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Kinetic theory and the moment equations

® There are a lot of particles in a plasma.
® Description of the motion of each individual particle is not practical.

® We will use a statistical description — kinetic theory.



The distribution function

¢ The distribution function is defined by
dN = £ (7,9,1) d*rdv

being the number of particles in a phase space volume d3rd?3v.

® We have to assume that the number of particles is large, so that even in a
quite small phase space volume there are enough particles for the
statistical description to hold.

® The distribution function is normalized so that

N:/d3r/d3vf(?,\7,t)

is the total number of particles.

* We will use f; (., 7, 1) for each particle species s in the plasma.



Averages

® We can calculate various averages:
ng = / vy (7,9,1) ;
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Examples

® A Maxvellian velocity distribution
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results in a pressure tensor
P ij = l’lokB T(S,'j.

® A bi-Maxvellian distribution
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results in a pressure tensor
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The continuity equation

* Letus assume that p (Z, 7) describes a distribution function with Z being
an abstract n-dimensional vector. Then

/d”w@r) =N
Vv

is the total number of particles in a phase space volume V.

e [f states in the phase space neither appear nor disappear out of nowhere,

then
% d"zp (Z,1) = —‘7{ ds - Zp = —/d”zV- (?p)
AV AV
Since AV is arbitrary, then

%p (Z,1)+V- (Zp) =0.



The Boltzmann and Vlasov equations

* Letus assume that p (Z, 7) describes a distribution function with Z being
an abstract n-dimensional vector. Then

/d”w@r) =N
Vv

is the total number of particles in a phase space volume V.

e [f states in the phase space neither appear nor disappear out of nowhere,

then
% d"zp (Z,1) = —‘7{ ds - Zp = —/d”zV- (?p)
AV AV
Since AV is arbitrary, then

%p (Z,1)+V- (Zp) =0.



The Boltzmann and Vlasov equations

-

® Taking p — f,Z = 7,7, F=v, V= I?”/m and assuming that Fdoes not
depend on Vv we obtain

of |

-Vf+— =0.

® The Vlasov equation results if we ignore collisions and use the Lorentz
force:
af

E+§-Vf+%(§+[\7x§])~v;f=0.

The Boltzmann equations results if we additionally account for short
range interactions as collisions:
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Solutions based on constants of the motion

® The Vlasov equation can be written as f’ .

® Then any function of the constants of the motion,
fs (C1 (7,9),Co (7,7),...), satisfies the Vlasov equation.

® For example, for particles moving in a stationary electrostatic potential
() (7) we obtain that the Maxvell-Boltzmann distribution satisfies the
Vlasov equation:

f(7.%) =no

m 2 %mv2 +q® (7)
exp |-———=
2nkgT kgT

Formally we would need the material derivative, as here we interchange v from a velocity
field to a velocity of a particle.



The moment equations

® The idea is to multiply the Boltzmann equation by powers of the velocity
and integrating over the velocity space.

¢ Involves some writing and using of the Gauss’ theorem to discad the
“surface” terms.

e For the zeroth moment,

For the first moment,
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Here 631} is the average rate of change of the momentum per unit volume
due to collisions.




The moment equations

¢ For the second moment, the issue is complicated since we would need
equations for the entire pressure tensor.

e [f we restrict ourselves to the trace, we obtain

ow. > o - 1 Ocfs
S+V-QS—E-JS:/d3v§msv2 g]:

Here {
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is the kinetic energy flux.



The closure problem

® Consider again the Boltzmann equation
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® The term v - Vf has v, thus the equation for the nth moment will involve
the (n + 1)st moment.

® There will always be more unknowns than equations.

® To close the system of equations, we need to specify the (n + 1)st
moment in terms of the lower moments.
g
e Usually, this is done by relating the pressure tensor P  to the number
density n;.



The cold plasma equation of state

® The temperature is assumed to be so low that the pressure is negligible,
—
thus P ; = 0 for any n;.
® Then

0 - > N N N 5.5
mgng (EUS + (Us . V) Us) = nge; (E+ [Us )(B]) + ﬁ
e [f the collision term is zero, then

_— (%fm (0.-v) 55) -~ ne, (E+ [0 xB]).



The cold plasma equation of state

which is tagged and followed as a function of 7. In some cases, this distinction can

be important because the convective derivative, dU/dz, consists of two terms, i.e.,
du, aU;

— = — +(U; - VU, 5.4.38

FTRRT (U; - WU, ( )

In the case of small-amplitude waves in a fluid at rest (i.e., Usg = 0). the second

term on the right can be ignored, since it involves the product of two first-order

quantities, (U - V)Ug;, which is small compared with the first-order quantity

Uy /0t. We then have dUy; /dr =~ dUy; /dt. The operator substitution d/df — (—iw)

is then a good first-order approximation. On the other hand, if the fluid is moving,

i.e., Uyo # 0, then the correct linearized form for the operator dUy; /df is

dU:l aU:]

o= U0 VU (5.4.39)

After Fourier transforming, this equation becomes
(—iw")Uy; = (—iw + ik - Uyp) Uy (5.4.40)

where « is the frequency in a frame of reference moving with the particle. From



The adiabatic equation of state

® Assuming no heat flows, from the ideal gas law, PV = NkgT and the first
law of thermodynamics, dQ = dU + PdV, we can obtain a relationship
PV?Y = const.

® Here y = Cp/Cy.

® The adiabatic equation of state applies to situations where the gas is
compressed so rapidly that there is not enough time for heat to flow.

® For this equation of state, it is assumed that the pressure tensor is
isotropic, ?S = <T>PS.

® From statistical mechanics it is known that y = (f + 2) /2, with f being
the number of degrees of freedom.



The Chew—Goldberger—Low (CGL) equation of state

® If collision rate an a magnetized plasma is too small to transfer
momentum effectively between the parallel and perpendicular directions,
an isotropic velocity distribution cannot be maintained.

® CGL equation of state assumes that

- P, O 0
P s = O PSJ_ 0
0 0 Py

with

g PSJ_ — 0’ i PYHBZ — 0
dt \n,B dr\ »?
® The CGL equation of state can be motivated by the first and second
adiabatic invariants.



Electron and ion pressure waves

® We assume the adiabatic equation of state,

ngo
and
Ps=Ps0+Psl’ ng = nso + ns1, US=U519 E=E.
® We obtain
—2k% + w? - w% 0 0 i
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Here C}Z = Py /(msny).



The longitudinal mode

® The dispersion relation can be written as
2
Wi
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Electron plasma
oscillations

¢ The root associated with the electrons is called the Langmuir mode.



The Langmuir mode

® Since the electron plasma frequency is much greater than the
characteristic frequencies of the ions, we can ignore the ion terms. Then,
after rearranging the terms,

2_ 2 2 12
W = wp, (1 + YeApek )

1
-1y, Uipe

® The phase velocity is formally identical to that of an acoustic wave in an
ordinary gas, but, apparently, Langmuir waves are strongly damped for
large wavenumbers.



The Ion Acoustic mode

® We assume that the ion temperature is small, thus C; = 0. We also
assume that the phase velocity is much smaller than the electron thermal
velocity, thus w? < y.C2k?. Then

2 1 (yekB Te ) k2

mj

w- =
1+ yeAd k2




Comparison of motion
® For the Lanngmuir mode

® For the ion acoustic mode



The Lorentz gas model

¢ [t is assumed that the particles are scattered by fixed immobile scattering
centers. Then we can write
6CI_5s ]
= —vsmsngUs.
(S[ siitglits s

® This model works well for electron scattering by neutral particles.

® For ion-neutral collisions the isotropic approximation is that that good,
since ions transfer some momentum to the neutral particles.

® Using the Lorentz model we can obtain the velocity

aU, - . . eEp
msnsw =ensky —vimgn, Uy = U = P
srs

(1-e™)

and then the conductivity:
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Pedersen and Hall Conductivities

¢ [t there is a magnetic field, the situation complicates a bit, but the
conductivity tensor can be obtained,

o, og O
>
o =|log o 0

0 0 o
with
o = Z (%) oy = Z o (wes/vs) oy = Z o
1 = ) - ) -
- (1+ wi/v?) - (1+wi/v?) - '

Here o and o, are the parallel and perpendicular Pederson
conductivities and oy is the Hall conductivity.



Ambipolar diffusion

® We consider the diffusion of electrons and one species of positive ions
using the Lorentz gas model.

® We can combine the continuity equations for electrons and ions:

)5

9t (ne - ei)

with n = ne =~ n;. If the plasma is quasi-neutral, then the LHS of this
equation should be 0.

¢ Often the only solution is given by f]e = f]i. If this is the case, we have
ambipolar diffusion.

® The ambipolar diffusion is described by

0
a—’j =V (Ran), K=

/?elji + ’?i |ﬂe|
lji + |lze|



