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Chapter 1

Basic concepts



Notations and definitions

* Velocity distribution function f(r, c, t)

J f(l', C, t) d37" d3C — N Total number of

molecules

% In thermal equilibrium: f3= f(c) =n fug(c), here

/2 2
fMB(C) — ( ) exp (_ mc ) Maxwell-Boltzmann

2kgT | distribution
+*»* Particle density

n(r, t) = f £(r,c,t) d’c

ZﬂkBT



Notations and definitions

¢ Particular property ¢(c):
» Mass: @ =m
» Momentum: ¢ = mc

> Kinetic energy: ¢ = lmc2

¢ Local average of ¢:

1
(@Y, 0) = —— f p(Of(r,c ) dic
fcf(r c,t)d3c

% Local velocity: V(l‘, t) o n(r

¢ Local temperature:

3
E kBT(r, t) — <

m(c — v)?
2



Flux

** When particles move, they transfer ¢: g
» In time interval At surface AS is crossed :I
by the molecules from the volume s
AV = c-nAtAS I |
» Amount of ¢ transferred: // AS /
N

Ap = AtAS f f(r,c,t)p(c)c-nd3c P\ll
> Flux:
Jo (1, €) = f Fr, ¢, Dp(c)e dic



Flux

% Mass flux: J,,,(r, t) = mn(r, t)v(r, t)
** Kinetic energy (heat) flux:

Jo (1, t) ——ff(r c, t)c’cd3c
*** Momentum flux (tensor)
P, (rt) = mff(r, c,t)c;cp, d3c

> P; — ith component of momentum that is crosses a unitary
surface oriented in k direction per unit time



Stress tensor & energy flux

* If the gas has net velocity v (convective contribution),
it is usually subtracted to measure the flux in a frame
comoving with the gas:

0 =5 | £ 60 =2 (e-v)

Pik(ri t) — me(r, C, t)(ci T vi)(ck o vk) d3C

L,Lk=x792
*** In thermal equilibrium (MB distribution):
> q; =0
> Py =6;m [ f(r,c,t)(c; —v;)? d3c =nkgTo
% Definition of pressure: p = nkgT, holds for

the ideal gas even

1 1
> p = gpii (E 3 ?=1 Pii) under non-equilibrium



Continuity equations

** Total mass that crosses (inwards) the surface of the

commoving volume per unit time:
dM
—=—f f(r,c,t)m(c—v)-dSd3c=0

¢ Total momentum that enters the commoving volume:

dpl ff f(r,c,t)mc;(c—v)-dSd3c

dr
RN
Force in i direction We can add a zero term mv; [ f(r, ¢, t)(c — v)d3c

= — f f(r,c t)ym(c; —v;)(c—v)-dSd3c
(S)

=~ | Puas,
(S)

Stress tensor




Continuity equations

*»* Total energy that enters the commoving volume:

dE mc?
— = — t)— (c —v) -dSd?3
= f (S)f(r,c,) > (c—v) c

c’=(c—v)>?+2(c—vV) v+ v?

6= [ Fr 0= Vv e, Pulnd) =m [ £, - v e - v) dc

:_] qu _fJ Uipik'dskdBC
Sl ()

— — _J/
Y

Heat flux Mechanical work per unit
time done by external gas

We get 15t law of thermodynamics!




) C1

Collision frequency e— —©

Projectile Target

¢ Relative velocity g = ¢, — ¢4

| \0m

+»* Total collision cross-section o AV, = o|g|At \

** Number of projectiles with velocmes
in the interval d3c,: ‘

AN, = f(c)AV, dc;,
<* Number of targets: AN; = f(c,) d3r d3¢;
“* Number of collisions: AN.,;; = AN;AN,
s Collision frequency

_ 1 ANy _




Collision frequency

¢ Collision frequency

1 AN o
N Acto f f(c)f(cz) ey — ¢4 C13C1dBC2

** In thermal equilibrium:

> New coordinates C = X2 and g = ¢, — ¢, (Jacobian = 1)

2
B m 3} mC? dSCf mg? e
V= kg ) ] TP\ T T P\ " 4, )99

kgT

= 4nog |—— ~10"'Y s~ for atmosphere
\ mm molecules
(el 1

** Mean free path f =— = ~10~7 m for atmosphere
v \/ETLO‘ molecules




Chapter 2

Distribution functions



Phase space

o . ) . . % . OH dp; _ aH
»* Hamilton’s equations: & ap dt - aa;
* Equation of motion for any function f(q, p):
df _of
+1{H,f}

dt ~ at . y
Poisson bracket: {H, f} = (
2

% State vector I' = (q4,P1, 92, D2, ... )

0H Of 0H 0f>
Opx 0qx  0qy Opy

> % = {H,T'} —flux vector (generalized velocity of the
system in the phase space)



Phase space

¢ Let’s introduce a Gibbs’ ensemble of systems,
described by a probability density function F (T, t),
givenin a -space: [ F([,t)dl =1

** From the continuity equation we get:

aF dF aF(I')
EZ_VF.(FE) T V(F ) =0

*»* After some manipulations:

= = —{H,F} - Liouville equation




Reduced distributions

¢ Our initially defined distribution function F (T, t)

**» Symmetrized distribution function

A 1
F(T,t) = mz F(PT,t) Sum over all
P

permutations

**» Reduced n-particle distribution function
FW(,...nt) = F™(r,pq, .., T Py t)

N! "
= s | PO @i @ Py
N!

» Normalization: [ F'™(1,..n,t) d1d2...dn N—m)!

> Relation to 1-particle velocity distribution: f(r,c,t) = m3F((r,p, t)
> [FO@p) d®p===n

N(N-1)N>1

> fF(Z)(r]J pl) r2) pZ) d3p1d3p2 — 12 = n



Average observables

¢ The ensemble-average of some quantity A(T) is
(A)(t) = fF(F, t)A(T) dT

** We will define 3 major types of observables:
» Global observables
» Densities
> Fluxes



Global observables

¢ Give single value characterizing some properties of

the whole system, e.g. kinetic and potential energies
2

¢ Kinetic energy K = Za&

2

_ ~ P1
> (K) = F(r t)Z— dr = fF(F,t)% dr

[

= J FU(ry, pg, t) P d37’1d3P1

¢ Potential energy U = Za<b d(r, — 1)

> W)= [FE0 ) gl —r)dr

f a<b
J F@(1,2,)¢p(r; —r,) d1d2




Densities

¢ For point particles, density of quantity ¢ (e.g. mass,
momentum, energy) is

P (r) = z @(rg, pa)é(r —rg)

¢ The phase-space average then is
<p¢)(r, t) = fF(l) (r,py, o(r,p;) d°py



Fluxes

» If density field ¢ is associated with a conserved
guantity, we expect that flux field exists and satisfies
the conservation equation

0Py
T AV =
5 +V-J,=0

“* Mass (¢ = m)

0 d dr
a—/:: aZm(S(r—ra) = —Zm5’(r—ra) d_ta = —\7°2pa5(1‘—1'a)
a a Y a

Vé(r —r,) ‘
» Average:

J = 2 pa5(r — ra)
(N, t) = j FO(r,p,, t)p1d3p, 7

Momentum density



Fluxes

* Momentum

], @
P az Paid(r —ry)
a

= z Ijai6(r — ra) — 2 pai5,(r — l'a)l“a = —Vi Py
a a

= foi = Ypea [P —force acting on ath particle

» Components of stress tensor:

1 b
Py, = z MCqiCaqi6(r — 1g) + 52 fi? f 6(r —s) ds;
a a,b a
~ v - a*b

A\ J
Y

l Kinetic transfer of | o
./," momentum through the Collisional transfer of
: I momentum through the
I

surface
surface




Fluxes

P, = 2 MCy;iCuiO(r —1y) + = z j 5(r —s) ds;
a:tb

» In homogeneous system, stress tensor can be averaged in

space'
= fP d3r = = chalcak + ZZ ab -ab
a:tb
> Pressure:

1 1 ab a_
p=3tu=7y cha zzf
aib i




Fluxes

** Energy

» Density:
2
P S(r—r,) +6(r—r,)
Pe = ﬁ5(r—ra)+2¢(ra_rb) a _ b
a a<b
> Flux:
2 - —

Je = Zﬁv&(r -1, + z H(r, — 1) Vao(r—ry) ;—vb(S(r rp)

N a<b )

I _ Kinetic transfer of

' the kinetic energy

Kinetic transfer of the potential
energy of 2 particles

Collisional transfer of the
kinetic energy




BBGKY hierarchy

s N-particle distribution function F obeys Liouville
equation

oF
— = —{Hy,F
at { N» }'

here Hy is full Hamiltonian:

Hy = i <—+ V( a)) z B(r — 1)

a=1 a<b

ho(a)

** What is the equation for the reduced distribution
function F(™?



BBGKY hierarchy

¢ Bogoliubov—Born—Green—Kirkwood-Yvon hierarchy

(n)
al; = —{H,, F™} - z j{qb(a n+ 1), FDld(n + 1)

» Reduced Hamiltonian H,, = i1 ho(a) + Yo, p(ry — 1)

» System of inter-dependent differential equations equation
for F™ depends on F("*1)



One-particle distribution

2
. P2 - OH of OH of
A X4 ]—]1 = % + V(l'l) tH,f} = ZR: (apk dqx  0qy Opy
O:O{Hl’F(l)}ZI;;' P +F1 dp
1 —~~ 1
F, =-VV

“* BBKGY, equation:

oF W P aF<1)+F oF W
ot " m or, 1

op, B _j{qblz'F(z)} d*r,d%p,

% In velocity representation, f(r,c,t) = m3F(r, p, t)

of dof F 0f [0¢y 0
6c1

P 6r1+m dc; ) ory,  dc,

>f<2>(1 2,t) d3r,d3c,




Thermal equilibrium

*** In thermal equilibrium, the system is described by the
Gibbs distribution function:

1 H(T)
Feq(r) — Eexp (_ kBT>

** Absence of external fleld - spatlal homogeneity

z Z b,

a<b

% 1-particle dlstrlbutlon is Maxwelliz 1
(1) n
Feq = e — 5o
(p) (ZﬂkaT)B/z Xp( 21 r

FD (1, P11, P2) = Fg) (1) Fag’ () g (1 — 1)

Pair distribution function



Chapter 3

The Lorentz model
for the classical
transport of charges



Hypothesis

¢ Classical model (1905) - no quantum effects

** Free electrons move in a medium between the fixed
heavy ions

+¢* Distribution function (F) for ions is assumed to be
constant

+¢* Electron—electron interaction is neglected
» Small mass - softer scattering

» Long-range Coulomb force is compensated by many
electrons

> Small density (we can neglect nZ term in BBGKY eq.) B
¢ Include only 2-particle interactions
** Free flight between two collisions
** No correlations preserved



Lorentz Kinetic equation

“* BBGKY equation:
of Oof K Of [0 0\
12 3 3
at o T g jc’)rlz ae, ag,) L2 dndic
Notation: e

{r;, c,} - {r,c} —electrons
{rZI CZ} - {1‘1, Cl} —ions
f®,2,6) - f()F(cy)
F, - qE

Collisional source for the change in f
= gain term — loss term

rate < f(c*)F(c) rate < f(c)F(c,)



Loss term

c/ Cy Y -"'I‘db
"Volume element: '

= |c — c{|At - bdbdl/)

** Number of colliding electrons
dN, = f(r,c,t) AV d3c

** Number of targets (ions):
dN; = F(r,cq, t)d3c,;d3r

Electron scattering ** Number of collisions per At:

(_f> d3C d3,r — —f(r, C, t)F(r, Cl’ t)lc - Cll * bdbdlp d3C d3C1d3r
loss



Gain term

0
<6_{> d3C — _f(r; C t)F(l‘, C1, t)lc o Cll ) bdbdl/) d3C d3C1
loss

*» Analogically for the gain term:

0
(O_]tf> d3c = f(r,c*, t)F(r,ci, t)|c* — ci| - b*db*dyp* d3c* d3c]
gain

¢’ c, ¢ C
*** Energy and angular momentum
conservation imply that
c"=c,ci=c¢j, [c—ci| =|c" — ¢4
C cy c*
and ) S

b*db*dy* d3¢* d3¢; = bdbdy d3c d3c,
af

(E> d3C — f(r;c ) t)F(I‘, Cl) t)lC o Cll ) bdbdl/) d3C d3C1
gain



Lorentz equation

of , Of  4E 9f _ :
St ot —-——= [[f'F — fF]lc—c;| - bdbdy d*c,

- 7
~"

Collisional operator

here f =f(r,ct), F; = F(r,cy,t), JIf1 = 1. 1F1 = J-[f]
f'=f(r,c,t), F| = F(r,cy,t)
¢ lon distribution function — Maxwellian:

3/2 2
M Mc
F(r, C1, t) = FMB(C1) = Nn; ( ) exXp (— = )

ZﬂkBT ZkBT
X Equilibrium solution: f(r, c t) = fmg(c)
> = mc + = MC1 ——mc’2 + = Mc

> Lo un(©Fuis (€0) = furn (€)Fus (€))
> L J[fugl =0



Conservation laws
af+ c’)f_l_qE of _ [f'F{ — fF.]lc — ¢4| - bdbdy d3¢,

d3 ==
j ¢ 9(©) ot Cc’)r m dc

any function of ¢
¢ Let’s recall:
> Density of @: p,(r,t) = [ (c)f(r,¢c,t) d°c
» Fluxof @: J,(r,t) = [ ¢(c)f(r,c,t)cd’c
> Density of g = %9, pe(r,t) = f%—ff(r, c,t)d3c

dc
ap qE
Zet7y =1 by = [0@IUF'F - FRIc - 6] - bdbdy dPedc,
Flux of ¢ Source term Change in ¢ due to collision

(like mechanical work)



Conservation laws

ap qE I !
at(p Vg — T, PeT f‘P(C)[f F{ — fFillc — ¢;| - bdbdy d3cd’cy
“* Gain term: “ c
= JQU(C)f’F{lC — ¢4| - bdbdyp d3cd3clj
‘ = |c* — ¢i| - b*db*dy* d3c*d3c;
Integration over pre-collisional parameters Dummy integration ¢* c*
1 c* — ¢, ¢; — ¢, (pre-collisional) variables
c—>c’, ¢y - ¢y (post-collisional)
= [p(e)fRilc— el - babdy dedic,
dp qE ,
at(p Ve + m Ps = f[QD(C ) — p(©)fFilc — ¢;| - bdbdyp d3cd3c,

Y

= 0 for collisional invariants




Conservation laws

aaigp +V-J, + % - Pg = J\[(p(c’) — (p(c)]ijllc — ¢4| - bdbdy d3cd3¢,
= 0 for coIIisi:naI invariants
“* @ = 1 or any constant (mass, charge, etc.): g = aa—f =0
dp

dt

+V-J=0 Conservation law




Kinetic collision models

¢ Rigid hard spheres
> lons: M = oo, radius R, are static (F(c;) = n;6(c,))

> ¢’ =c—2(c-n)n A}
» b = Rsind .\
c \V AN
> Loss term: b T R\

e

S = f fFile = ¢l - bdbdy dPc; = miR?|elf (0 /

> Gainterm: J.[f] = n;R?|c||[Pf(c)

Directional average:

Pf(c)=%jf(r,c,t) d?é
> JIf] = n;R?|c| (Pf - f)

“Removes” particles at a rate n;R?|c| and replaces
them with an isotropic distribution



Kinetic collision models

¢ Thermalising ions (BGK model, or relaxation time
approximation)
» Electrons exchange energy with ions

» After each collision, electrons emerge with velocities
described by Maxwell distributions

> M >m, |c—cq| = |c]
> Loss term: J_[f] = n;R?*|c|f (c)

> Gain term: proportional to the Maxwellian flux |c|fyg(c),
should also ensure charge conservation

[lc'lf (¢ d3c'
fle'l s (e d3c’

> JIf] = nR*c|fup(c) - f(c)



Methods to solve Lorentz equation

¢ Linear response

*** Frequency response

¢ Linear operator and eigenvalues
¢ Chapman—Enskog method



Linear response

of of qE of _ .
E‘l‘ al“ ‘I‘ m ac [f F]_ fF1]|C— C1| * bdbdl/)d C1

** Weak electric field: E = €E;, € K 1
** We look for solution of the form:

f(c) = fup(©)[1 + e®(c)]
“* ®(c) is the response to the external electric field:

®(c) = ¢p(c) c-Ey

¢ Terms in LE proportional to e€:

qE af MB :
e = [ hen(@ (e ~ ol el bbd dey
N Linear operator acting on
= _kZ_TfMB c-Ep ‘ —nine! [P correction to f(c)

I[[®] =

fms(c) ¢ - Eg

n; kBT




Linear response

I[®] = fMB(C) c-Eg

kB

+¢* Rigid hard sphere model:

I[®] = nR?fyplc| (P — PP)
> here ®(c) =¢(c)c-E, = PP =0 due to isotropy

> Solution:

_ q
ble) = mR?n;kgTc
¢ Electric current density:

J=q JrCfMB[l +ep(c) ¢ Egl d°c = q | fus(c)p(c)cc-Ed’c = oE

X In isotropic system:
2
q-Nne

8kpT

0 = _O-u — ijB(C)Qb(C)C d3c = 3TlikBTT[R2

N

mm,

Conductivity
tensor

Drude
formula



Frequency response

 Time-dependent electric field: E(t) = €E,e™'®!
% Linear response: f(c,t) = fMB(C)[l + ECDw(C)e_iwt]
¢ Plugging into LE:
1w A
o, —— Py =
n;

¢ d,(c) = ¢,(c) c-E,

q

e €+ E
nikBTfMB 0

** Electric current: | |
J = (00 + i07)Eue 't =| g, E, e (¥t7®)

Complex conductivity Phase delay

o
. a = arctan—
Oy = [0g + 0] do




Relaxation dynamics

** No external electric field

¢ |nitial distribution — close to, but different from
Maxwellian and non-uniform

¢ Fourier transformation of initial distribution in spatial
coordinates - perturbation for single mode:

fr,c,t) = fu(©)[1 + Pk(c, t)e’*"]
¢ Plugging into LE:

here operator Ly ® = n,n;I[®] + ik - ¢ fyg®
X CI)k(C, t) — CDk(C)e_/lt - chbk = )l'fMBCI)k




Operator L, L@ = 1P

** At longer times, relaxation towards the thermal
equilibrium is determined by the smallest eigenvalue

¢ Let’s analyze the case of small wavevectors:
L ® =nnI[P] + iek - ¢ fug®, €K1
= Lo® = jeL,
¢ Properties of operator L;:
» Linear, Hermitian (A = A7), positive semi-definite (1 = 0)

» The smallest eigenvalue A = 0 corresponds to the
eigenfunction &, =1
¢ For the smallest eigenvalue of Ly = Ly + i€Lq:
> /1=0+E/11+62/12+”'
> q)k=1+6q)1+62q)2+"'



: Ly = Lo +iel; Ly =mngn;l
Eigenvalue of L, St
=1 = ( =1

% First-order: Ly®; + iL{®y|= fmug(AgP; + 1{DPy)
» Lo®y = A1fug —iL; -1

L-f(ﬂlfMB — lLl) d3c= flLOq)l d3C —_ CI)]_L()]. d3C —_ O
——

‘ L xc Ly is Hermitian —0
Al =0
I[d,] = B

n;
** Second-order:

» Lo®; = Axfmp —iLy - @4
leq)l d3 _fL]_CI)l d3C (kBTO'> kz

! 2
- "\ neq?

A —
27 ffMB d3c Ne




Diffusive behavior

= (kBi) J 2

Neq*
* By integrating LE over d3c and calculating inverse
Fourier transform we obtain the diffusion equation:

dp
— = DV?
ot P
. . . . kgTo '4
2 Diffusion coefficient D = X272 = <l
Neq 3
Ballisti Kineti H '
a .|st|c |n.et|c ydrod.ynamlc Equilibrium
regime regime regime |
| | )Og t
f(r,c) = const " Local Maxwell dist. ! Global Maxwel dist.,
o= 1 Foo—= 1 uniform density
K7 1 Dk2



Chapman-Enskog method

** A method to obtain hydrodynamic equations by time
scale separation

¢ In the hydrodynamic regime, f depends onc, rand t
not separately, but via n(r, t):

f(r,ct) = h(c;n(r,t))

NS ioc:
»* Expand h as power series: ] We aleo aceume that
h — ho + Ehl + € hz + <++  Eand Vn are first-order

in €

¢ Introducing time scales:
to = t, t; = e€t, t, = €°t,
» Forverysmallt,t; =t, =0, and h depends only on £,

> At larger times, stationary state for the t, timescale is
reached, and h starts to depend on t;, etc.



Chapman-Enskog method

’:’n — ‘n(l‘, to, tl’ tz, )
I-b on odn on on

»—+e——+eP—+ -
ot  at, dt; = ot
of of qE of [ .., ., 3
E—l—ca{—%%— [fFl_fFl]lc_Cllbdbdl/Jd C1

**» Zeroth-order in €:

aho an !/ !/ 3
on 6t0 = f[hOFl o h0F1]|C— C1| y bdbdlp d Cq

3 . on _
» Integral over d°c is equal to 0 =) P 0 -1

> hO — nfMB n = n(r) tl) tZ) )



Chapman-Enskog method

of | Of B O :
at g"‘a Frie If'F{ — fFillc — ¢;| - bdbdy d°c,

** First-order in €:

dh oh E 0Oh
188 Oho@n o 9B O
6nf%> 6n§”b> m dc

B f[h1F1 — hyFi]lc — ¢4| - bdbdyp d3cy

> Integral over d3c is equal to 0 # —=0 -1
> h1 — ho Tl_n(l‘,tz,...)
Density evolves at the
I[CI)] — fMB (C) E _ kBTV‘I’l slowest time scale!
kgT m nn;

» Eq. of the same form as we had before for linear response



Chapman-Enskog method

0 0 E 0
a_]:+ C.a_f;Jr%.a_]; = | [f'F} = fFi]lc — ¢1| - bdbdy d3c;
¢ Second-order in €: = fus
Oh, 8n, 0hy @n |Ohy On qgE 0h,
Y :
on 96 T ande Tanae, T Mt G

B f[hle{ — hyFi]lc — ¢4| - bdbdyp dcy

> Integral over d3c is equal to 0 =) ng +V chyd’c=0| ¢
2

> 22 L pp=0
dt, o

» ] =0E—DVp m) §+\7(0E)=D\72p
2




Chapter 4

The Boltzmann equation
for dilute gases



The Boltzmann equation

*¢* Formulated in 1872

+»* Describes evolution of classical gases
* Explains:
» Origin of the irreversible behavior of macroscopic systems

» Relates the macroscopic coefficients (viscosity, thermal

conductivity, diffusion coefficient) to the interatomic
interactions

+»* Valid for dilute gas



The Boltzmann equation

¢ Dilute gas:
. . N
» N molecules in a volume V, density n = -

» Molecules interact via potential with range r;
> Cross-section o~1¢
» Fraction of volume occupied by all molecules (assuming them

to be spheres of radius rp) is ¢ = %nnrg K1

» Transport coefficients are proportional
1 1 In the atmosphere under

to the mean free path £~ —~ normal conditions:
L 0 « n=27-102°m™3
» Number of molecules within the mean ro~1 A

free path volume N, = né3 > 1, . £-8-10-% m
so that statistical description by using '+ ¢~10~*
distribution functions is valid © Ny~14-10*

¢ Boltzmann—Grad limit: 7y = 0, n = oo while V is finite



Assumptions

195 = 0, n = oo while V is finite

. q- . Ny N A
¢ Colliding particles are PR Y O

statistically independent N 20 OO

» No re-collisions or s L/
pre-collisional correlations p2¢ DQ

BBKGY, equation: | -

9, 0 F, 0 9, 9,

i c; - LR O 9% F@(1,2, t) d3r,d3c,
dat ar]_ m 5C1 51‘12 5C1 aCZ
Molecular chaos hypothesis f®(e1, €2)precon = f(€1)f (c3)

¢ All derived equation are valid on the mesoscale
» Time and length scales = mean free time & path
» Duration of the collision is much shorter
» No effect of the external forces during the collision



Boltzmann Kinetic equation

/ Cl

+¢* Derivation similar to that of the ¢
Lorentz equation, but now particle
collide between themselves and
not with (almost) stationary ions

C Cq

af df F 6f_
E-l_c'ar-l—m'ac

[f'f{ = ffillgl - bdbdy d3c,

Y

o

Collisional operator

here f = f(r,c,t), f1 = f(r,cq,t), JIf, f]
fr=fc,t), fi =f({rcyt)

g=C—¢(C



Hard sphere model

** Molecules are hard spheres of radius 7
» They meet at a distance D = 21y /

8
» From the energy and momentum
conservation laws:
¢ =c—[(c—cy - -0]n bg n
c;=c¢ —[(c—cy) -n]n S A S )

» Post-collisional relative velocity:
g'=g—-2(g-nn
» b =Rsind
> |g| - bdbdy = D?|g| sinV cos 9 d9dy = D?(g-n) d’n

af af F Of
§+C.6r+m.6c

=0 [[f'fl - fAi1(g- WO(g - ) P*Ad’c,




Conservation laws

of , . .Of 4E Of _ 3
at 6r+m dc [f'Fi — fFillc — ¢¢| - bdbdyp d°cy

j ¢ ¢(c) -

*» Let’s recall:
» Density of p: p,(1,t) = [ @(c)f(r,ct) d’c
> Fluxof : J,(r,t) = [ @(c)f(r,c t)cd’c
> Source due to external force: S, (r,t) = f i a(pf(r c,t)d3c

0
L0473y =Sy = [0S~ Fhllel - babay dPede,




Conservation laws

0
T TNy =Sy = [ @OUF'f - fillgl - bdbdy dPedie,

1
=5 [ (0@ + o))l fi - FAillel - babdy dPed®c,

I Relabel variables: ¢ & ¢’ and ¢; © ¢}
Now ' denote post-collisional velocities

1
=5 [ (ot + o(eD)Iffi — FANlg'| - by’ e'dey
— |g| - bdbdy d3cd3c,
1
— 2 [ @ -0 = DI~ Fhlg by e

Y C'Il

‘ Re-do the same trick

1
= EJ(W + @1 — @ —@)ffilg'l - b'db'dy’ d°c'd3cq
A J

Y

= (O for collisional invariants



. Equations are not closed!
Conservatlon laWS (P;;, and q are not specified)

aﬂ+\7 Jo — S, (o' + b'db’dy’ d3c’d3c!
5 0 = o' +o1—p—p)ffilg'l- P’
Jo(r0) = | <p(c)f(r ¢ ) dic
“* Mass (@ = m). ; . j e e
p ® I, = Ea— I, C, Cc
E + V- (pV) =0 )

“* Momentum (¢ = mc):
> Py (r,t) =m [ f(r,c t)cic, d3c = Py, + pv;vy
Stress tensor Py (r,t) = m [ f(r, ¢, t)(¢c; — v;) (¢, — vi) d3¢c

d 0 F;
57 (ovi) +0xk (Pire + pvivy) — P—— 0

X Energy ((p = ch/Z). Heat flux q; = ?ff(r, c,t)(c—v)?(c;—v;) d3c

3k aT+( T | =-V7- av‘ =0

2



H-theorem

** Let’s divide 1-particle phase space into ok
parcels of size A T
“* Number of particles in the k" parcel is
Ny = fiA i
+*»* Total number of configurations is 0 = Ak

N{!Nyl---Ng !
here N = )., N,

¢ Entropy of such macroscopic state is
N>1 Nk
S = kBan = _szNkan
k

r,c)A
f( Iy ) d3rd3c

~ —kaf(r,c) In



H-theorem

** For homogeneous gas we can define the functional

HIA® = [ £ nl (fo 20

*¢* From the Boltzmann equation we obtain:

- 3| == | UF'f = £Allel babdy d¥c,
H f ]a{ B

- - f (In(Ff2) — InCF DI f — £/ fi gl - bdbdw d3cd3c,

Argument is of the form (Inx —Iny)(x —y) = 0 » dH

“* It can be proven that lower boundary exists 4 = =0

% Steady state:i—lz =0m ff,=f"f]

» Steady-state distribution f should be collisional-invariant




H-theorem

“* We can expand In f;.(c) in terms of collisional
Invariants:

mc*
Infgg=am+p-mc+y——

‘ 2
** We obtain Maxwell-Boltzmann distribution:
3/2 5
(o) = m m(c—v)
Jsle) =n{omr) exp 2k T

** How does irreversible evolution towards MB
distribution appear, when we start from the time-
reversible equations of motion?




Irreversibility problem

*¢* Poincaré recurrence theorem:

» After a long but finite time any classical system obeying
microscopic reversible dynamics will return close to any
initial condition

> The recurrence time ~2V, where N is the number o_f
degrees of freedom :

*** Example: oscillator chain on a ring
> Initially, one ball is given velocity v,

. _ t
v(t)4 » Exact solution: v(t) = vy LNZ4 COS(I\C;)n ),
Vg n

where w,, = 2./k/m sin (W)

N =10 N'=20 L v(t)=v0]0<2\/%t)
/\\x\

(damped oscillations)




Dynamics close to equilibrium

T vy =2 (1 pplel - babay e,

¢ Eventually, the gas state will approach thermal
equilibrium. Let’s study the later stage of its evolution,
when it is already close to equilibrium

“f(c) = fmp(c)[1 + @(c)]

*JIf, f] = —n? ffMBfMBl[CD + & — &' — d1]|g| - bdbdy d3¢y

Y

= [[D]
 [|®] — linear, Hermitian, positive semidefinite

operator:

> Bracket product [V, ®] = [ W*(c)I[®](c) d3c

> [V, 0] =[P, P], [O,P]=0

> |W, ®P]| = 0if either ¥ or @ is a collisional invariant



Eigenvalue analysis

¢ Consider gas close to equilibrium with no external
forces

¢ Perturbation for a single Fourier mode: |
frct) = fug(c)[1 + @y (c, t)e™ "]
** From BE:
0Py, 5
fMBW + ik - cfup Pk = —nI[Py]

% Linear operator Ly = n?l + ik - cfyg
» Eigenvalue equation: Ly®y ; = —Ag jfmMpPx

> f(r,c,t) = fyg(c) |1+ 2 Ax jdbk(c)eik'r"lk,jt]
J




Eigenvalue analysis

<* When k = 0, operator L, = n?I is Hermitian and
positive semidefinite (1 = 0)

¢ The smallest eigenvalue A, = 0 corresponds to 5
different eigenfunctions (collisional invariants):

> ¢ = {1, Cx» Cy) Cz,) Cz}
» Each Fourier component @ will have 5 different modes

*»» Spectrum of the operator Lj for small kK = kX:

(y.2) Momentum diffusion (viscosity)
> 2 transverse modes: A} = ® =c,,+0(k)
» 2 sound modes: 1, = ticgk + d =c, +0(k)

2
> 1 heat mode: Ay = Dyk?, ® = — %kBT + 0(k)

mc

. Heat diffusiop (heat conductivity) o
** In all cases: Re 4 > O»relaxatlon to a homogeneous equilibrium

ik(x+cg

+* Sound modes: e t) » damping longitudinal sound waves



Time scales

Hydrodynamic regime

A
( \
Ballistic Kinetic Sound Diffusion A
. . Equilibrium

regime regime waves

I I I

| | | >

1 log t

1
t = — ty=— ¢
K™y T ok 7 Drk?



BGK model

¢ Boltzmann equation gives accurate description of
gases, but is too complicated for the detailed
calculations

*» Any simplified description should still include
irreversible evolution towards the equilibrium and
preserve collisional invariants

*»* Bhatnagar—Gross—Krook (BGK) model:

Jecklf] = vifms(c;nlfLVIfLTIfD — f(r,c,t)}
> n[fl(r,t) = [ f(r,ct)d3c
> v[f1(r,t) = —— [ ¢ f(r, ¢ t) d3c

n(r,t)

_ 2
> 2hgTIf1(r0) = —— [ 2V p(r ¢, 1) d3c

n(r,t) 2




Linear BGK model

*»* Linear BGK operator is notably simpler

¢ f(rct) = fus(c)[1+ &(c,t)]
» n[f1(t) = no|l + [ fms(©)P(c, t) d3c|

> VIFI®) = no [ fup(©®(c, e dic

> TIFI® = To [1+2 ] fus(©(c,0) (55— 3) d¥c]

2

+¢* Collision operator:
TL()IBGK[@] = I/L}?E\_,{B(C)(I)(C) — I/ﬁ\_[B C [/ ﬁ\.{B(C/)(I)(C/) dSC,

mcC
d% /
kBTO / Fas(c

mc? /f mc'? 3 13,
— = — =] d%c
2k T M| 2kgTp 2




Hydrodynamic regime

*¢* Fourier law for the heat flux:
q=—k\VT

o , Thermal conductivity
** Newton’s law for the stress tensor:

P =[pl —[n]|(Vv) + (Vv)T —§(\7 V)

Pressure = nkgT Shear viscosity

*¢* Conservation laws:
> L1y (pv) =0

> pavl F;

aPik_l_p_: 0

dxXp m

+p(v- Vv = -

dv;
> Zkpp (5 + (v V)T)z—V-q—mPika:k=0




Hydrodynamic equations

*** Perturbations (with no external forces):
» n=ny+en(r,t)
> v =-cvy(rt)
> T =T, + €Ty (r, t)

¢ Substituting into the conservation laws:

> %=—n0\7-vl :0
> mno % — _kBV(noTl + Tonl) + TIOVZV]_
> %kano% = koV2T; + mp,V-v=10

here po = kgnoTo, N = N(1o, To), Ko = K(no, Tp)
¢ Fourier mode analysis yields:

2K 2 3K
Py=-2 »r=—_2 4o 5 p =25 5=
mng 15kgT mny 5kgT



Viscosity

“* Velocity profile: v =V"yX,
here V' = V,/L is a shear rate

** By definition: P, = —-n— ¢

** Linear response:
f(r,c) = fMB(C no:To;V(l’)) [1+ & (c)]

% Boltzmann eq.: —f+c —f+£ a—f—][f,f]

m Jc

> fMBV'

(Cx vx)cy _nOI[CD]
(Switch to the commoving frame)

> Ansatz: ®(c) = ——CID(C) > I[CID] = fﬂmcxcy
» Py = [ f()meyc, d3 = -V’ ffMB(c)CID(c)mcxcy d3c

b n = ijB(c)EI\D(c)mcxcy d3c




Viscosity: variational principle

n= JfMB(C)EIS(C)mCny d>c I|®]| = {cl?mcxcy
B

+»* Recall bracket product:
n = koT f B(OI[®] d*c = kgT B, 3]
** Let’s assume we can find anotherAfunction P — such
that [P, P| = [P, ®| = k% [ P() fup(C)cxey d3c
20 < kgT[P — 3, @ — B| = —kgT[®, P| + kpT[, 3]
o Polynomial ansatz Leave just a single term:

> U =cocp(ag+asc? 4 ay(c®)? + ) = ageyy,
2 _ mag 2 2.2 33
> b ag [cxcy, Cny] = ﬁffMB(C)Cny d°c



Viscosity: variational principle

b m ffMB(C)Cny
ay =

kgT  [cxcy, Cxcy]

*** Lower bound for the viscosity:

n =no = kgT|P, P| = kgTad|cycy, cxeyl

4m?

(f fMB(C)Cny d3C )

=kBTf

Acycy,

— Cny + CyqCy

*** Hard sphere model:

fMB(C)fMB(Cl) gl - bdbdy d3cd3cy

vl — CxCy = Cx1Cy1

HS
1§ -

5 kaT
2
16D \




Chapman-Enskog method

“*f(rct) =h(cn(r,t),v(rt),T(rt))
’:’h — ho + Ehl + Ezhz + .-

Sty=1t t; = €t, t, = €%t, ..
0,0 .0 _ 20
> at "ot T €a, T € o
»» Zeroth-order
dhg On | dhy 9v | dhy T _
> on dt, o dt, tor dt, = J 1o, ho
» n,v and T do not depend on tq mp J|hg, ho]l = 0

» Solution — local Maxwellian: hy = fug

** First-order

> %+ c-Vhy =—I|®], hereh; = hy®
1



Chapman-Enskog method: 15t order

*» Heat flux and stress tensor: q =0, P = nkgTI

** Conservation laws:

Euler equations
for compressible
gas

r

op
ot,

0
(—V + (v-V)v ) = —Vp+ pF/m,
Ot

3 OT
—kBP <— + (v V)T ) = —pV -V,

£V (pv) =0,

\. 8 1
+*¢* Substitution into BE: HereC=c—v
5 o mC? 5§ m B C’_2 |
n [[(I)] — [(szT 2 C-VinT +]€BT (CC 3 []:Vv fMB(C)

b - —%A(C)C VInT — 2B(C) (cc _ C—2H> Vv

n 3



Chapman-Enskog method: 2" order

¢ Heat flux and stress tensor: q; = —kVT,
2
P, = —n [(VV) + (VT -2 (7 V)H]

+* Conservation laws:

dp v 3 T
6_152:()’ P8—Q=—V'P1» kapa_tZ:_V'ql
¢ Transport coefficients:

> 1 = kB—T[B (cc-<1),B(cc-<1))

> k= %814, AC)

here A and B are functions that obey

I[A(C)C] = — (;Zg; _ g) Chup(C) T [ (©) (CC - %21[)] =17 (CC - %21[) Fus(C)



Hard sphere model

Table 1.1 Prandtl number (Pr) for

o n(HS) —_ 5 kaT various gases at 20 °C.
2 —
0 16D2+] = Pr

75k kT Monoatomic gases |He  0.69

‘:‘ K(HS) — B B onoatomic gases \,( )

0 2 Ne 0.66
64D mm Ar

0.67

Diatomic gases No 0.72

O 0.72

Cpn NO 0.75

\/ : N =
*¢* Prandit number Pr = — CoO 075

K
> cp — heat capacity per unit mass

» For ideal gas:

3 kg ;, rT?onoa"comic gas E (0.667
Cp = % . 8, diatomic gas » Pr = E 17+t ~<0.933
, polyatomic gas 8 . 1.067




Beyond BE

¢ Boundary conditions (collisions with the walls)

*** Dense gases
» Enskog model for hard sphere gases

J1f1 = 0? [ [FOw e = n,c) - _
—f@(r,¢c,r+mn,¢ )| (g-0)O(g- A% d3c,

» Pair distribution function
f(z)(rp €y, I, Cy )

+* Virial expansion
0
(6_};) =JU f1+ KU A FL+ LU f L f 1+
coll

= f(r;,c)f(ry,¢3) - x(Iry — 1y |)

lry—r,|=D

¢ Inelastic collisions, etc.



