the CE as a function of the control parameters θ and δ for fixed κ . In Fig. 6, the contour plot illustrates the
landscape of CE over the parameter space of δ and θ for κ � 5 and α � 200. The analytical optimal conditions Eqs.(A4) converge
closely to the region of peak efficiency, confirming the analytical expressions θopt and δopt effectively yield the maximum CE.
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